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1 Rotation matrices

Rotation matrices are most easily introduced as transformation matrices between right-handed Carte-
sian bases
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Here and in the following we use the Einstein summation convention, i.e., over pairs of repeated indices
one has to sum. In this formula we have to sum over j € {1,2,3}.

The properties of the rotation matrices follows from the definition of right-handed Cartesian bases.
First such a basis builds an orthonormal system, i.e.,

6 ¢/ =8y = §-8,D/, D" =8,;,D D" =D/, DI, =8y, @

from which
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In matrix notation that means

N—1 _ AT
D'=DT", )
A A
where the T denotes transposition, i.e., to write the columns of the matrix D as the rows of DT.

Finally the right-handedness of both bases means, using the Levi-Civita symbol, €,

¢ (8, X&) =€jp =8¢, xE,)D" ;D"\ D’  =,,,,D" D", D°; =det De ) = detD =+1. (5)
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Rotation matrices are orthonormal, i.e., DDT = D™D = 1 and obey detD = 1. These matrices

build a group since it is easy to show that with two such matrices 151 and ZA)Z also lA)llA)z also fulfill the
conditions. This group is called the special orthogonal group in 3D Euclidean vector spaces, SO(3).
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Figure 1: Definition of the Euler angles.

2 Euler angles

Euler angles are a special parametrization of all SO(3) matrices. Given two Cartesian righthanded bases
¢; and €, as shown in Fig. we transfer first the vector €, by a rotation around the axis é; by the angle ¢
into the direction of the intersection line between the plane spanned by ¢, and ¢, and the plane spanned
by €] and €,, given by the unit vector k, which is the ¢/ axis of an intermediate Cartesian basis €. Of
course &; = é;. The next rotation is around this axis the the angle ¢ such that & is rotated into é; and
finally a third rotation around &; by the angle ¢ such as to rotate the line of nodes, k= ¢/ into ;. The
resulting rotation matrix is then given by

D =DO(pDI#)DO ()

cos¢cosp —singcos¥sing —cos¢sing —sin¢cosdcosp  singsind ©)
= sin¢gcosg +cos¢costsing —sin¢gsing+cos¢costcosp —cos¢sind
sinJsin g sind cos ¢ cost

such that (1) holds. From the above intuitive description it’s clear that ¢, ¢ €]— 7, 7] and ¢ € [0, 7]
covers the entire SO(3) once.

Here
R 1 0 0 R cos gb —singb 0
DY@ =0 cos® —sind |, DO(f)=|{sing cos¢ O 7)
0 sin? cosd 0 0 1

denote rotations around the ¢, or ¢; axis, respectively.



Now we formally prove this algebraically. To that end assume that O= (O7},) € SO(3). We first assume
that O%; ¢ {—1,1}. Then the angle ¢ is determined uniquely by

cos? = 0’5 = & =arccos(O;) (8)
and ¢ €]0, [ . Since O is a orthonormal matrix this irnplie
(02 +(0%) =1—(0°;) = 1—cos* & =sin’ &, ©9)
and thus we can determine the angle ¢ €]— 7, 7] uniquely by defining

1 1

sing = sinﬁ013’ Cossb:_sinﬁo23 10
leading to
1
¢ =sign O’ arccos<— - 023> €|—m, ] (11)
sind
By the same argument one finds
sin ! O’,, cos ! oK (12)
1 = — R = —
=g ! Y= ng 2
and thus )
7 :signO31arccos< - O32> €l—m, ). (13)
sin
So far we have chosen the three angles such that
R ol o, sin¢sin?
O= 0% 0%, —cos¢sind |. (14)
sindsing  sind cos¢p cos ¥
Now we evaluate e
B=D"'0=D"0. (15)

The matrix elements are pretty complicated combinations of trigonometric terms with the four not yet
. . | . A
parametrized matrix elements of 1} By construction, however the 3" column of Bis (B! 5,B8%3, B’ 3)T =

(0,0,1)T. Now Bisan SO(3) matrix and thus its columns are three orthonormal vectors in R®. This
implies for the 3" row

B, =8,=0. (16)
This implies that
. (B B 0
B=|B%* B%* 0. (17)
0 0 1
Since B € SO(3) this implies that

"Note that sin§ # 0 here!
2See the Appendix with a Mathematica notebook with the details of the matrix-manipulation results.
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Using detB =1, Eq. and the 1% equation finally leads to B=1andthusO=DB =D, e,
we have indeed determined three angles ¢, ¢, and ¢, such that D=

So far we have excluded the cases O’; = 1 and O%; = —1. In the first case from (6) we have ¢ =0 and
thenD = 153(¢)b3(¢) = 53(¢+¢) Of course if O%; = 1 we have a rotation around the &; axis, and we

have just to choose ¢ + ¢ as the corresponding angle, i.e., we can still parametrize the rotation matrix
O with Euler angles with & = 0, but only ¢ + ¢ is determined, but ¢ and ¢ are indetermined. This
implies that the parametrization of the SO(3) with Euler angles is degenerate, i.e., one has a “coordinate
singularity” for rotations around the ¢;-axis though of course there’s nothing special of such rotations
in SO(3) as a differentiable manifold (actually a Lie group). This is also known as the “gimbal lock”,
because it describes a singular configuration of the well-known gimbals used to realize free tops in the
mechanics lecturd’]

Finally we consider the case O°; = —1, which through @ leads to ¢ = 7. By direct calculation we get

N A A cos(p—¢)  —sin(p—¢) 0
D = Dy($)D,(m)Ds(9) = —sin(éﬂ—¢) —Cos(éﬂ—¢) 0. (19)
—1

Since O is an SO(3) matrix with O?, = —1, we can determine ¢ — ¢ € [0,27[ uniquely, but ¢ and ¢
are again undetermined, and we have just another “gimbal lock”.

A Mathematica notebook for the proof

Here we reproduce the Mathematica notebook with the matrix manipulations necessary for the above
given proof for the parameterizability of an arbitrary matrix O € SO(3) by Euler angles.

*For details of the calculation with help of Mathematica, see the Appendix.
*See the Wikipedia page with nice animations for gimbals: https://en.wikipedia.org/wiki/Gimbal_lock.
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