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+ Most SM corrections can be absorbed into
these variables (including direct corrections)
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≡ S ≡ T ≡ U
M. Awramik et al., Phys. Rev. D69, 053006 (2004), hep-ph/0311148 ← SM mW calc. + others
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= −16πΠ�3Y (0)
Peskin-Takeuchi
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FIG. 1: Real (blue-solid) and imaginary (red-dashed) parts for

the normalized
6πS
�

parameter as function of increasing q2/m2

and � =
N f
2 d[r]. To plot simultaneously the q2/m2 → 0 and ∞

limits we use a nonlinear scale for the horizontal axis which is
proportional to arctan

�
q2/m2�.

fermion masses vanish at fixed q. These two limits do
not commute as shown in [1].

A. Sending q2
to zero at fixed fermion masses

In this limit, which is the relevant one for models of
electroweak symmetry breaking, it was found in [1] that
the S-parameter does not vanish inside the conformal
window.

Taking M1 =M2 = m, we obtain [1]:

lim
q2

m2→0
S =

�
6π

�
1 +

1
10x
+

1
70x2 + O(x−3)

�
, (4)

with x = m2

q2 . Note that the leading term in the above
formula for the S-parameter does not depend on the
value of the fermion masses. Moreover the dependence
on the hypercharge Y vanishes for M1 =M2 = m.

The reason why the S-parameter does not vanish in
this limit is that the conformal limit is not reached when
keeping the fermion masses fixed. This will in fact only
be achieved in the opposite limit when we first send
to zero the fermion mass while keeping the momentum
finite (see below).

In Fig. 1 we plot the complete 1-loop expression for
the real (blue-solid) and imaginary (red-dashed) parts of
the normalized S-parameter defined as 6πS/�. Note that
at the kinematic threshold q2 = 4m2 an imaginary part
develops, which is associated to particle production in
the fermion loop since the external momentum is suf-
ficiently large to create, on shell, a fermion-antifermion
pair.

B. Sending m2
to zero first and the conformal limit

In the opposite limit m2/q2 → 0 one finds [1]:

lim
m2
q2 →0
�[S] = x

�
π
�
2 + log(x)

�
+ O(x2) , (5)

lim
m2
q2 →0
�[S] = x � + O(x2) . (6)

Both the real and imaginary parts of the S-parameter are
nonzero but in this case they vanish with the mass when
keeping fixed the external reference momentum q2. This
limit corresponds in Fig. 1 to the q2/m2 → ∞ region of
the plot. Note that due to the logarithmic term the�[S]
becomes negative before approaching zero.

II. CONFORMAL S-PARAMETER AT 2-LOOPS

The 2-loops contribution to the S-parameter is given
by:

∆S =
α

4π
�

6π
C2 [r] δS , (7)

where α is the coupling constant of the new sector, and
C2 [r] is the quadratic Casimir of the fermion represen-
tation. This expression has been derived by adapting
the computation made by Djouadi and Gambino [28] of
the complete QCD corrections to the electroweak gauge
bosons self-energies. For completeness we report the full
expression for δS in the Appendix A corresponding to
the 2-loops technicolor contribution to the S-parameter
specialized to the case of degenerate fermion masses. In
the main text we concentrate on the asymptotic expres-
sions corresponding to the two limits q2/m2 → 0 and
m2/q2 → 0 introduced above. We also show the link
to the Peskin and Takeuchi definition of S in the Ap-
pendix B.

A. Sending q2 → 0 at fixed fermion masses

We obtain for q2/m2 → 0

lim
q2

m2→0
δS =

17
12
+

317
720x

+
919

10080x2 + O(x−3) , (8)

where, as above, x = m2

q2 .
We evaluate α in (7) at the energy corresponding to

the common mass of the fermions taken to be much
smaller than the technical scaleΛU above which the cou-
pling constant stops walking and starts to run. For light
fermions this is naturally the value of the coupling con-
stant at the fixed point α∗. It is perturbatively consistent
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The reason why the S-parameter does not vanish in
this limit is that the conformal limit is not reached when
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be achieved in the opposite limit when we first send
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FIG. 2: Normalized conformal S-parameter near the perturbative upper bound of the conformal window for different theories.

to consider the 2-loops β-function to determine α at the
fixed point. We have:

α∗

4π
= −β0

β1
, with (9)

β0 =
11
3

C2 [G] − 4
3

T [r] Nf , (10)

β1 =
34
3

C2
2 [G] −

�20
3

C2 [G] + 4C2 [r]
�

T [r] Nf . (11)

Using this value for α, the normalized S-parameter in
the limit q2/m2 → 0 at 2-loops is then given by:

lim
q2

m2→0

6πS
�
= 1 − 17

12
β0

β1
C2 [r] , (12)

where we kept only the leading order term in 1/x. At
this order, the S-parameter can also be re-expressed as a
function of the 1-loop anomalous dimension of the mass
γm as

lim
q2

m2→0

6πS
�
= 1 +

17
72
γm(α∗) , (13)

with

γm(α) =
3
2

C2 [r]
α
π
. (14)

The above expressions show that the normalized S-
parameter is a decreasing function of Nf near the upper
boundary of the conformal window. This important re-
sult is in agreement with the conjecture formulated in [1].
As an illustration we plot the normalized S-parameter,
given in Eq. (12), as a function of the number of fermions
Nf within the conformal window up to the critical num-
ber of fermions for which asymptotic freedom is lost in
Fig. 2 for the cases of SU(3) with fundamental fermions
and two-index symmetric fermions, and for SU(2) with
fundamental and adjoint fermions.

Note, however, that the unnormalized S shows the
opposite behavior that is it increases with the number
of fermions. This statement holds in the perturbative
regime and might happen that the full S is not a mono-
tonic function of the number of flavors.

Clearly our estimate for the S-parameter is reliable
only in the perturbative limit near the critical number of

3

2-loop perturbation > �
6π



Particle Physics & Origin of Mass

CP  - Origins3

10 11 12 13 14 15 16
1

1.1

1.2

1.3

Nf

6Π
S��

(a) SU(3) with fundamental fermions.

7 8 9 10 11
1

1.1

1.2

1.3

Nf

6Π
S��

(b) SU(2) with fundamental fermions.

2.0 2.2 2.4 2.6 2.8 3.0 3.2
1

1.1

1.2

1.3

Nf

6Π
S��

(c) SU(3) with 2-index symmetric fermions.

2.0 2.1 2.2 2.3 2.4 2.5 2.6 2.7
1

1.1

1.2

1.3

Nf

6Π
S��

(d) SU(2) with adjoint fermions.

FIG. 2: Normalized conformal S-parameter near the perturbative upper bound of the conformal window for different theories.

to consider the 2-loops β-function to determine α at the
fixed point. We have:

α∗

4π
= −β0

β1
, with (9)

β0 =
11
3

C2 [G] − 4
3

T [r] Nf , (10)

β1 =
34
3

C2
2 [G] −

�20
3

C2 [G] + 4C2 [r]
�

T [r] Nf . (11)

Using this value for α, the normalized S-parameter in
the limit q2/m2 → 0 at 2-loops is then given by:

lim
q2

m2→0

6πS
�
= 1 − 17

12
β0

β1
C2 [r] , (12)

where we kept only the leading order term in 1/x. At
this order, the S-parameter can also be re-expressed as a
function of the 1-loop anomalous dimension of the mass
γm as

lim
q2

m2→0

6πS
�
= 1 +

17
72
γm(α∗) , (13)

with

γm(α) =
3
2

C2 [r]
α
π
. (14)

The above expressions show that the normalized S-
parameter is a decreasing function of Nf near the upper
boundary of the conformal window. This important re-
sult is in agreement with the conjecture formulated in [1].
As an illustration we plot the normalized S-parameter,
given in Eq. (12), as a function of the number of fermions
Nf within the conformal window up to the critical num-
ber of fermions for which asymptotic freedom is lost in
Fig. 2 for the cases of SU(3) with fundamental fermions
and two-index symmetric fermions, and for SU(2) with
fundamental and adjoint fermions.

Note, however, that the unnormalized S shows the
opposite behavior that is it increases with the number
of fermions. This statement holds in the perturbative
regime and might happen that the full S is not a mono-
tonic function of the number of flavors.

Clearly our estimate for the S-parameter is reliable
only in the perturbative limit near the critical number of

3

2-loop perturbation

WSR + vector dominance + Large N rescaling

S(0) � 1�57 �
6π > �

6π

> �
6π

Peskin, Takeuchi, Phys. Rev. D 46, 381 (1992)
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to consider the 2-loops β-function to determine α at the
fixed point. We have:

α∗

4π
= −β0

β1
, with (9)

β0 =
11
3

C2 [G] − 4
3

T [r] Nf , (10)

β1 =
34
3
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Using this value for α, the normalized S-parameter in
the limit q2/m2 → 0 at 2-loops is then given by:

lim
q2

m2→0

6πS
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= 1 − 17

12
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β1
C2 [r] , (12)

where we kept only the leading order term in 1/x. At
this order, the S-parameter can also be re-expressed as a
function of the 1-loop anomalous dimension of the mass
γm as

lim
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with

γm(α) =
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α
π
. (14)

The above expressions show that the normalized S-
parameter is a decreasing function of Nf near the upper
boundary of the conformal window. This important re-
sult is in agreement with the conjecture formulated in [1].
As an illustration we plot the normalized S-parameter,
given in Eq. (12), as a function of the number of fermions
Nf within the conformal window up to the critical num-
ber of fermions for which asymptotic freedom is lost in
Fig. 2 for the cases of SU(3) with fundamental fermions
and two-index symmetric fermions, and for SU(2) with
fundamental and adjoint fermions.

Note, however, that the unnormalized S shows the
opposite behavior that is it increases with the number
of fermions. This statement holds in the perturbative
regime and might happen that the full S is not a mono-
tonic function of the number of flavors.

Clearly our estimate for the S-parameter is reliable
only in the perturbative limit near the critical number of

3

2-loop perturbation

WSR + vector dominance + Large N rescaling

WSR + more sophisticated approx + Large N rescaling

S(0) � 1�88 �
6π > �

6π

S(0) � 1�57 �
6π > �

6π

> �
6π

Peskin, Takeuchi, Phys. Rev. D 46, 381 (1992)



Calculation

Π3Y = 1
2ΠLRFor a degenerate technifermion doublet:

Πµν
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(2π)3 Tr
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/� + /� + �
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�0 = �(2� + 1)πT + µ

S = −8π ΠLR (�� �2� T � µ) − ΠLR (�� 0� T � µ)
�2



Results

Cold (βm >> 1): 
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�2
3√2π
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Results

Hot (βm << 1): Result factorizes

Cold (βm >> 1): 

S+ = −S0 + sech2 � 1
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S(1)
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No remnant of T=0 result!
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๏ S parameter measures the size of TC sector

๏ Conjecture: 
Perturbative calculation provides lower bound 
on S (throughout the phase diagram)

๏ Lattice calculations can corroborate/falsify, but 
finite size effects can be significant (especially in 
conformal theories)

๏ Future work: Compactify all dimensions?

Summary & Outlook



Past lattice studies: Example

T. DeGrand, arXiv:1006.3777 [hep-lat]

SU(3) sextet representation with 2 flavors

FIG. 11: Derivative of the sextet QCD correlator Seff = 16π∆(q2ΠV−A
T )/∆q2.. Valence masses

are (octagons) amq = 0.10, (bursts) amq = 0.075, (squares) amq = 0.05, (diamonds) amq = 0.035.
(crosses) amq = 0.020.

ratio q2/m2. In free field theory, Seff = (48/π2)(m2/q2), which seems to be a reasonable
parameterization of the data. However, motivated by various didactic reviews [44] of the
expected algebraic scaling behavior of conformal theories, I also tried a little fit to

Seff = a(
m2

q2
)p. (21)

The line is the result, p = 0.953(3). The uncorrelated chi-squared is 924 for 38 degrees of
freedom, but I should point out that the data is in fact strongly correlated.

Again, I remark that this is not the usual case studied in the technicolor literature, where
the fermion mass is often taken to be large compared to q. Presumably to apply this result
to some hidden sector beyond - Standard Model phenomenology, one might take q2 = m2

Z .
(Or for another alternative, see Ref. [45].)

I believe that there are lessons to be drawn from this exercise. First, because the system
only has explicit chiral symmetry breaking at nonzero fermion mass, ΠV−A

T (q2) does vanish
at zero fermion mass. ΠV−A

T (q2) falls to zero for any value of the mass, at any nonzero q.
Second, a simple parameterization of ΠV−A

T (q2) in terms of the (measured) properties of
the lowest resonances fails, even though away from mq = 0 the theory is not conformal;
it is a theory of resonances. Presumably, one must just include more of the excited state
spectrum in the sum. Seff shows power law scaling in terms of m2/q2.

15

From top to bottom:
am = 0.10
am = 0.75
am = 0.05
am = 0.035
am = 0.02

Lattice size = 124

βm=amL0 

Ranges between 
1.2 and 0.24
( if conformal !)
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3.4. Comparison of The Methods
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Figure 3.6: Phase diagrams of SU (N ) gauge theories with Dirac fermions in a single repre-
sentation of the gauge group denoted in the figures in terms of Young Tableaux. The ACS
thermal inequality critical point N f

AC S is not plotted for the higher representations, since it
does not provide a bound below N f

AF .

Matin Mojaza 35

(mρ=0.33)

(mρ=0.48)



Neutral Current Matrix Elements

Charged Current Matrix Element

�AA = �2Q1GAAQ2

�ZA = �2
��

�(I3 − �2Q)1GZAQ2 + Q1GZA(I3 − �2Q)2�

�ZZ = �2
�2�2 (I3 − �2Q)1GZZ (I3 − �2Q)2

�W W = �2
2�2 I+GW W I−

= 0 at 
tree-level


