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RG Flow from UV to IR; Types of IR Behavior and Role
of IR Fixed Point

Consider an asymptotically free, vectorial gauge theory with gauge group G and Nf

massless fermions in representation R of G.

Asymptotic freedom ⇒ theory is weakly coupled, properties are perturbatively
calculable for large Euclidean momentum scale µ in deep ultraviolet (UV).

The nature of the renormalization-group (RG) flow from large µ in the UV to small µ
in the infrared (IR) is of fundamental field-theoretic interest.

If a fermion had mass m0, it would be integrated out in the effective field theory for
µ < m0, and hence would not affect the IR limit of interest here, so no loss of
generality in taking massless fermions.

For sufficiently many fermions, the (perturbatively calculated) β function may have an
exact or approximate IR zero, IR fixed point (IRFP) of RG.

Denote running gauge coupling at scale µ as g = g(µ), and let
α(µ) = g(µ)2/(4π).



The dependence of α(µ) on µ is described by the β function:

β ≡ dα

dt
= −2α

∞
∑

ℓ=1

bℓ

( α

4π

)ℓ

where dt = d lnµ, ℓ = loop order of the coefficient.

Coefficients b1 and b2 in β are independent of regularization/renormalization scheme,
while bℓ for ℓ ≥ 3 are scheme-dependent (SD).

Asymptotic freedom means b1 > 0, so β < 0 for small α(µ), in neighborhood of UV
fixed point (UVFP) at α = 0.

As the scale µ decreases from large values, α(µ) increases. Denote αcr as minimum
value for formation of bilinear fermion condensates and resultant spontaneous chiral
symmetry breaking (SχSB).



Two generic possibilities for β and resultant UV to IR flow:

• β has no IR zero, so as µ decreases, α(µ) increases, eventually beyond the
perturbatively calculable region. This is the case for QCD.

• β has a IR zero, αIR, so as µ decreases, α → αIR. In this class of theories, there
are two further generic possibilities: αIR < αcr or αIR > αcr.

If αIR < αcr, the zero of β at αIR is an exact IRFP of the RG as µ → 0 and
α → αIR, β → β(αIR) = 0, and the theory becomes exactly scale-invariant with
nontrivial anomalous dimensions (Caswell, Banks-Zaks).

If β has no IR zero, or an IR zero at αIR > αcr, then as µ decreases through a scale
Λ, α(µ) exceeds αcr and SχSB occurs, so fermions gain dynamical masses ∼ Λ.

If SχSB occurs, then in low-energy effective field theory applicable for µ < Λ, one
integrates these fermions out, and β fn. becomes that of a pure gauge theory, with no
IR zero. Hence, if β has a zero at αIR > αcr, this is only an approx. IRFP of RG.



Denote the n-loop β fn. as βnℓ and the IR zero of βnℓ as αIR,nℓ. For a given gauge
group G and fermion rep. R, the asymptotic freedom (AF) condition restricts
Nf < Nu, where

Nu =
11CA

4Tf
where CA ≡ C2(G) is quadratic Casimir invariant, Tf ≡ T (R) is trace invariant;
e.g., for G = SU(Nc) and R = fundamental (F ) rep., Nu = (11/2)Nc. The
(scheme-indep.) 2-loop β has an IR zero for Nf in the interval I given by upper (u)
and lower (ℓ) ends Nℓ < Nf < Nu, where

Nℓ =
34C2

A

4Tf(5CA + 3Cf)

with Cf the quadratic Casimir inv. of the fermion rep. R.

For example, for SU(2), fund. rep., I: 5.55 < Nf < 11 and for SU(3), I:
8.05 < Nf < 16.5 (expressions evaluated for Nf ∈ R, but it is understood that
physical values of Nf are nonnegative integers.) Interest in higher reps. also (e.g.,
Dietrich and Sannino, PRD 75, 085018 (2007)).

At 2-loop level, αIR = −4πb1/b2, and in general, αIR ց 0 as Nf ր Nu.



Define Nf = Nf,cr at αIR = αcr. For Nf,cr < Nf < Nu, IR theory is in a
(deconfined) chirally symmetric non-Abelian Coulomb phase (NACP), while for
Nf < Nf,cr, there is SχSB, confinement.

Currently, intensive lattice studies of SU(Nc) theories with fermions in various
representations R; progress toward determining Nf,cr for various Nc and R.

At the IRFP in the NACP, scale-invariance, inferred conformal invariance. It is of
fundamental interest to determine the properties of the theory at this IRFP.

Denote the dimension of an operator O as DO; because of interactions, this differs
from the free-field dimension, DO,free; DO = DO,free − γO, where γO is the
anomalous dimension of O.

Example: operator ψ̄ψ =
∑Nf

j=1 ψ̄jψj, with anom. dim. γψ̄ψ. Denote the value of
this at an IRFP as γψ̄ψ,IR. This is a physical quantity (analogous to a critical exponent
at a second-order phase transition) and hence must be scheme-independent (SI).

However, the conventional expansion of γψ̄ψ,IR as a power series in α, calculated to a
finite order, does not maintain this scheme-independence beyond the lowest order.



Clearly, it is very valuable to calculate and analyze series expansions for γψ̄ψ,IR and
similar physical quantities that are scheme-independent at each order.

A key observation is that since αIR ց 0 as Nf ր Nu, one can express these
quantities as power series in

∆f = Nu −Nf

since ∆f ց as Nf ր Nu. This ∆f variable depends only on G, R, and Nf and
thus is obviously scheme-independent.

We (T. Ryttov and RS) have recently made progress on this, calculating these
expansions up to the highest order yet, namely O(∆4

f) for γψ̄ψ,IR, using recent
calculations of β to the five-loop level.

First, we discuss conventional n-loop calculations, which we have recently performed up
to the five-loop level.



Higher-Loop Analysis of UV → IR Evolution of Gauge
Theories

For a given G and R, as Nf decreases below Nu, αIR increases. This motivates
calculation of the IR zero in β to higher-loop order, αIR,nℓ. Some early work by Gardi,
Grunberg, Karliner; calculations for general G and R to four-loop order, n = 4, in
Ryttov and Shrock, PRD83, 056011 (2011) [arXiv:1011.4542] and Pica and Sannino,
PRD83, 035013 (2011) [arXiv:1011.5917].

Structural properties studied in RS, Phys. Rev. D 87, 105005 (2013) [arXiv:1301.3209],
RS, Phys. Rev. D 87, 116007 (2013) [arXiv:1302.5434].

Series expansion in α for γψ̄ψ:

γψ̄ψ =
∞
∑

ℓ=1

cℓ

( α

4π

)ℓ

where cℓ is the ℓ-loop coefficient. Evaluation of this series to n-loop order at
α = αIR,nℓ yields γψ̄ψ,IR,nℓ.

The one-loop coeff. c1 is scheme-independent, the cℓ with ℓ ≥ 2 are
scheme-dependent. In our earlier work, we used the calculations of bℓ and cℓ up to
ℓ = 4 loop level by Vermaseren, Larin, and van Ritbergen (in MS scheme).



In the conformal non-Abelian Coulomb phase, unitarity implies, for the full dimension of
this Lorentz-scalar operator, Dψ̄ψ = 3 − γψ̄ψ,IR > 1, so γψ̄ψ,IR < 2 (Mack, 1977).

Furthermore, in this NACP (conformal window), since chiral symmetry is exact, bilinear
fermion operators transform according to definite representations of the global flavor
symmetry group, SU(Nf)L ⊗ SU(Nf)R as ψ̄ψ (singlet) and ψ̄Taψ (non-singlet),
where Ta is a generator of SU(Nf). These have the same anom. dim., which we
denote simply as γψ̄ψ.

In the chirally broken phase, just as the IR zero of β is only an approx. IRFP, so also,
the γψ̄ψ,IR is only approx., describing the running of ψ̄ψ and the dynamically generated
running fermion mass near the zero of β having large-momentum (large k) behavior

Σ(k) ∼ Λ

(

Λ

k

)2−γψ̄ψ,IR

Here also, γψ̄ψ,IR is bounded above as γψ̄ψ,IR < 2.



Illustrative numerical values of γψ̄ψ,IR,nℓ ≡ γIR,nℓ for SU(2) and SU(3) at the
n = 2, 3, 4 loop level and fermions in the fundamental representation with Nf ∈ I:

Nc Nf γIR,2ℓ γIR,3ℓ γIR,4ℓ
2 7 (2.67) 0.457 0.0325
2 8 0.752 0.272 0.204
2 9 0.275 0.161 0.157
2 10 0.0910 0.0738 0.0748

3 10 (4.19) 0.647 0.156
3 11 1.61 0.439 0.250
3 12 0.773 0.312 0.253
3 13 0.404 0.220 0.210
3 14 0.212 0.146 0.147
3 15 0.0997 0.0826 0.0836
3 16 0.0272 0.0258 0.0259

Plots of γIR,nℓ as function of Nf for SU(3):



Figure 1: n-loop anomalous dimension γIR,nℓ at αIR,nℓ for SU(3) with Nf fermions in fund. rep: (i) blue:

γIR,2ℓ; (ii) red: γIR,3ℓ; (iii) brown: γIR,4ℓ.



A necessary condition for a perturbative calc. to be reliable is that higher-order contribs.
do not modify the result too much. We found that the 3-loop and 4-loop results are
closer to each other for a larger range of Nf than the 2-loop and 3-loop results.

So these higher-loop calcs. of αIR,nℓ and γ allow one to probe the theory reliably
down to smaller values of Nf and thus stronger couplings, closer to Nf,cr.

We also did these higher-loop calculations for larger fermion reps. R, including the
adjoint (adj), and the symmetric and antisymmetric rank-2 tensor (S2, A2).

In general, we found that, for a given Nc, R, and Nf , the values of γIR,nℓ calculated
to 3-loop and 4-loop order are smaller than the 2-loop value.



Study of Scheme Dependence in Calculation of IR Fixed
Point

Since coeffs. bn in βnℓ, and hence also αIR,nℓ, are scheme-dependent for n ≥ 3, it is
important to assess the effects of this scheme dependence. We have done this in a
series of papers: Ryttov and RS, PRD 86, 065032 (2012) [arXiv:1206.2366] and PRD
86, 085005 (2012) [arXiv:1206.6895]; RS, PRD 88, 036003 (2013) [arXiv:1305.6524],
RS, PRD 90, 045011 (2014) [arXiv:1405.6244], Choi and RS, PRD 90, 125029 (2014)
[arXiv:1411.6645]; Choi and RS, PRD 94, 065038 (2016) [arXiv:1607.03500]; also T.
Ryttov, PRD 89, 016013 (2014) [arXiv:1309.3867]; PRD 89, 056001 (2014)
[arXiv:1311.0848]; PRD 90, 056007 (2014) [arXiv:1408.5841].

A scheme transformation (ST) is a map between α and α′ or equivalently, a and a′,
where a = α/(4π) of the form

a = a′f(a′)

with f(0) = 1 to keep UV properties unchanged. Write

f(a′) = 1 +

smax
∑

s=1

ks(a
′)s = 1 +

smax
∑

s=1

k̄s(α
′)s ,

where k̄s = ks/(4π)s, and smax may be finite or infinite.



The Jacobian J = da/da′ = dα/dα′ = 1 +
∑smax

s=1 (s+ 1)ks(a
′)s, satisfying

J = 1 at a = a′ = 0.

After the scheme transformation is applied, the beta function in the new scheme is
given by

βα′ ≡ dα′

dt
=
dα′

dα

dα

dt
= J−1 βα

with the expansion

βα′ = −2α′
∞
∑

ℓ=1

b′
ℓ

(α′

4π

)ℓ

We calculated the b′
ℓ as functions of the bℓ and ks. At 1-loop and 2-loop, this yields

the well-known results b′
1 = b1 and b′

2 = b2; at higher orders, we obtained

b′
3 = b3 + k1b2 + (k2

1 − k2)b1 ,

b′
4 = b4 + 2k1b3 + k2

1b2 + (−2k3
1 + 4k1k2 − 2k3)b1



b′
5 = b5 + 3k1b4 + (2k2

1 + k2)b3 + (−k3
1 + 3k1k2 − k3)b2

+(4k4
1 − 11k2

1k2 + 6k1k3 + 4k2
2 − 3k4)b1

etc.

We specified a set of conditions that a physically acceptable scheme transformation
must satisfy:

• The ST must map a (real positive) α to a real positive α′,

•C2: the ST should not map a moderate value of α, where perturbation theory is
applicable, to a value of α′ so large that pert. theory is inapplicable.

•C3: J should not vanish (or diverge) or else there would be a singularity in the
transformation.

•C4: The existence of an IR zero of β is a scheme-independent property, so the ST
should satisfy the condition that βα has an IR zero if and only if βα′ has an IR zero.

These conditions can always be satisfied by an ST near the UVFP at α = α′ = 0, but
we showed that they are not automatic, and can be quite restrictive at an IRFP.



For example, consider the ST (dependent on a parameter r)

a =
tanh(ra′)

r
with inverse

a′ =
1

2r
ln

(

1 + ra

1 − ra

)

(e.g., for r = 4π, α = tanhα′). This is acceptable for small a, but if a > 1/r, i.e.,
α > 4π/r, it maps a real α to a complex α′ and hence is physically unacceptable.
For r = 8π, e.g., this pathology can occur at the moderate value α = 0.5.

We have constructed several STs that are acceptable at an IRFP and have studied
scheme dependence of the IR zero of βnℓ using these. For example,

a =
sinh(ra′)

r
with inverse

a′ =
1

r
ln

[

ra+
√

1 + (ra)2

]



See papers for tables of numerical results for several scheme transformations.

Our studies provide a quantitative evaluation of scheme-dependent effects in
calculations of the IR zero in the beta function. We have constructed scheme
transformations that are physically acceptable over the required range of αIR values
and have found reasonably small scheme-dependence in the value of the IR zero of β
for moderate αIR.

Our work may be contrasted with studies of scheme/scale dependence in pQCD
calculations to optimize convergence of finite-order calculations (e.g., Brodsky et al.).
The difference is that the QCD studies apply in the vicinity of the UVFP of QCD at
α = 0, while our work is for an IR zero away from α = 0.



Calculation of αIR and γIR to Five-Loop Level for SU(3)
and R = F

In Ryttov and RS, PRD 94, 105015 (2016) [arXiv:1607.06866], we extended our
calculations of αIR,nℓ and γIR,nℓ to the n = 5 loop (5ℓ) level for SU(3) and fermions
in the fundamental (F ) rep., using b5 and c5 from Baikov, Chetyrkin, and Kühn, JHEP
10, 076 (2014) and arXiv:1606.08659 in the MS scheme.

Recall that for SU(3), the interval I of interest is 9 ≤ Nf ≤ 16. As before, toward
the lower end of the interval I, the coupling gets too large for perturbative analyses to
be reliable.

With a factor α2 factored out, the 5-loop beta function is proportional to
b̄1 + b̄2α+ b̄3α

2 + b̄4α
3 + b̄5α

4, where b̄n = bn/(4π)n. One can determine
αIR,5ℓ as the smallest positive real root of this polynomial.

For 14 ≤ Nf ≤ 16, we find that αIR,5ℓ is close to, and slightly larger than, αIR,4ℓ.

We also calculate and analyze Padé approximants to β5ℓ. A [p, q] Padé approximant
(PA) to a finite series expansion of n’th degree is the rational function



[p, q]βr,nℓ =
1 +

∑p
j=1 njα

j

1 +
∑q

k=1 dk α
k

with p+ q = n− 1, where the nj and dj are α-independent coefficients. For
example, for Nf = 12, we get αIR,5ℓ,PA = 0.4075 from the [3,1] PA, slightly larger
than αIR,4ℓ = 0.406.

Using a combination of direct solution of the quartic eq. and determination of an IR
zero from Padé approximants to get αIR,5ℓ, we then evaluate γIR,5ℓ by setting
α = αIR,5ℓ. These results for SU(3) up to the 5-loop level are shown in the table:

Nf γIR,2ℓ γIR,3ℓ γIR,4ℓ γIR,5ℓ
11 1.61 0.439 0.250 0.294
12 0.773 0.312 0.253 0.255
13 0.404 0.220 0.210 0.239
14 0.212 0.146 0.147 0.154
15 0.0997 0.0826 0.0836 0.0843
16 0.0272 0.0258 0.0259 0.0259

Our 5-loop results thus obtained are in agreement with our lower-loop results. For
example, for Nf = 12, γIR,5ℓ = 0.255 is quite close to γIR,4ℓ = 0.253.



Scheme-Independent Series Expansions

It is of considerable interest to study a physical quantity at an IR fixed point in a
different and complementary way, by expressing it as a power series in the manifestly
scheme-independent variable

∆f = Nu −Nf =
11CA

4Tf
−Nf

Just as αIR ց 0 as Nf ր Nu, so that a conventional expansion for a physical
quantity at αIR may be approximated well by the first few terms, so also the same
holds for this ∆f expansion, since ∆f ց 0 as Nf ր Nu (Banks-Zaks 1982, Gardi,
1992). We thus write

γψ̄ψ,IR =
∞
∑

j=1

κj ∆
j
f

Since γψ̄ψ,IR and ∆f are scheme-independent, and this result holds for variable ∆f , it
follows each coefficient κj is scheme-independent.

Thus, this expansion has the appealing property that it is scheme-independent to each
finite order, in contrast to the conventional series expansion, which is
scheme-dependent beyond the lowest order.



We denote the truncation of the above series to maximal power (order) p as γψ̄ψ,IR,∆p
f
.

For general gauge group G and fermion rep. R, Ryttov calculated the κj with
1 ≤ j ≤ 3 in Ryttov, PRL 117, 071601 (2016) [arXiv:1604.00687]):

κ1 =
8CfTf

CA(7CA + 11Cf)
,

κ2 =
4CfT

2
f (5CA + 88Cf)(7CA + 4Cf)

3C2
A(7CA + 11Cf)3

,

with a similar but more complicated expression for κ3.

In Ryttov and RS, PRD 94, 105014 (2016) [arXiv:1608.00068] we calculated κ4 and
hence γIR to O(∆4

f) for SU(3) and fermion rep. R = F and analyzed this further in
PRD 94, 125005 (2016) [arXiv:1610.00387].

We have subsequently calculated κ4 and hence γIR to O(∆4
f) for general G and R.

We reported the results for G = SU(Nc) and R = F, adj, S2 in Ryttov and RS,
arXiv:1701.06083.



The method of calculation is as follows. To calculate κj, one begins by writing αIR or
aIR = αIR/(4π) as a series expansion in ∆f :

aIR =
∞
∑

j=1

aj∆
j
f

Extracting the prefactor, define a reduced

βr =
β

(−8πa2)
=

∞
∑

ℓ=1

bℓ a
ℓ−1

so the condition for the IR zero is βr = 0 at a = aIR. Next, one expands the
coefficients bℓ in Taylor series around Nf = Nu, i.e., ∆f = 0, and substitutes the
resulting expansions for bℓ and the ∆f expansion for aIR in the eq. βr = 0 at
a = aIR. The result can be written as

βr|α=αIR = 0 =
∞
∑

n=1

kn∆
n
f

Since the sum is zero for all ∆f , each kn = 0. This yields a set of linear equations
that one can solve for the an in terms of the Taylor series coefficients of bℓ in the
expansion about ∆f = 0.



Next, one inserts these expressions for the an in the ∆f expansion for aIR. Then, one
carries out similar Taylor series expansions of the cℓ around ∆f = 0 and substitutes
these, together with the aIR, in the expansion γψ̄ψ,IR =

∑

ℓ cℓa
ℓ
IR. This yields the

coefficients κj in the SI expansion γψ̄ψ,IR =
∑∞
j=1 κj∆

j
f .

This calculation of κj, requires, as inputs, the values of the bℓ for 1 ≤ ℓ ≤ j + 1 and
the cℓ for 1 ≤ ℓ ≤ j. (It does not matter what scheme one uses for the
scheme-dependent bℓ and cℓ, since the κj are scheme-independent.)

For example, for G = SU(Nc) and R = F , the general expressions reduce to

κ1,F =
4(N2

c − 1)

Nc(25N2
c − 11)

,

κ2,F =
4(N2

c − 1)(9N2
c − 2)(49N2

c − 44)

3N2
c (25N2

c − 11)3
,

κ3,F =
8(N2

c − 1)

33N3
c (25N2

c − 11)5

[

274243N8
c − 455426N6

c − 114080N4
c + 47344N2

c + 35574

−4224N2
c (4N

2
c − 11)(25N2

c − 11)ζ3

]



κ4,F =
4(N2

c − 1)

34N4
c (25N2

c − 11)7

[

(

263345440N12
c − 673169750N10

c + 256923326N8
c

− 290027700N6
c + 557945201N4

c − 208345544N2
c + 6644352

)

+ 384(25N2
c − 11)

(

4400N10
c − 123201N8

c + 480349N6
c

− 486126N4
c + 84051N2

c + 1089
)

ζ3

+ 211200N2
c (25N2

c − 11)2(N6
c + 3N4

c − 16N2
c + 22)ζ5

]

where ζs =
∑∞
n=1 n

−s is the Riemann zeta function.

We next show plots of γψ̄ψ,IR,∆p
f

with 1 ≤ p ≤ 4 for SU(2) and SU(3) and fermion

rep. R = F , as functions of Nf ∈ I: In each figure, from bottom to top, the curves
refer to γψ̄ψ,IR,∆f

(red), γψ̄ψ,IR,∆2
f

(green), γψ̄ψ,IR,∆3
f

(blue), and γψ̄ψ,IR,∆4
f

(black).







Nc Nf γIR,∆f
γIR,∆2

f
γIR,∆3

f
γIR,∆4

f

2 6 0.337 0.520 0.596 0.698
2 7 0.270 0.387 0.426 0.467
2 8 0.202 0.268 0.285 0.298
2 9 0.135 0.164 0.169 0.172
2 10 0.0674 0.07475 0.07535 0.0755

3 9 0.374 0.587 0.687 0.804
3 10 0.324 0.484 0.549 0.615
3 11 0.274 0.389 0.428 0.462
3 12 0.224 0.301 0.323 0.338
3 13 0.174 0.221 0.231 0.237
3 14 0.125 0.148 0.152 0.153
3 15 0.0748 0.0833 0.0841 0.0843
3 16 0.0249 0.0259 0.0259 0.0259

Values for γψ̄ψ,IR,∆p
f

≡ γIR,∆p
f

for 1 ≤ p ≤ 4 for SU(2), SU(3), and R = F .



Nc Nf γIR,2ℓ γIR,3ℓ γIR,4ℓ γIR,5ℓ γIR,∆f
γIR,∆2

f
γIR,∆3

f
γIR,∆4

f
γIR

3 10 > 2 0.647 0.156 0.211 0.324 0.484 0.549 0.615 0.95(6)
3 11 1.61 0.439 0.250 0.294 0.274 0.389 0.428 0.462 0.62(2)
3 12 0.773 0.312 0.253 0.255 0.224 0.301 0.323 0.338 0.400(5)
3 13 0.404 0.220 0.210 0.239 0.174 0.221 0.231 0.237 0.257(5)
3 14 0.212 0.146 0.147 0.154 0.125 0.148 0.152 0.153 0.154(4)
3 15 0.0997 0.0826 0.0836 0.0843 0.0748 0.0833 0.0841 0.0843 0.0841(2)
3 16 0.0272 0.0258 0.0259 0.0259 0.0249 0.0259 0.0259 0.0259 0.0259(1)

Comparison for SU(3) and R = F of our values γIR,∆p
f

with values γIR,nℓ obtained

from conventional n-loop calculations. Last column is extrapolation to p = ∞ with
estimated uncertainty.

We have also calculated κj and γ
ψ̄ψ,IR,∆

j
f

up to j = 4 for higher-dim. fermion reps.

R, including adjoint, and symmetric and antisymmetric rank-2 tensor reps. S2 and A2.

Positivity properties: κ1 and κ2 are manifestly positive for all G and R. For
G = SU(Nc) and all of the above fermion reps., we find that κ3 and κ4 are also
positive.

We derive two resultant monotonicity properties for SU(Nc) and these R:



• For a fixed p with 1 ≤ p ≤ 4, the anomalous dimension γψ̄ψ,IR,∆p
f

is a

monotonically increasing function of ∆f for Nf ∈ I

• For a fixed Nf ∈ I, γψ̄ψ,IR,∆p
f

is a monotonically increasing function of p in the

range 1 ≤ p ≤ 4.

These monotonicity properties are evident in the figures.

In addition to the manifestly positive κ1 and κ2, a natural conjecture is that, for these
R, κj > 0 for all j ≥ 3, so above monotonicity properties hold for all p.

From this comparison of γIR,∆p
f

with γIR,nℓ for n ≃ p, we find that these agree very

well with each other for Nf in the upper end of the non-Abelian Coulomb phase,
NACP, i.e., with Nf not too far below Nu. As Nf decreases, γIR,∆p

f
tends to be

somewhat larger than γIR,nℓ. Further work is needed to clarify this difference.

It is important to assess the rapidity of convergence of the ∆f expansion of γIR as a
function of Nf and thus ∆f . This can be seen in the figures. Where the curves for the
γIR,∆p

f
with different p are close to each other, the series converges well. As Nf

decreases, these curves deviate progressively more from each other.



For example, for SU(2), R = F , the curves for γIR,∆p
f

with p = 2, 3, 4 are very

close to each other for Nf ≥ 8 and and deviate from each other for Nf = 7 and 6.

For SU(3), R = F , the curves for γIR,∆p
f

with p = 2, 3, 4 are very close to each

other for Nf ≥ 13 and moderately close for Nf = 12, deviating more from each
other as Nf decreases further to 9.

This suggests that the ∆f series expansion may be reasonably reliable for a substantial
portion of the non-Abelian Coulomb phase, including, in particular, the upper part.

We have also used another method to assess the range of applicability of the ∆f

expansion for γIR, namely to compute ratios of successive coefficients κp/κp+1.

For a function f(z) with a Taylor series expansion f(z) =
∑∞

p=1 fpz
p, the ratio test

states that the series is convergent if |z| < z0, where

z0 = lim
p→∞

|fp|
|fp+1|

Since our analysis of ratios can only be done for a few values of p, we can only use it to
get a rough estimate of the region of applicability of the ∆f expansion. The
conclusions agree with our method from graphical inspection.



For example, for SU(3), R = F , we get

κ1,F

κ2,F

= 13.1,
κ2,F

κ3,F

= 16.0,
κ3,F

κ4,F

= 6.46

The maximal value of ∆f in the NACP is 8.45, so these ratios suggest that the ∆f

expansion may be reasonably reliable over a considerable part of the NACP.

One of the applications of the calculation of γψ̄ψ,IR is to estimate the lower end of the
non-Abelian Coulomb phase (conformal window).

For this purpose, we use the two monotonicity properties above. We assume that
κp > 0 for p ≥ 5, as we have shown for 1 ≤ p ≤ 4, so that γψ̄ψ,IR,∆p

f
increases

monotonically as Nf decreases below Nu, and for a fixed Nf , γψ̄ψ,IR,∆p
f

is a

monotonically increasing function of p. This enables us to perform an extrapolation to
estimate the exact γψ̄ψ,IR = limp→∞ γψ̄ψ,IR,∆p

f
,

The upper bound from conformal invariance is γψ̄ψ,IR < 2, and it is plausible (but not
proved) that this bound is saturated at the lower end of the NACP, i.e., at Nf,cr. Let
us assume that this saturation occurs (analogous to the SUSY case discussed below).



Then, with these assumptions, we can estimate Nf,cr as the value of Nf at which
γψ̄ψ,IR increases above 2.

For example, for SU(3), R = F , this leads to the estimate that 8 <∼ Nf,cr
<∼ 9

(Ryttov and RS, PRD 94, 105014 (2016) [arXiv:1608.00068]). We compare this with
lattice results below.

One can get some perspective from a vectorial asymptotically free SU(Nc) N = 1
supersymmetric gauge theory (SGT) with Nf pairs of massless chiral superfields in R
and R̄ representations. Here, Nu = 3CA/(2Tf) and Nℓ = 3CA/(4Tf) = Nu/2.
The Novikov-Shifman-Vainshtein-Zakharov (NSVZ) β function yields an exact
expression for γIR,

γIR,SGT =
3CA − 2TfNf

2TfNf

=
Nu

Nf

− 1 =

2Tf
3CA

∆f

1 − 2Tf
3CA

∆f

The coefficients κj were calculated for j = 1, 2 for general G and R in Ryttov, PRL
117, 071601 (2016) and for j = 3 for R = F in Ryttov and RS, arXiv:1701.06083
and agree perfectly with the exact expression. That is,



κj,SGT =
( 2Tf

3CA

)j

for the cases calculated.

This agreement with the exact result holds even down to the strong-coupling region
near Nu, showing the accuracy of the ∆f expansion even in the strong-coupling
domain, where a conventional n-loop expansion in in powers of the coupling would not
be reliable.

Since the chiral superfield Φ = φ+
√

2θψ+θθF , the lower bound from conformality
DΦ > 1 implies the upper bound on the anom. dim. γψ̄ψ,IR,SGT < 1 in this SGT.

As Nf decreases from Nu to Nℓ in the non-Abelian Coulomb Phase, γIR,SGT
increases from 0 and saturates its upper bound at the lower end of the NACP.

With κj,SGT as above for general j, the region of convergence of the ∆f expansion
includes all of the NACP for this supersymmetric gauge theory.



Returning to the non-supersymmetric gauge theory, it is of considerable interest to
compare our continuum calculations of γIR,∆p

f
with lattice measurements.

This comparison is most relevant for Nf in the non-Abelian Coulomb phase, where αIR
is an exact IRFP. In the phase with Nf < Nf,cr where there is SχSB, αIR is only an
approximate IRFP and γIR is only an effective quantity describing the flow near αIR.

So we focus here on the NACP (conformal window).

Note that for several G and R, there is no consensus among all lattice groups as to
whether the theory is chirally symmetric or chirally broken in the IR.

A heavily studied case is SU(3), R = F , Nf = 16. For this theory, Appelquist et al.
(LSD); Deuzeman, Lombardo, and Pallante; Hasenfratz et al.; DeGrand et al.; Aoki et
al. find that the IR behavior is chirally symmetric, while Jin and Mawhinney and Kuti et
al. find that it is chirally broken.



For this SU(3) theory with Nf = 12, our higher-order calculations give

γIR,4ℓ = 0.253, γIR,5ℓ = 0.255, γIR,∆3
f

= 0.323, γIR,∆4
f

= 0.338

some lattice results (N.B. - error estimates do not include all systematic uncertainties):

γIR = 0.414 ± 0.016: Appelquist et al., PRD 84, 054501 (2011) [arXiv:1106.2148]

γIR ∼ 0.35: DeGrand, PRD 84, 116901 (2011) [arXiv:1109.1237]

0.2 <∼ γIR <∼ 0.4: Kuti et al. (method-dep.) arXiv:1205.1878, arXiv:1211.3548,
1211.6164, Prog. Theor. Phys., finding SχSB

γIR = 0.4− 0.5: Y. Aoki et al., (LatKMI) PRD 86, 054506 (2012) [arXiv:1207.3060]

γIR = 0.27(3): Hasenfratz, Schaich, et al., arXiv:1207.7162; γIR ≃ 0.25:
arXiv:1310.1124, arXiv:1311.1287

γIR = 0.235(46): Lombardo et al., arXiv:1410.0298

Thus, our values of γIR,nℓ with n = 4, 5 loops are close to the lower-lying lattice
values, while our scheme-indep. γIR,∆4

f
is close to the higher-lying lattice values.



Other comparisons for SU(3), R = F :

For SU(3) with Nf = 10: Appelquist et al., arXiv:1204.6000 get γIR ∼ 1. This is
consistent with our extrapolated γIR from the ∆f expansion.

SU(3) with Nf = 8, perhaps in chirally broken phase; studied by several groups,
including LSD group, Appelquist et al., arXiv:1405.4752; LatKMI group, Aoki,...
Kurachi et al. PRD 87, 094511 (2013) [arXiv:1302.6859]; get γIR ∼ 1.



Example of our new results for other representations:

For G = SU(Nc) and the adjoint rep., Nu = 11/4 = 2.75 and
Nℓ = 17/16 = 1.0625, so the interval I includes only one integral Dirac value of
Nf , namely Nf = 2. We calculate (showing simple factorizations of denominators)

κ1,adj =
4

32
= 0.444

κ2,adj =
341

2 · 36
= 0.234 ,

κ3,adj =
61873

23 · 310
− 592

38N 2
c

= 0.130978 − 0.090230N−2
c

κ4,adj =
53389393

27 · 314
+

368

310
ζ3 +

(

− 2170

310
+

33952

311
ζ3

)

N−2
c = 0.0946976 + 0.193637N−2

c

For the SU(2) theory with Nf = 2 fermions in the adjoint rep., we obtain

γIR,∆2
f

= 0.465, γIR,∆3
f

= 0.511, γIR,∆4
f

= 0.556

These values are close to our previous higher-order n-loop calculations,
γIR,3ℓ = 0.543 and γIR,4ℓ = 0.500.



Extensive lattice studies of this SU(2), R = adj, Nf = 2 theory have been
performed and are most are consistent with IR conformality. Lattice measurements have
yielded wide range of values of γIR (see papers for uncertainty estimates):

0.49(13) - Catterall, Del Debbio, Giedt, Keegan, Lattice 2010, arXiv:1010.5909

0.22(6) - Del Debbio, Lucini, Patella, Pica, Rago, PRD 82, 014510 (2010); 0.37(2),
PRD 93, 054505 (2016)

0.31(6) - DeGrand, Shamir, Svetitsky, PRD 83, 074507 (2011)

0.17(5) - Appelquist et al. (LSD Collab.), PRD 84, 054501 (2011)

0.20(3) - Rantaharju...Tuominen, PRD 93, 094509 (2016)

0.50(26) - Giedt, IJMPA 31, 1630011 (2016)

We also have new results for the symmetric rank-2 tensor representation. See our
papers for details.



We have also calculated scheme-independent series expansions for the anomalous
dimensions of the (gauge-invariant) bilinear fermion antisymmetric rank-2 Dirac tensor
operators evaluated at αIR.

The flavor-singlet and flavor-nonsinglet operators of this type are ψ̄σµνψ and
ψ̄Ta σµνψ, where σµν = (i/2)[γµ, γν] is the usual antisymmetric Dirac tensor (DT)
and the γµ are the Dirac gamma matrices. These have the same IR anomalous
dimension, which we denote simply as γDT,IR

We find (Ryttov and RS, Phys. Rev. D94, 125005 (2016) [1610.00387]):

κDT,1 = − 8CfTf

3CA(7CA + 11Cf)

κDT,2 = −
4CfT

2
f (259C2

A + 428CACf − 528C2
f)

9C2
A(7CA + 11Cf)3

with a similar but more complicated expression for κDT,3.



Another scheme-independent quantity is the derivative dβ/dα evaluated at
α = αIR, denoted β′

IR.

We have calculated the ∆f expansion for β′
IR to O(∆4

f) in Ryttov and RS, PRD94,

125005 (2016) [1610.00387], op. cit. and recently to O(∆5
f) in Ryttov and RS,

arXiv:1701.06083, using the five-loop beta function calculation from Vermaseren et al.
in arXiv:1701.01404. This expansion has the form

β′
IR =

∞
∑

j=2

dj∆
j
f

We find

d2 =
25T 2

f

32CA(7CA + 11Cf)

d3 =
27T 3

f (5CA + 3Cf)

33C2
A(7CA + 11Cf)2

with more complicated expressions for d4 and d5.

We have analyzed the results for G = SU(Nc) and fermion reps.
R = F, adj, S2, A2.



Study of RG Flows in Infrared-Free Theories

If the β function of a theory is positive near zero coupling, then this theory is IR-free;
as µ increases from the IR to the UV, the coupling grows. It is of interest to
investigate whether an IR-free theory might have a UV fixed point (UV zero of β).

In addition to performing perturbative calculations of β to search for such a UVFP in
an IR-free theory, one can use large-N methods.

An explicit example is the O(N ) nonlinear σ model in d = 2 + ǫ spacetime
dimensions. From an exact solution of this model in the limit N → ∞ in 1976, we
found that (for small ǫ)

β(λ) =
dλ

dt
= ǫλ

(

1 − λ

λc

)

, i.e., β(x) =
dx

dt
= ǫx

(

1 − x

xc

)

where λ is the effective coupling, λc = 2πǫ/N ; x = limN→∞ λN , xc = 2πǫ
(W. Bardeen, B. W. Lee, and R. Shrock, Phys. Rev. D 14, 985 (1976); E. Brézin and
J. Zinn-Justin, Phys. Rev. B 14, 3110 (1976)).

Thus this theory has a UVFP at xc, so that if initial value of x < xc, then x ր xc as
µ → ∞.



There has long been interest in RG properties of d = 4 QED and, more generally, U(1)
gauge theory, and the question of whether this theory might have a zero in its beta
function, which would be a UVFP of the RG.

In RS, Phys. Rev. D 89, 045019 (2014) [arXiv:1311.5268], we investigated this
question for a U(1) gauge theory with Nf fermions of charge q, up to the 5-loop level.
We used results for the beta function calculated up to n = 5 loops in the MS scheme
by Kataev and Larin (2012) and Baikov, Chetyrkin, Kühn, and Sturm (2013) (in
agreement with each other).

The one-loop and two-loop terms in the beta function have the same sign, so the
two-loop beta function, βα,2ℓ, does not have a UV zero, and this is the maximal
scheme-independent information about it.

Our results are given in the table (dash means no UV zero).



Nf α
UV,2ℓ

α
UV,3ℓ

α
UV,4ℓ

α
UV,5ℓ

1 − 10.2720 3.0400 −
2 − 6.8700 2.4239 −
3 − 5.3689 2.0776 −
4 − 4.5017 1.8463 −
5 − 3.9279 1.67685 2.5570
10 − 2.5871 1.2135 1.3120
20 − 1.7262 0.8483 −
100 − 0.7081 0.33265 −
500 − 0.3038 0.1203 −
103 − 0.2127 0.07678 −
104 − 0.016614 0.016965 −

A necessary condition for the perturbatively calculated β function to yield evidence for
a stable UV zero is that it should remain present when one increases the loop order and
the fractional change in the value should decrease going from n to n+ 1 loops.

As is evident from the table, we do not find that the UV zeros that we have calculated
at ℓ = 3, 4, 5 loop order for a large range of Nf values robustly satisfy this necessary
condition.



Thus, we do not find evidence of a UVFP in this U(1) gauge theory with fermions.

We have also studied an SU(N ) non-Abelian gauge theory with Nf massless fermions
in a given rep. R, for Nf > Nu, where the theory is IR-free rather than
asymptotically free. Again, we do not find evidence of a UVFP.



RG Flows in the λφ4 Theory to 6-Loop Level

We carried out a similar study up to 5-loop order, of another IR-free theory, namely
O(N ) λ|~φ|4 theory (in d = 4) to search for a possible UV zero of the beta function,
in RS, Phys. Rev. D 90, 065023 (2014) [arXiv:1408.3141].

Recently, in RS, Phys. Rev. D 94, 125026 (2016) [arXiv:1610.03733] we have extended
the study of the λφ4 theory (N = 1 case) to the 6-loop level, using the 6-loop beta
function term from Kompaniets and Panzer, arXiv:1606.09210.

Interaction term: Lint = −λ
4!
(~φ 2)2

β function : βa =
da

dt
= a

∞
∑

ℓ=1

bℓ a
ℓ where a =

λ

16π2

First two beta function coefficients:

b1 =
1

3
(N + 8) , b2 = −1

3
(3N + 14)

Although the two-loop beta function has a UV zero, it occurs at too large a value of
the coupling for the perturbative calculation to be reliable.



This is shown by the fact that when one calculates to higher-loop order, the 3-loop beta
function has no UV zero, and the 4-loop, 5-loop, and 6-loop beta functions differ
considerably from the 2-loop and 3-loop beta functions where the 2-loop function has a
zero.

We investigated this further via application of scheme transformations and Padé
approximants.

We thus conclude that in the range of λ where the perturbative calculation of the
n-loop beta function is reliable, the theory does not exhibit evidence of a UV zero up to
the level of n = 6 loops, confirming and extending the same conclusion that we
reached earlier from our 5-loop analysis.

See figure with beta function curves up to the 6-loop level as functions of
a = λ/(16π2). The curves are for βnℓ for (i) n = 2 (red), (ii) n = 3 (green), (iii)
n = 4 (blue), n = 5 (black), and n = 6 (cyan). At a = 0.16, going from bottom
to top, the curves are for n = 6, n = 4, n = 2, n = 3, and n = 5.

In earlier work with E. Mølgaard from CP3, SDU, we calculated RG flows for a 4D
Yukawa theory, in E. Mølgaard and RS, PR D 89, 105007 (2014) [arXiv:1403.3058].
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Study of RG Flows for the Finite-N Gross-Neveu Model

Recently, we have studied the RG flow in the finite-N Gross Neveu model in G. Choi,
T. A. Ryttov, and R. Shrock, Phys. Rev. D 95, 025012 (2017) [arXiv:1612.05580].

The Gross-Neveu (GN) model is a QFT in d = 2 with an N -component massless
fermion ψj, j = 1, ..., N and a four-fermion self-interaction. The Lagrangian is

L = iψ̄∂/ψ +
G

2
(ψ̄ψ)2 .

This model has been of interest because it exhibits some properties of QCD, namely
asymptotic freedom, dynamical chiral symmetry breaking, and formation of massive
bound states of fermions. The model was solved exactly in the limit N → ∞ with
gN fixed by Gross and Neveu (1974). In this limit, the beta function has no IR zero.

This leaves open the question of whether the beta function βGN = dG/dt has an IR
zero for finite N . We addressed this question, analyzing this beta function up to the
four-loop level.

As part of our study, we calculated and analyze Padé approximants to βGN and
evaluated effects of scheme dependence.



From our study, we find that in the range of coupling where the perturbative calculation
of the four-loop beta function is reliable, it does not exhibit robust evidence for an
infrared zero.

We show plots of βGN as function of a = G/(2π) for two illustrative values, N = 3
and N = 10. The curves for for the n-loop βGN,nℓ: (i) n = 2 (red), (ii) n = 3
(green), and (iii) n = 4 (blue).







Conclusions

• Understanding the UV to IR evolution of an asymptotically free gauge theory and
the nature of the IR behavior is of fundamental field-theoretic interest. We have
studied this; many papers in collaboration with T. A. Ryttov.

• Our higher-loop calculations give information on this UV to IR flow and on the IR
properties.

• We have investigated effects of scheme-dependence of IR zero in the beta function
in higher-loop calculations

• We have calculated scheme-independent series expansions for the anomalous
dimensions of γψ̄ψ,IR and other physical quantities in the IR theory and have
compared the results with conventional n-loop expansions and lattice measurements.
These scheme-independent expansions have several advantages.

• Study of the RG flow for another asymptotically free theory - the finite-N
Gross-Neveu model, with evidence against an IR zero.

• We have studied RG flows in several IR-free theories, including U(1) gauge theory
and λ|~φ|4, finding evidence against a UV zero in beta fns.


