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Exercise sheet XI
January 14 [solution: January 23, 30]

Problem 1 [Normal order and chronological order] Show the relation between the normal
and the chronological ordering. Start with the decomposition of the scalar field into:

$(z) = ¢"(z) + ¢ (2), (1)

where ¢* contains only annihilation operators and ¢~ only creation operators. Then,

consider the cases x

< 3% and 2° > 3% and write the chronologically ordered product
T{¢(x)¢p(y)} in normal order (all creation operators to the left of annihilation operators),
apart from one commutator term: [¢pT(x),d (y)] or [¢T(y), ¢ (z)]. Finally, define the

contraction of two fields:

[ @] a0y
oaet = { 6+ ). 6] i3 > a0 )

(which is just the Feynman propagator iAr(z — y)) and show that the final result can be
written as:

T{6()6(y)} = N{o(x)oly) + o(x)o(y)} 3)
The generalization to an arbitrary number of fields is:
T{p(x1)...¢(xn)} = N{¢(x1) ... p(z,) + all possible contractions}. (4)

Note that (0| N{anything with uncontracted operators}|0) = 0 and hence:

O0|T{¢p(x1) ... ¢p(x,)}|0) = all possible full contractions (no operator left uncontracted).
(5)

The last equation is known as the Wick’s theorem.

Problem 2 [Wick’s theorem| Using the Wick’s theorem, calculate (0|7 ¢1¢203¢4}|0)
and (0|T{¢p10203040506}|0), where ¢, = ¢(x,). Introduce the graphical notation, in

which the contraction ¢(x;)¢(z;) is represented by a straight line connecting points z;
and z;. This gives the Feynman diagrams of the free scalar field theory.

Problem 3 [Interacting scalar field theory] Consider one of the simplest interacting
scalar field theories, the ¢* theory with the Lagrangian density:

A
- I¢47 (6)

where m is the mass parameter and A\ is the coupling constant. We want to compute the

L= 5 0,0)" — Gme?

expectation values of certain time-ordered products of operators in the interacting theory



vacuum, denoted by |Q2), in contrast to the free theory vacuum, |0). For the case of 2
fields, one has:

QT {660} = Tim (o {cb(x)cb(y) exp (—z’ I dtHint(t))} 10)
Y T—o0(1~ie) (0|7 {exp (—i f_TT dtht(t)> } |0)

where Hiy = — [ d32 Ly = [ d®z4¢(2)? is the interaction Hamiltonian.

(1)

a) Compute the first 2 terms (free theory (tree-level) term and the 1st order term) in the
numerator of Eq. (7) and draw the corresponding Feynman diagrams.

b) Compute the third term (2nd order in A) in the numerator of Eq. (7) and draw the
corresponding Feynman diagrams.

¢) The inclusion of the denominator of Eq. (7) actually simplifies the computation. It can
be shown that:

(QIT{p(x1) ... p(x,)}) = sum of all connected diagrams with n external points, (8)

which means that the disconnected diagrams cancel between the numerator and the de-
nominator. Use this rule to compute the full expression (Q|T{¢(x)p(y)}2) up to 2nd
order in the coupling.

Note: disconnected diagrams are those that contain pieces not connected to any ex-
ternal point. Diagrams where each of e.g. 4 external points is connected to only one
other external point (but there are no pieces disconnected from external points) are still
connected.

d) Draw all diagrams contributing to (Q|T{¢(z1)p(z2)d(x3)d(z4)}2) up to 3rd order in
the coupling.

e) Draw at least 10 examples of distinct diagrams contributing to (Q|T{¢(z1) ... ¢(x,)}HQR)
at N-th order, where you choose n and N yourself, but n > 4 and N > 4.



