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Positronium has both perturbative O(α) and
non-perturbative O(α∞) aspects. 
Atoms are accurately described by QED.

Hadrons have confinement and CSB.
They also have perturbative features. 
Is there a QCD approach analogous to QED? 
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QED works for atoms

�E = E(ortho)� E(para) �⌫ = �E/2⇡~
Orthopositronium: JPC = 1�� Parapositronium: JPC = 0�+

M. Baker et al, 1402.0876
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where the products imply convolutions over four-momenta similar to that in (2.19). This equation is valid provided
the kernel satisfies

K = (1 +G
T

S)�1G
T

= G
T

�G
T

S G
T

+ ... (2.22)

Thus the “propagator” S may in fact be chosen freely. The expansion of K in ↵ follows from the corresponding
expansions of S and G

T

. As a consequence of unitarity the residues of the bound state poles of G
T

factorize into a
product of wave functions similarly as in (2.17). Since the finite order kernel K in (2.21) cannot have a bound state
pole the Bethe-Salpeter wave function �P

T

(with external propagators truncated) must satisfy

�P

T

(q) ⌘
Z

d4x�P

T

(x)eiq·x =

Z

d4k

(2⇡)4
�P

T

(k)S(k)K(k, q) (2.23)

which is the all-orders equivalent4 of (2.19). With a suitable choice of the propagator S analytic expressions for the
wave functions are obtained when the lowest order kernel is used in the BSE. These solutions facilitate calculations
of higher order corrections to the binding energies [2].

The wide range of possibilities in the choice of propagator in the BSE motivated a search for an optimal approach
based on physical arguments. The perturbative expansion relies on the non-relativistic nature of atoms, v/c ' ↵ ⌧ 1.
This suggested the use of an e↵ective QED Lagrangian (NRQED) [7], which is essentially an expansion of the standard
Lagrangian in inverse powers of m

e

. At the expense of introducing more interactions the NRQED Lagrangian allows
to use non-relativistic dynamics, which is of great help in high order calculations [3]. The contribution of relativistic
momenta (p ⇠ m

e

) in positronium is only of O
�

↵5
�

⇠ 10�11, making NRQED very e�cient.

The continuous development of theoretical and experimental techniques have allowed precision tests of QED using
bound states. Thus the hyperfine splitting in positronium, i.e., the energy di↵erence �E between orthopositronium
(JPC = 1��) and parapositronium (JPC = 0�+), expressed in terms of �⌫ ⌘ �E/2⇡~, is calculated using NRQED
methods to be [8]
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Table 1: Summary of systematic errors.

Source Errors in �HFS (ppm)

Material E�ect:

o-Ps pick-o� 3.8

Gas density measurement 1.0

Thermalization of Ps 1.0

Magnetic Field:

Non-uniformity 3.0

O�set and reproducibility 1.0

NMR measurement 1.0

RF System:

RF power 0.7

QL value of RF cavity 0.3

RF frequency 1.0

Analysis:

Choice of energy window 0.6

Quadrature sum 5.4

considered in the previous experiments, fitting without taking

into account the time evolution of �HFS and �pick is performed.

The fitted Ps-HFS value with an assumption that Ps is well ther-

malized results in 203.392 1(16) GHz. Comparing it with Eq.
(15), the non-thermalized o-Ps e�ect is evaluated to be as large

as 10 ± 1 ppm in the timing window we used. This e�ect might
be larger if no timing window is applied, since it depends on the

timing window used for the analysis. In the timing window of

0–50 ns, which we do not use for the analysis, Ps-HFS is dra-

matically changing because Ps is not well thermalized and Ps

velocity is still rapidly changing.

Systematic errors are summarized in Table 1. The largest

contribution is an uncertainty of o-Ps pick-o� rate (�pick(n,�)).
It is estimated by taking the error of the fitting of the o-Ps decay

curve. The uncertainty of the gas density is computed from the

uncertainties of the gas pressure and temperature, resulting in

1.0 ppm uncertainty. The uncertainty of Ps thermalization e�ect

comes from the uncertainties of �m and E0. The second largest
contribution is an uncertainty of the static magnetic field. Dis-

tribution of the static magnetic field is measured by the NMR

magnetometer with the same setup as Ps-HFS measurement for

twice (before and after the measurement). The results of the

two measurements are consistent with each other and the non-

uniformity is weighted by the RF magnetic field strength and

distribution of Ps formation position, which results in 1.5ppm

RMS inhomogeneity. The strength of the static magnetic field

is measured outside of the RF cavity during the run. An o�set

value at this point is measured during the measurement of the

magnetic field distribution, and its uncertainty including repro-

ducibility is 0.5 ppm. The precision of magnetic field measure-

ment is 0.5 ppm, which comes from the polarity-dependence

of the NMR probe. These uncertainties are doubled because

�HFS is approximately proportional to the square of the static

magnetic field strength. The uncertainty of RF power meter re-

sults in 0.7 ppm systematic error. The QL value of the cavity

is measured before and after each run, and the uncertainty is
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Figure 5: Summary of �HFS measurements from past experiments and this

work. The circles with error bars are the experimental data (a�[4], b�[5]),
the hatched band is the average of the previous experiments (a and b), and the

black band is the QED calculation [6, 7, 8].

estimated by the di�erence between them. The uncertainty of
microwave frequency causes 1.0 ppm systematic error. Anal-

ysis with energy window of 511 keV ± 1.5 s.d.(� 26 keV) has
been performed, and the result has changed by 0.6 ppm. This

change is taken into account as a systematic error.

The systematic errors discussed above are regarded as in-

dependent, and the total systematic error is calculated to be

their quadrature sum. When the non-thermalized Ps e�ect is

included, our final result with the systematic errors is

�HFS = 203.394 1±0.001 6(stat.)±0.001 1(sys.) GHz.(16)
A summary plot of �HFS measurements is shown in Fig. 5. Our
result favors the QED calculation within 1.2 s.d., although it

disfavors the previous experimental average by 2.7 s.d.

6. Conclusion

A new precision measurement of Ps-HFS free from possible

common uncertainties from Ps thermalization e�ect was per-
formed to check the Ps-HFS discrepancy. The e�ect of non-

thermalized o-Ps was evaluated to be as large as 10 ± 1 ppm
in a timing window we used. This e�ect might be larger than
10 ppm if no timing window is applied, since it depends on

timing window. Including this e�ect, our new experimental

value results in �HFS = 203.394 1 ± 0.001 6(stat., 8.0 ppm) ±
0.001 1(sys., 5.4 ppm)GHz. It favors theO(�3 ln��1) QED cal-
culation within 1.2 s.d., although it disfavors the previous mea-

surements by 2.7 s.d.
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for useful discussions. This work was supported by JSPS KAK-

ENHI Grant Number 23340059.
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FIG. 4: Data on positronium hyperfine splitting
compared to theory. Two previous results (a [9],
b [10]) compared to a new measurement [11] and
QED [8] (black band). Figure from [11].

The appearance of ln↵ in (2.24) demonstrates that bound state
perturbation theory indeed di↵ers from the usual expansions of
scattering amplitudes. Such factors arise from apparent infrared
divergences which are regulated by the neutrality of positronium
at the scale of the Bohr radius (↵m

e

)�1.

The combined result of the two most precise measurements
of the hyperfine splitting in positronium [9, 10] is �⌫

EXP

=
203.38865(67) GHz, which is more than 3� from the QED value
(2.24). Very recently a new measurement [11] gave �⌫

EXP

=
203.3941 ± .0016 ± .0011 GHz, which is closer to the theoretical
value. The present situation is illustrated in Fig. 4.

Bound state poles in the photon propagator a↵ect also standard
perturbative calculations. The positronium contribution to the
anomalous magnetic moment of the electron was recently evalu-
ated [12]. It was found to be of the same order as state-of-the-art
five-loop calculations – and several times bigger than the weak
corrections.

The successes of QED have inspired the use of analogous methods for the other interactions. In particular, Bethe-
Salpeter and Dyson-Schwinger equations have been extensively applied in QCD (see [13] and references therein).

4 In (2.19) a factor P

0 � E

q+ � E

q� was extracted from the wave function  (q).

Example: Hyperfine splitting in Positronium at O(α7
 log α) using NRQED

The PQED expansion (usually) starts from the O(α∞) Schrödinger atom.

ln α from would-be
IR singularities
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which is the all-orders equivalent4 of (2.19). With a suitable choice of the propagator S analytic expressions for the
wave functions are obtained when the lowest order kernel is used in the BSE. These solutions facilitate calculations
of higher order corrections to the binding energies [2].

The wide range of possibilities in the choice of propagator in the BSE motivated a search for an optimal approach
based on physical arguments. The perturbative expansion relies on the non-relativistic nature of atoms, v/c ' ↵ ⌧ 1.
This suggested the use of an e↵ective QED Lagrangian (NRQED) [7], which is essentially an expansion of the standard
Lagrangian in inverse powers of m
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. At the expense of introducing more interactions the NRQED Lagrangian allows
to use non-relativistic dynamics, which is of great help in high order calculations [3]. The contribution of relativistic
momenta (p ⇠ m
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) in positronium is only of O
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The continuous development of theoretical and experimental techniques have allowed precision tests of QED using
bound states. Thus the hyperfine splitting in positronium, i.e., the energy di↵erence �E between orthopositronium
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methods to be [8]
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NMR measurement 1.0

RF System:
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RF frequency 1.0

Analysis:
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considered in the previous experiments, fitting without taking

into account the time evolution of �HFS and �pick is performed.

The fitted Ps-HFS value with an assumption that Ps is well ther-

malized results in 203.392 1(16) GHz. Comparing it with Eq.
(15), the non-thermalized o-Ps e�ect is evaluated to be as large

as 10 ± 1 ppm in the timing window we used. This e�ect might
be larger if no timing window is applied, since it depends on the

timing window used for the analysis. In the timing window of

0–50 ns, which we do not use for the analysis, Ps-HFS is dra-

matically changing because Ps is not well thermalized and Ps

velocity is still rapidly changing.

Systematic errors are summarized in Table 1. The largest

contribution is an uncertainty of o-Ps pick-o� rate (�pick(n,�)).
It is estimated by taking the error of the fitting of the o-Ps decay

curve. The uncertainty of the gas density is computed from the

uncertainties of the gas pressure and temperature, resulting in

1.0 ppm uncertainty. The uncertainty of Ps thermalization e�ect

comes from the uncertainties of �m and E0. The second largest
contribution is an uncertainty of the static magnetic field. Dis-

tribution of the static magnetic field is measured by the NMR

magnetometer with the same setup as Ps-HFS measurement for

twice (before and after the measurement). The results of the

two measurements are consistent with each other and the non-

uniformity is weighted by the RF magnetic field strength and

distribution of Ps formation position, which results in 1.5ppm

RMS inhomogeneity. The strength of the static magnetic field

is measured outside of the RF cavity during the run. An o�set

value at this point is measured during the measurement of the

magnetic field distribution, and its uncertainty including repro-

ducibility is 0.5 ppm. The precision of magnetic field measure-

ment is 0.5 ppm, which comes from the polarity-dependence

of the NMR probe. These uncertainties are doubled because

�HFS is approximately proportional to the square of the static

magnetic field strength. The uncertainty of RF power meter re-

sults in 0.7 ppm systematic error. The QL value of the cavity

is measured before and after each run, and the uncertainty is
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Figure 5: Summary of �HFS measurements from past experiments and this

work. The circles with error bars are the experimental data (a�[4], b�[5]),
the hatched band is the average of the previous experiments (a and b), and the

black band is the QED calculation [6, 7, 8].

estimated by the di�erence between them. The uncertainty of
microwave frequency causes 1.0 ppm systematic error. Anal-

ysis with energy window of 511 keV ± 1.5 s.d.(� 26 keV) has
been performed, and the result has changed by 0.6 ppm. This

change is taken into account as a systematic error.

The systematic errors discussed above are regarded as in-

dependent, and the total systematic error is calculated to be

their quadrature sum. When the non-thermalized Ps e�ect is

included, our final result with the systematic errors is

�HFS = 203.394 1±0.001 6(stat.)±0.001 1(sys.) GHz.(16)
A summary plot of �HFS measurements is shown in Fig. 5. Our
result favors the QED calculation within 1.2 s.d., although it

disfavors the previous experimental average by 2.7 s.d.

6. Conclusion

A new precision measurement of Ps-HFS free from possible

common uncertainties from Ps thermalization e�ect was per-
formed to check the Ps-HFS discrepancy. The e�ect of non-

thermalized o-Ps was evaluated to be as large as 10 ± 1 ppm
in a timing window we used. This e�ect might be larger than
10 ppm if no timing window is applied, since it depends on

timing window. Including this e�ect, our new experimental

value results in �HFS = 203.394 1 ± 0.001 6(stat., 8.0 ppm) ±
0.001 1(sys., 5.4 ppm)GHz. It favors theO(�3 ln��1) QED cal-
culation within 1.2 s.d., although it disfavors the previous mea-

surements by 2.7 s.d.
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b [10]) compared to a new measurement [11] and
QED [8] (black band). Figure from [11].

The appearance of ln↵ in (2.24) demonstrates that bound state
perturbation theory indeed di↵ers from the usual expansions of
scattering amplitudes. Such factors arise from apparent infrared
divergences which are regulated by the neutrality of positronium
at the scale of the Bohr radius (↵m

e

)�1.

The combined result of the two most precise measurements
of the hyperfine splitting in positronium [9, 10] is �⌫

EXP

=
203.38865(67) GHz, which is more than 3� from the QED value
(2.24). Very recently a new measurement [11] gave �⌫

EXP

=
203.3941 ± .0016 ± .0011 GHz, which is closer to the theoretical
value. The present situation is illustrated in Fig. 4.

Bound state poles in the photon propagator a↵ect also standard
perturbative calculations. The positronium contribution to the
anomalous magnetic moment of the electron was recently evalu-
ated [12]. It was found to be of the same order as state-of-the-art
five-loop calculations – and several times bigger than the weak
corrections.

The successes of QED have inspired the use of analogous methods for the other interactions. In particular, Bethe-
Salpeter and Dyson-Schwinger equations have been extensively applied in QCD (see [13] and references therein).
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q� was extracted from the wave function  (q).
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Similarity of atomic and hadronic spectra

V (r) = ��

r
V (r) = c r � 4

3

�s

r
PQED: PQCD?

Adapted from presentation by J. Ritman (2005)
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QM I: The Positronium atom

The Schrödinger equation with a classical potential is postulated:

Ground state 
binding energy:

 O(α2)

Electron velocity: v =
p

m
' ↵

Potential: V (r) = �↵

r  O(α2)      Classical

Wave function:  �(x) = N exp(�↵me |x|) O(α∞)

 O(α)

+ PQED corrections

Non-relativistic

Eb = � 1
2µ↵2

h
� r2

2µ
� ↵

|x|

i
'(x) = Eb '(x)
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6QED: Atoms from Feynman diagrams

Sfi = out

hf |
⇢
Texp

h
� i

Z 1

�1
dtHI(t)

i�
|ii

in

The S-matrix allows to calculate any scattering process to arbitrary order:

Positronium poles arise from a divergent sum of ladder diagrams:

+ + + ...++ + + ...+ + + + ...+=G
e–

e+
γ

L1 L2 L3

The divergence arises from a geometric sum of tree diagrams (no loops).

It gives the Schrödinger equation with classical potential V(r) = – α/r .

No finite order Feynman diagram for e+e– → e+e– has a positronium pole.

But: The free in- and out-states at t = ±∞ have no overlap with bound states.
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7Classical fields correspond to ℏ→ 0

G(x1, . . . , xn) =

Z
[d'] exp

�
iS[']/~

�
'(x1) . . .'(xn)

�S[']

�'
= 0

Recall functional integral formulation of QFT:

The limit ℏ→ 0 gives classical field eqs:

Higher orders in ℏ correspond to loop corrections in Feynman diagrams.

 
O(eℏ0) O(eαℏ)

Each loop adds one power of αℏ : Expansions in α and ℏ are equivalent.



Paul Hoyer Bad Honnef 2017

8

O(eℏ0)

:

 O(e2ℏ0):

Powers of α and ℏ do not match in tree diagrams

The ladders form a geometric sum of O(ℏ0) diagrams: Gives classical field.

Define Born bound states as lowest order in ℏ (no loops)

Consistent with the Schrödinger atom.

Not limited to non-relativistic dynamics.

Coupling is frozen in the absence of loops:  αs(0) ≈ 0.5
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9 Instantaneous A0 gauge field
The A0 field does not propagate in time: no ∂t A0 term in the Lagrangian

⇒ Equations of motion allow to eliminate A0 in terms of electron fields

�SQED

�Â0(t,x)
= 0 ) �r2Â0(t,x) = e †(t,x) (t,x)

�r2A0(x) = e
⇥
�3(x� x1)� �3(x� x2)

⇤

eA0(x;x1,x2) =
�

|x� x1|
� �

|x� x2|⇒
x2

x1

Note: A0 is determined instantaneously for all x, and depends on x1, x2

The propagating vector components Aj are of higher order in α

Only fermion fields at lowest order: No gauge fixing necessary.

Gauss’ law for the A0 field of an                                Fock component is:
��e�(x1) e

+(x2)
↵
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10 Positronium state at rest

Schrödinger wf|n;P = 0i =
Z

dk

(2⇡)3
'n(k) b

†
�(k) d

†
�̄
(�k) |0i

'n(k) :

�↵�
n (k) ⌘

⇥
�0u(k,�)

⇤
↵
v†�(�k, �̄)'n(k)

(1 + �0)�(1� �0) =

 
0 �� �

†
�0

0 0

!

where accounts for the 2×2 helicity
d.o.f.’s of e– and e+

=

Z
dx1 dx2  ̄(t,x1)↵ �↵�

n (x1 � x2) (t,x2)� |0i

in mom. space the 4×4 wf. is:

/ �0(/k +m)(1 + �0)�(1� �0)(�/k +m)'n(k)
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11 Bound state condition

HQED |n;P = 0i = (2me + Eb) |n;P = 0i

where

The factor ½ is due to the (negative) field energy,
Z

dx 1
4Fµ⌫F

µ⌫ = 1
2

Z
dxA0 ·r2A0 = � 1

2

Z
dx  ̄(x)eA0 (x)

HQED(t) =

Z
dx †(t,x)

⇥� i↵ ·
!
r+m�0 + 1

2eA0(x)
⇤
 (t,x)

eA0(x) =

Z
dy

↵

|x� y|  
†(t,y) (t,y)

�
 †
↵(t,x), �(t,y)

 
= �↵,� �

3(x� y)Using
and neglecting e+e– pair 
production/annihilation

the Schrödinger equation follows:
⇣
� r2

me
� ↵

|x|

⌘
'n(x) = Eb 'n(x)

↵ = �0� and
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Positronium in motion

Positronium states with CM momentum P = (0, 0, P) are obtained by
boosts U(ξ) along the z-axis, which transforms the (t = 0) fields as

The Born approximation is not limited to non-relativistic dynamics.

U(⇠) (0,x)U†(⇠) = e�⇠↵3/2 (z sinh ⇠,x)

Note: The transformed time depends on z.
States of any momentum P are defined at equal time. 
Boost covariance emerges via the QED dynamics.

The time shift can be adjusted by the generator H of time translations.
An infinitesimal boost U(d⇠) = 1� id⇠K

K(t = 0) = �
Z

dx †(0,x)
⇥
z(�i↵ ·

!
r+m�0 + 1

2�
0e/A)� 1

2 i↵3

⇤
 (0,x)

applied to a P = 0 Positronium state gives a state with P = dξ M.

generated by
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Positronium state with momentum P

|n;P i ⌘ U(⇠) |n;P = 0i =

=

Z
dx1 dx2  ̄(0,x1) e

iP ·(x1+x2)/2 e�⇠↵3/2 �(⇠)
n (x1 � x2) e

⇠↵3/2  (0,x2) |0i

where the wave function 
is Lorentz contracted:

�

(⇠)
n (x, y, z/ cosh ⇠) = �

(0)
n (x, y, z)

13

In a finite boost to P = Msinhξ the state becomes:

is an eigenstate of the momentum       and energy       operators, 
with the appropriate (boosted) eigenvalues. 

|n;P i P H

The gauge field in the Hamiltonian applied to the boosted state,

H(A)U(⇠) |n;P = 0i is the boosted version of the the rest frame A0 field.
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Summary for Positronium

• The standard PQED expression for the S-matrix in the IP is inappropriate,       
since Positronium has zero overlap with the free in and out states.

• The O(ℏ0) term of the PQED expansion is a (Born level) bound state.

• The Born term involves only the instantaneous A0 field.

• The eqs. of motion express A0 in terms of the electron field.

• Eigenstates of H with any momentum P can be found explicitly.

• The corresponding method for loop corrections remains to be developed.

• In the rest frame the result agrees with the usual Schrödinger atom.

Järvinen (2005)
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  Describing confinement in QCD?

The        gluon field is instantaneous: No             term in              . A0
a @tA0

a LQCD

Gauss’ law for        has homogeneous solutions, which do not vanish at |x | = ∞

The boundary condition makes        of            , whereas        is of           .O �
↵0
s

�
Aj

a

O �
↵0
s

�
At               the non-abelian contributions vanish: fabc A0

a A0
b = 0

O (g)

�r2A0
a(t,x) = g  †

A(t,x)T
AB
a  B(t,x)

and Gauss’ law allows to express       in terms of the fermion fields:A0
a

The choice of homogeneous solutions (                        ) 
is strongly constrained by Poincaré invariance.

r2A0
a(t,x) = 0

A0
a

A0
a
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To preserve Poincaré invariance we need to have color singlet qq̅ states:

  A homogeneous solution for QCD

The following is a trivial solution of                             when                    :

A0
a(t,x) = 

Z
dy  †

A(t,y)T
AB
a  B(t,y)x · y

r2A0
a(t,x) = 0

|n, P = 0i =
Z

dx1 dx2  ̄A(x1)�
AB
n (x1 � x2) B(x2) |0i

with �AB
n (x) =

�AB

p
Nc

�n(x) is a (globally) color singlet state.

Color covariance ensures that the expectation value of the field vanishes

hn, P |A0
a(x) |n, P i = 0 Color singlet states cannot generate

a color field. 

The color field is invisible to an external observer (unlike in QED!),
but confines each color component AA:  ̄A(t,x1) A(t,x2) |0i

 6= (x)
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39

(ii) It has been known since 1932 [28] that the normalization integral
R

d3x| (x)|2 of the Dirac wave function diverges
for all polynomial potentials V (|x|) and that the energy spectrum is continuous17. There is little awareness and
understanding of this property of the Dirac bound states (see [30] for a recent discussion). With retarded boundary
conditions  † is the number operator of positive and negative energy fermions, and its expectation value in the
Dirac state is | (x)|2. Fig. 14 supports the interpretation of | (x)|2 as an inclusive particle density.

δ1

δ2
A

B

C

FIG. 19: The dual diagram for meson
splitting A ! B + C, given by (7.1).
The qq̄ pair is created at distance �1

from the quark and �2 from the anti-
quark of meson A.

The ff̄ bound states that we studied in Section V also need to be built on
a vacuum that is an eigenstate of the Hamiltonian. This suggests an analogy
to the in and out states used as asymptotic states of the perturbative S-
matrix, which are eigenstates of the free Hamiltonian H0. States defined at
asymptotic times are on-shell and thus independent of the i" prescription in
their propagator. The ff̄ states discussed here may be used as asymptotic
states of the S-matrix, as in the electromagnetic form factor (5.48).

The time development from t = ±1 to the (finite) scattering time is deter-
mined by the full Hamiltonian. The asymptotic states therefore develop into
eigenstates of H by the time of scattering. In addition to contributions from
higher orders in ↵

s

, the bound states can split and merge as illustrated in
the dual meson diagram of Fig. 19. The amplitude hB,C|Ai can be evaluated
directly from the definition (6.12) of the meson states, using anticommutation
relations for the quark fields according to Fig. 19. Suppressing Dirac and color
indices,

hB,C|Ai =
1p
N

C

Z

h

Y

k=A,B,C

dxk

1dx
k

2

i

ei(x
A
1 +x

A
2 )·PA/2�i(xB

1 +x

B
2 )·PB/2�i(xC

1 +x

C
2 )·PC/2

⇥ h0|
⇥

 †(xB

2 )�
†
B

�0 (xB

1 )
⇤⇥

 †(xC

2 )�
†
C

�0 (xC

1 )
⇤⇥

 †(xA

1 )�
0(xA

1 )�A

 (xA

2 )
⇤

|0i

= � (2⇡)3p
N

C

�3(P
A

� P

B

� P

C

)

Z

d�1d�2 e
i�1·PC/2�i�2·PB/2Tr

⇥

�0�†
B

(�1)�A

(�1 + �2)�
†
C

(�2)
⇤

(7.1)

If the A ! B + C amplitude is combined with B + C ! A we get a hadron loop correction to the propagation of A.
The loop also induces mixing between hadrons, A ! B + C ! D. Thus the orthogonal basis of wave functions �(x)
which satisfy the bound state equation (6.10) needs to be rediagonalized when hadron loop corrections are considered.
Similarly to the Dirac wave functions (see remark (ii) above) the original basis functions are not normalizable, as
their norm �†(x)�(x) approaches a constant at large |x|. The mixing will likely redistribute the large |x| components
of low-lying states onto higher-lying states (which then decay into on-shell pairs, much like the pions produced in
phenomenological string breaking). The states of the rediagonalized basis may thus become normalizable. The
importance of the loop corrections for physical quantities depends on how sensitive measurables are to the large |x|
components of the wave functions. In D = 1+ 1 both the parton distributions and duality relations were determined
by low values of x, and should therefore be fairly insensitive to the mixing e↵ects.

There is an essential di↵erence between the Dirac wave functions and the ff̄ solutions of (6.10). The ff̄ wave functions
�(x) are (in the rest frame) generally singular at M = V (|x|) [42]. Regular (locally normalizable) solutions exist
only for discrete bound state masses. The Dirac wave functions have no singularities, implying a continuous mass
spectrum [28, 29].

The bound state equation (6.10) appears to have a hidden boost invariance, which ensures the correct frame depen-

dence for the energy eigenvalues, E =
p

M2 + P

2. We investigated this in some detail in D = 1 + 1 dimensions,
where the P -dependence of the wave function is given by (5.16). In D = 3+ 1 a similar relation holds when x||P , in
which case the bound state equation can be cast in the covariant form (6.32). Whether the frame dependence of the
wave function can be expressed analytically for general x is an open question.

The Poincaré covariance makes it possible to consider dynamical processes involving bound states. We studied
electromagnetic form factors and parton-hadron duality in D = 1+ 1. Many more processes are of interest, including
hadron-hadron scattering. The outcome of such studies, including the loop corrections mentioned above, will determine
whether considering the O

�

g0
�

homogeneous solution (6.11) of Gauss’ law is physically viable.

17 The sole exception is the V (r) ⇠ 1/r potential in D = 3 + 1 dimensions, which is often found in textbooks.

  Remark on qq̅ pairs

(Light) quarks in hadrons are ultra-relativistic and there is a sea of qq̅ pairs. 

Nevertheless, the hadron spectrum reflects only the valence quark dof’s.
Relativistic Dirac states also have this feature (see below).
Hadron phenomenology shows that multi-particle states are dual to qq̅ :

The singlet qq̅ states allow to calculate (singlet)
string breaking (hadron pair production, loops,..)
Such effects are required by unitarity at O(ℏ0).

Duality: String-breaking:

In the following, the color octet qq̅ pairs are included in the  vacuum,
an analogy to the Dirac case.
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The field energy density is independent of x for each color component AA:

  The homogeneous A0 solution

A0
a(t,x) = 

Z
dy  †

A(t,y)T
AB
a  B(t,y)x · y ∝ x

X

a

(rA0
a) · (rÂ0

a)  ̄A(x1) A(x2) |0i = CF
2(x1 � x2)

2 ̄A(x1) A(x2) |0i

The (infinite) total field energy ∝ ∫ dx must be independent of |x1 – x2| . 
Hence

CF 2 =
⇤4

(x1 � x2)2

The QCD interaction Hamiltonian then gives an exactly linear potential:

HQCD
int  ̄A(x1) A(x2) |0i = V (x1 � x2) ̄A(t,x1) A(t,x2) |0i

where V (x) = 1
2

p
CF g⇤2|x|



Paul Hoyer Bad Honnef 2017

19

Relativistically bound states have a sea of f f̅ pairs. As an example, consider
the Dirac Hamiltonian for a fixed (strong) external field Aμ(x) ,

The Fock state structure of Dirac states

H =

Z
d3x ̄(x)

⇥
� ir · � +m+ e /A(x)

⇤
 (x)

J.-P. Blaizot and PH (2015)There are e– and e+  “valence” eigenstates,

H |ni = En |ni

H |n̄i = Ēn |n̄i

|ni =
Z

dx †
↵(x)�n↵(x) |⌦i ⌘ c†n |⌦i

|n̄i =
Z

dx �̄†n↵(x) ↵(x) |⌦i ⌘ c̄†n |⌦i

where the wave functions φ(x) and φ̅(x) satisfy the Dirac equation
�
� ir · � +m+ e /A

�
�n(x) = En�

0�n(x)

�
� ir · � +m+ e /A

�
�̄n(x) = �Ēn�

0�̄n(x)

En > 0

Ēn > 0
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The annihilation operators are Bogoliubov transforms of the free operators:

cn =
X

p

�†
n(p)

⇥
u(p)bp + v(�p)d†�p

⇤
⌘ Bnpbp +Dnpd

†
p

c̄n =
X

p

⇥
b†pu

†(p) + d�pv
†(�p)

⇤
�̄n(p) ⌘ B̄npb

†
p + D̄npdp

They diagonalize the Dirac Hamiltonian: H =
X

n

⇥
Enc

†
ncn + Ēnc̄

†
nc̄n

⇤

cn |⌦i = c̄n |⌦i = H |⌦i = 0

|⌦i = N0 exp

h
� b†p

�
B�1

�
pm

Dmqd
†
q

i
|0iThe ground state

The Dirac ground state |Ω〉

contains the e+e– pairs and satisfies
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The Dirac states 
in case of a linear potential in D=1+1 dimensions   

Example

The linear potential confines e–, repels e+ :

Positrons are allowed at large |x| provided they have large momenta.  

The accelerating/decelerating positrons have a continuous energy spectrum.

Hence also the Dirac states have a continuous energy spectrum.

V (e+) = �V (e�) = � 1
2e

2|x|



Paul Hoyer Bad Honnef 2017

22

.4 UGUS'1 1, 1932 PHYSICAL REVIEW VOLUME 41

The Dirac Electron in Simple Fields*

By MILTON S. PLESSET

Sloane. Physics Laboratory, Yale University

(Received June 6, 1932)

The relativity wave equations for the Dirac electron are transformed in a

simple manner into a symmetric canonical form. This canonical form makes readily

possible the investigation of the characteristics of the solutions of these relativity

equations for simple potential fields. If' the potential is a polynomial of any degree

in x, a continuous energy spectrum characterizes the solutions. If the potential is a

polynomial of any degree in 1/x, the solutions possess a continuous energy spectrum

when the energy is numerically greater than the rest-energy of the electron; values

of the energy numerically less than the rest-energy are barred. When the potential

is a polynomial of any degree in r, all values of the energy are allowed. For poten-
tials which are polynomials in 1/r of degree higher than the first, the energy spec-

trum is again continuous. The quantization arising for the Coulomb potential is an

exceptional case.

'N HIS treatment of the reflection of the relativity electron at a potential
-- jump Klein' found a paradoxical behavior of the Dirac electron associ-

ated with the possibility of the existence of states of negative kinetic energy.

He showed by an ingenious treatment that the reflection coefficient for elec-

trons incident upon a discontinuous potential jump of height P varied with

P from the value zero for P =0 to the value unity for P = W—mc' (W being

the energy of the incident electrons). For this last value of P the momentum
P associated with the transmitted beam had the value zero, and as I' was
increased beyond t/t' —nsc' this momentum became imaginary and the reHec-

tion coefficient remained unity until I' attained the value t/t/'+mc'. The re-

sults thus far are exactly what would be expected. If I' is increased further

one enters the domain of negative kinetic energy wherein the group velocity

and the momentum in the transmitted beam are oppositely directed; also the

reflection coefficient falls off from the value unity and approaches the value

(W—cp)/(W+cp) as P is indefinitely increased. Thus by a transition to a

state of negative kinetic energy the Dirac electron has apparently an appreci-

able probability of penetrating a barrier of infinite height. Bohr suggested
that this peculiar result might be due to a jump in potential of the order of
mc' over a region of the order of the Compton wa've-length k/mc. It is within
a region of the order of h/mc ths. t the internal structure of the Dirac electron

and the accompanying "trembling" phenomenon' manifests itself. This

supposition of Bohr was verified by Sauter' who treated the problem of the

* The results of this paper were presented at the Washington meeting of the American

Physical Society (April, 1932).
' O. Klein, Zeits. f. Physik 53, 157 (1929).
' E. Schrodinger, Preuss. Akad. Wiss. Berlin, Ber. 24, 418 (1930).
3 F. Sauter, Zeits. f. Physik 69, 742 (1931).
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of the distribution at low xBj is attributed to ff̄ pairs, indicating again
the inclusive nature of the wave functions obtained with retarded boundary
conditions.
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23Example of Dirac states:                           in D=1+1

V=2m

2 4 6 8 10 12 14

-0.5
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0.25
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1

m/e = 2.5

ex

30 32 34 361 2 3 4

0.2
0.4
0.6
0.8

1

x

ex

Wf

m/e = 4.0

Dirac φ(x)
Schrödinger ρ(x)  Φ

1
(x)   f f

  ρ(x)   Schrödinger

(a) (b)

_

Wf NR region: b†

d (pairs)

|M � 0i =
Z

dp

2⇡2E

Z
dx

h
b

†
p

u

†(p)e�ipx + d

p

v

†(p)eipx
i 

'(x)
�(x)

�
|⌦i

The “single particle” Dirac wave function contains pair contributions (duality)

V (x) = 1
2e

2|x|
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As previously noted, take

�AB(x1 � x2) =
�AB

p
NC

�(x1 � x2)

  qq̅ bound states

|qq̄;P = 0i =
Z

dx1 dx2  ̄A(t,x1)�
AB(x1 � x2) B(t,x2) |0i

with

A0
a(t,x) = 

Z
dy  †

A(t,y)T
AB
a  B(t,y)x · yand

The bound state condition requires

ir ·
�
�0

�,�(x)
 
+m

⇥
�0,�(x)

⇤
=
⇥
M � V (x)

⇤
�(x)

with V (x) = 1
2

p
CF g⇤2|x| (as above).

HQCD |qq̄i = M |qq̄i
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25qq̅ wave functions

The separation of angular and radial coordinates in the BSE

for any radial potential V = V(r) and
equal fermion masses m1 = m2 = m is in:

ir ·
�
�0

�,�(x)
 
+m

⇥
�0,�(x)

⇤
=
⇥
E � V (r)

⇤
�(x)

Geffen and Suura, PRD 16 (1977) 3305

The solutions of given spin j and jz are classified according to their
charge conjugation C and parity P quantum numbers:

pion trajectory: P = (�1)j+1 C = (�1)j

C = (�1)j+1a1 trajectory: 

rho trajectory: C = (�1)jP = (�1)j

P = (�1)j+1

There are no “quark model exotics” with  P = (�1)j and C = (�1)j+1
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26π, a1 and ρ spectra (m = 0)

• • • • • • • • • •
• • • • • • • • • •
• • • • • • • • • •
• • • • • • • • • •
• • • • • • • • • •

• • • • • • • • • •
• • • • • • • • • •
• • • • • • • • • •
• • • • • • • • • •

• • • • • • • • • •5 10 15 20

1

2

3

4

5

6
•  pi
•  a1
•  rho

M2

j

There are also M = 0 states.
The massless 0++ (σ) state has vacuum quantum numbers. 
Its mixing with the chirally symmetric vacuum would cause 

chiral symmetry breaking.

The π, a1 and ρ trajectories are nearly degenerate for j ≥ 1.
There are no j = 0 states on the a1 trajectory.
The j = 0 states are non-degenerate due to the boundary conditions
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Summary

The perturbative expansion must be developed around an interacting state.

The Schrödinger atom is a Born level contribution: no loops, O(ℏ0).

A0 dominates Aj , and is expressed in terms of the electron field (Gauss’ law).

The similarities between quarkonia and atoms raise the question
of if/how the QED bound state methods can be applied to QCD.

The Hamiltonian approach allows to define atomic, equal-time states of any P .

Gauss’ law has homogeneous solutions, with A0 non-vanishing at |x| → ∞ .

The boundary condition introduces a dimensionful constant ΛQCD .
The preservation of Poincare invariance requires to consider only 
color singlet states and ∇A0 ≠ ∇A0(x), giving a linear potential.
The resulting qq̅ spectrum seems promising: Linear Regge trajectories, duality.

With Poincaré invariance, the approach is open for further studies: DIS, CSB, …


