
Relativistic Densit y F unctional Theory

E. Engel and R. M. Dreizler

Institut f • ur Theoretisc he Ph ysik, Univ ersit• at F rankfurt, Rob ert Ma y er Str. 8-10,

60054 F rankfurt/Main, German y

Summary . An o v erview of relativistic densit y functional theory co v ering its foun-

dations, the construction of explicit functionals and applicatio ns to spherical atoms

is giv en. After a brief summary of the relev an t �eld theoretical bac kground w e dis-

cuss the Hohen b erg-Kohn theorem for quan tum electro dynamical systems as w ell

as the corresp onding Kohn-Sham equations, emphasising in particular the renor-

malisation of ground state energies and curren ts required. W e then outline the

transition from the full quan tum electro dynamical Kohn-Sham equations to the

more practical v arian ts whic h are actually used in application s. As an extension of

the Kohn-Sham equations w e also summarise the relativistic optimised-p oten ti al -

metho d (OPM) whic h, in addition to the kinetic energy , also treats the exc hange

energy on the basis of Kohn-Sham orbitals. As far as the construction of explicit

functionals is concerned, w e review the lo cal densit y appro ximation (LD A) and the

w eigh ted densit y appro ximation (WD A) for the exc hange-correlation energy as w ell

as the gradien t expansion of the kinetic energy , again addressing in detail questions

of renormalisati on. The relativistic corrections to the ground state, single particle

and exc hange energies as w ell as exc hange p oten tials of atoms are then examined

within the exc hange-only limit of the no-sea appro ximation to the full relativisti c

Kohn-Sham equations, comparing the LD A and the WD A with the results obtained

b y the relativistic OPM. In addition, w e in v estigate transv erse exc hange and corre-

lation con tributions within the LD A b y comparison with quan tum c hemical data.

1. In tro duction

Densit y functional theory (DFT) of nonrelativistic man y particle systems has

progressed steadily o v er the last thirt y y ears, so that it is no w able to comp ete

successfully with more traditional man y b o dy tec hniques, as e.g. con�gura-

tion in teraction (CI) metho ds, for the ab initio determination of gr ound state

prop erties [1 , 2, 3, 4 ]. The CI approac h in v olv es a rather straigh tforw ard con-

cept, whose application is, ho w ev er, limited b y tec hnical asp ects (computer

sp eed and memory) to systems with mo dest particle n um b ers. In the DF

approac h the �rst task is to �nd a su�cien tly accurate represen tation of the

ground state energy and other ground state observ ables as functionals of the

ground state densit y . If suc h a represen tation is a v ailable (at least for a wider

class of systems as e.g. �nite Coulom b systems) further application is m uc h

simpler and can b e carried through for larger systems.

F or the application of DFT t w o a v en ues are p ossible. The �rst is the ex-

ploitation of a direct v ariational principle [5 ] with the densit y (or some suit-

able extension as spin-up and spin-do wn densities) as the basic v ariational

v ariable. With this approac h, usually referred to as extended Thomas-F ermi

(ETF) mo dels, no results of high accuracy ha v e b een obtained. The second,
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the Kohn-Sham (KS) sc heme [6 ], relies on a represen tation of the densit y in

terms of single particle orbitals. In this sense it is akin to the Hartree-F o c k

(HF) approac h. The di�erence is, ho w ev er, that the KS orbitals exp erience a

lo cal (i.e. m ultiplicativ e) single-particle p oten tial, whic h also includes corre-

lation e�ects (at least to some degree, dep ending on the state of art). In the

last y ears rather re�ned appro ximations for this p oten tial ha v e b een dev el-

op ed (as e.g. generalised gradien t appro ximations | GGAs), whic h yielded

among others results that compared fa v ourably with con v en tional man y-b o dy

metho ds in recen t comparativ e studies for a v ariet y of small molecules [2 , 3].

These quan tum c hemical studies w ere restricted to rather ligh t elemen ts

[2 , 3], so that relativistic e�ects did not pla y an y role. Ho w ev er, as so on as

hea vier atoms are in v olv ed (with Au b eing the prime candidate) they b ecome

essen tial for understanding the ph ysical and c hemical prop erties of atoms

and molecules. Bey ond the w ell kno wn kinematic e�ects as the con traction

or expansion of relativistic orbitals and the corresp onding b ond length mo d-

i�cations in molecules, also the nonadditivit y of relativistic and exc hange-

correlation (xc) e�ects has recen tly b een emphasised [7] (for a detailed ac-

coun t of the imp ortance of relativit y for c hemical b onding w e refer the reader

to Refs.[8 , 9]). Clearly , a DFT description of suc h high- Z systems also has to

re
ect their relativistic c haracter, in particular, as ev en for atoms with mo der-

ate Z relativistic con tributions to the xc-energy are larger than the di�erences

b et w een the most re�ned nonrelativistic xc-energy functionals [10 , 11].

The dev elopmen t of a DF approac h to relativistic man y particle systems

has, ho w ev er, b een m uc h slo w er than that of its nonrelativistic coun terpart,

although a precursor of mo dern relativistic DFT in the form of the relativistic

Thomas-F ermi (TF) mo del [12 , 13] w as established with only a minor time

dela y with resp ect to the nonrelativistic TF approac h [14 , 15]. This and quite

a n um b er of subsequen t attempts to incorp orate relativit y in explicit densit y

functionals [16 ] w ere based on the �rst quan tised Dirac equation, whic h is

not an appropriate basis for the discussion of the full scale of relativistic ef-

fects in man y particle systems. If one wishes to address photon retardation

e�ects and an tiparticle con tributions b esides the relativistic kinematics of

the electrons the correct basis for the discussion of man y electron systems is

quan tum electro dynamics (QED). A comparison of the general structure (and

in particular of the diagramm atic form ulation) of QED and of nonrelativistic

man y b o dy theory rev eals de�nite similariti es, but the elimination of in�nite

zero p oin t energies, the renormalisation of ultra violet (UV) div ergencies as

w ell as the spinor and tensor structure of the quan tities in v olv ed in tro duces

substan tial complications in the former case. These additional features are

re
ected in relativistic DFT (RDFT), b oth on the more formal lev el and in

the deriv ation of explicit functionals. An extension of the Hohen b erg-Kohn

(HK) theorem [5 ] to the relativistic domain has �rst b een form ulated b y

Ra jagopal and Calla w a y [17 ], sho wing that in a fully relativistic DF formal-

ism the four curren t pla ys the role of the densit y as the basic DF v ariable.
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The corresp onding KS-equations ha v e b een giv en b y Ra jagopal [18 ] and in-

dep enden tly b y MacDonald and V osk o [19 ]. These authors mainly fo cussed

on the Dirac structure of the relativistic KS (RKS) equations (including the

four comp onen t form of the xc-p oten tial) and the retardation corrections

to the Coulom b in teraction, but essen tially neglected the fundamen tal ques-

tions related to radiativ e corrections. UV-div ergencies �rst sho w ed up in the

RDFT con text in the deriv ation of gradien t corrections to the kinetic en-

ergy [16 , 20 , 21], but only v ery recen tly an attempt has b een made [22 ] to

explicitly deal with the issue of UV-renormalisation in the con text of the

relativistic HK-theorem and the RKS-equations. As a consequence of the

complicated structure of the RKS-equations applications b ey ond their most

simple v ersion, the Dirac-F o c k-Slater (DFS) approac h [23 ] or its extensions

[24 ], in whic h all relativistic e�ects in the xc-energy (as w ell as all radiativ e

corrections) are neglected, are rare (compare Section 5.).

In this review w e attempt to giv e a summary of the still restricted kno wl-

edge of RDFT for Coulom b systems (for an earlier review see [25 ]). Activit y

in the �eld of hadronic ph ysics is not co v ered (w e refer the in terested reader

to the relev an t section in [22 ]). W e b egin with an outline of the bac kground

material in Section 2., but ha v e c hosen to relegate nearly all details in to

the App endices. The foundations of RDFT, i.e. the HK-theorem, the KS-

sc heme, its extension in the form of the optimised p oten tial metho d (OPM)

and some remarks on the nonrelativistic limit, are addressed in Section 3.. W e

emphasise, in particular, practical asp ects concerning the application of the

relativistic KS-sc heme. Explicit energy functionals for relativistic Coulom b

systems are discussed in Section 4., where w e outline the lo cal densit y appro x-

imation (LD A) for exc hange and, as far as they are kno wn, for correlation

con tributions. In addition, w e indicate �rst attempts to apply the w eigh ted

densit y appro ximation (WD A) in the relativistic regime. Results for the so-

lution of the relativistic KS-equations for atoms are analysed in Section 5..

T o our kno wledge no corresp onding results for molecules are y et a v ailable.

Some concluding remarks indicating op en problems and p ossible extensions

(e.g. for thermal relativistic systems) are the con ten ts of the �nal Section 6..

As indicated, w e pro vide a more detailed summary of the bac kground ma-

terial for the discussion of RDFT in the App endices. In particular, w e address

the question of p erturbativ e renormalisation in v acuum quan tum electro dy-

namics (App endix A.), discuss the prop erties of the relativistic homogeneous

electron gas (RHEG) (App endix B.) in order to pro vide the input for the

relativistic LD A (RLD A) and add some remarks on QED in the presence of

external �elds (App endix C.). In addition, App endix D. giv es some informa-

tion concerning the systematic deriv ation of inhomogeneit y corrections to the

RLD A, illustrating in particular the gradien t expansion (GE) on the basis

of linear resp onse. Although w e do not presen t relativistic ETF-results in

this review, w e brie
y summarise (App endix E.) the deriv ation of relativistic

kinetic energy functionals via a semiclassical expansion of the electron prop-
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agator as it demonstrates the o ccurence and subsequen t renormalisation of

UV-div ergencies in a transparen t fashion.

W e use ~ = c = 1 throughout the man uscript (except for Section 3.4)

and our metric is c hosen as in Ref.[26 ], i.e. the space-time co ordinates x

are giv en b y x

�

= ( x

0

= t; x ) with x (or r ) b eing the usual p osition in

space. Greek indices run from 0 to 3, Latin indices from 1 to 3. The summa-

tion con v en tion is used throughout. The abbreviations used for the v arious

functionals in this w ork are based on the follo wing sc heme: All relativistic

functionals are lab elled b eginning with R (lik e RLD A for relativistic LD A),

while their nonrelativistic coun terparts start with NR. The same notation

is used for the resulting computational sc hemes, e.g. NRLD A abbreviates

results obtained b y utilizing the nonrelativistic LD A functional in the non-

relativistic KS-equations. The only exception to this rule is the Dirac-F o c k-

Slater approac h (with � = 2 = 3) c haracterised b y DFS, whic h corresp onds to

the use of the nonrelativistic LD A for the exc hange energy in the relativistic

KS-equations. Finally , all di�erences b et w een relativistic and nonrelativistic

results are referenced b y the generic name of the appro ximation, e.g. LD A.

2. Field Theoretical Bac kground

An appropriate basis for a complete discussion of relativistic e�ects in man y

electron systems (atoms, molecules, clusters, solids) is quan tum electro dy-

namics. In view of the large di�erence b et w een the electron and the n uclear

masses it is legitimate to treat the n uclei as �xed external sources

1

. This

standard appro ximation relies on the assumption of a common rest frame

for all n uclei and th us partially breaks the co v ariance of the resulting man y

b o dy theory . A system of Dirac particles, whic h in teract b y the exc hange of

photons and mo v e in a giv en static external electromagnetic �eld V

�

( x ) (rep-

resen ting the �xed n uclei | and additional �elds if presen t) is c haracterised

b y a Lagrangian densit y of the form [27 ]

L ( x ) = L

e

( x ) + L




( x ) + L

int

( x ) : (2.1)

The three terms represen t the free Dirac Lagrangian

2

of the fermions (elec-

trons and p ositrons),

L

e

( x ) =

1

4

�

h

^

 ( x ) ; ( i@ =

!

� m )

^

 ( x )

i

+

h

^

 ( x )( � i@ =

 

� m ) ;

^

 ( x )

i

�

; (2.2)

1

In a truly co v arian t QED-approac h to atoms and molecules b oth the n uclei and

the electrons w ould ha v e to b e treated as dynamical degrees of freedom (at least

on a classical lev el in the case of the n uclei).

2

The v ector bars on top of the partial deriv ativ es indicate the direction in whic h

the deriv ativ e has to b e tak en, i.e. in the second term of L

e

the partial deriv ativ es

act on

^

 ( x ).
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the free photon Lagrangian,

L




( x ) = �

1

16 �

^

F

��

( x )

^

F

��

( x ) �

�

8 �

( @

�

^

A

�

( x ))

2

; (2.3)

and the in teraction term

L

int

( x ) = � e

^

j

�

( x )

�

^

A

�

( x ) + V

�

( x )

�

: (2.4)

The op erators

^

 ( x ) and

^

A

�

( x ) are the fermion and photon �eld op erators,

^

F

��

( x ) = @

�

^

A

�

( x ) � @

�

^

A

�

( x ) ; (2.5)

and

^

j

�

( x ) =

1

2

h

^

 ( x ) ; 


�

^

 ( x )

i

(2.6)

is the fermion four curren t op erator. F or the photon �elds w e ha v e c hosen

to w ork in the co v arian t gauge so that w e had to in tro duce the gauge �xing

term [27 , 26]

�

�

8 �

( @

�

^

A

�

( x ))

2

and to use the Gupta-Bleuler inde�nite metric quan tisation. F or brevit y w e

shall often restrict explicit form ulae to some particular gauge, as e.g. the

F eynman gauge � = 1 or Landau gauge � = 1 . F or the external p oten tial

w e use the gauge @

i

V

i

( x ) = r � V ( x ) = 0.

One of the most imp ortan t prop erties of the Lagrangian (2.1) is its gauge

in v ariance: A gauge transformation of the photon �eld,

^

A

�

( x ) !

^

A

0

�

( x ) =

^

A

�

( x ) + @

�

� ( x ) ; @

�

@

�

� ( x ) = 0 ; (2.7)

can b e absorb ed b y an accompan ying phase transformation of the fermion

�eld op erator

^

 ( x ) !

^

 

0

( x ) = exp[ � ie� ( x )]

^

 ( x ) ; (2.8)

lea ving the Lagrangian (2.1) in v arian t,

L (

^

 

0

;

^

A

0

) = L (

^

 ;

^

A ) : (2.9)

On the other hand, due to the c hoice of a particular Loren tz frame the gauge

in v ariance of L with resp ect to gauge transformations of the external p oten tial

has b een partially brok en: Only static gauge transformations,

V

0

�

( x ) = V

�

( x ) + @

�

� ( t; x ) (2.10)

^

 

0

( x ) = exp [ � ie� ( t; x )]

^

 ( x ) (2.11)

� ( t; x ) = C t + � ( x ) ; 4 � ( x ) = 0 ; (2.12)

are admitted within the common rest frame of the n uclei. In addition to

the Lagrangian the four curren t

^

j

�

( x ), Eq.(2.6), is also in v arian t under the

transformations (2.7,2.8) and (2.10-2.12).
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Moreo v er, b oth the Lagrangian and the electronic four curren t ha v e b een

written in a c harge conjugation in v arian t form [27 ], i.e. under the c harge

conjugation

^

C (transforming electrons in to p ositrons and vice v ersa) the four

curren t (as a c harge curren t rather than a probabilit y curren t) c hanges its

sign,

^

C

^

j

�

( x )

^

C

+

= �

^

j

�

( x ) ; (2.13)

while in L the fermion c harge manifests itself in the coupling to external

sources,

^

C L [ V

�

]

^

C

+

= L [ � V

�

] ; (2.14)

i.e. an external p oten tial whic h attracts electrons rep els p ositrons.

It is useful for the follo wing discussion to consider the symmetries of

the Lagrangian (2.1) in order to analyse the conserv ation la ws of a system

c haracterised b y (2.1) on the most general lev el, i.e. without further sp ecifying

V

�

, and their consequences for the structure of a densit y functional approac h

to (2.1). W e �rst consider con tin uous symmetries whic h in the �eld theoretical

con text are usually discussed on the basis of No ether's theorem (see e.g.

[26 , 28]). The most ob vious symmetry of the Lagrangian (2.1), its gauge

in v ariance (2.9), directly re
ects curren t conserv ation,

@

�

^

j

�

( x ) = 0 ; (2.15)

and th us conserv ation of the total c harge,

^

Q =

Z

d

3

x

^

j

0

( x ) =

1

2

Z

d

3

x

h

^

 

+

( x ) ;

^

 ( x )

i

: (2.16)

As a consequence an y ground state resulting from (2.1) can b e classi�ed with

resp ect to its c harge (but not particle n um b er).

Energy and momen tum conserv ation can b e directly deduced from the

'con tin uit y' equation for the energy momen tum tensor

3

[27 , 28 ]. F or the

^

T

��

resulting from (2.1) one �nds

^

T

��

( x ) =

i

8

h

^

 ( x ) ;

�




�

@

!

�

+ 


�

@

!

�

� 


�

@

 

�

� 


�

@

 

�

�

^

 ( x )

i

(2.17)

+

1

4 �

�

^

F

��

( x )

^

F

�

�

( x ) +

1

4

g

��

^

F ( x )

2

�

�

2

g

��

�

@

�

^

A

�

( x )

�

2

� �

�

@

�

@

�

^

A

�

( x )

��

g

��

^

A

�

( x ) � g

��

^

A

�

( x ) � g

� �

^

A

�

( x )

�

�

�

e

2

�

^

j

�

( x )

^

A

�

( x ) +

^

j

�

( x )

^

A

�

( x )

�

+

e

2

�

^

j

�

( x ) V

�

( x ) �

^

j

�

( x ) V

�

( x )

�

:

3

W e base our considerations on the 'symmetric' energy momen tum tensor

^

T

��

rather than the canonical

^

�

��

. Both v ersions of the energy momen tum tensor,

of course, satisfy iden tical 'con tin uit y' equations, i.e. all ph ysical results are

indep enden t of this c hoice.

^

T

��

represen ts a co v arian t com bination of the energy ,

momen tum and stress densities of the system.
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F rom the last line of Eq.(2.17) it is ob vious that, as w e are dealing with an

op en system, the source �eld breaks the symmetry of

^

T

��

. As an immediate

consequence

^

T

��

do es not satisfy a homogeneous 'con tin uit y' equation but

rather the external p oten tial acts as a source of momen tum ,

@

�

^

T

��

( x ) = e

^

j

�

( x ) @

�

V

�

( x ) : (2.18)

Only the zeroth comp onen t of the total four momen tum , i.e. the energy , is

conserv ed for general time-indep enden t external p oten tials,

@

�

^

T

� 0

( x ) = 0 )

Z

d

3

x

^

T

00

( x ) is conserv ed : (2.19)

This implies that the system can b e regarded as stationary in the common

rest frame of the sources whic h allo ws an iden ti�cation of the Hamiltonia n,

^

H �

Z

d

3

x

^

T

00

( x ) =

^

H

e

+

^

H




+

^

H

int

+

^

H

ext

(2.20)

^

H

e

=

1

2

Z

d

3

x

h

^

 ( x ) ;

�

� i 
 � r + m

�

^

 ( x )

i

(2.21)

^

H




= �

1

8 �

Z

d

3

x

n

@

0

^

A

�

( x ) @

0

^

A

�

( x ) + r

^

A

�

( x ) � r

^

A

�

( x )

o

(2.22)

^

H

int

= e

Z

d

3

x

^

j

�

( x )

^

A

�

( x ) (2.23)

^

H

ext

= e

Z

d

3

x

^

j

�

( x ) V

�

( x ) ; (2.24)

where w e ha v e c hosen F eynman gauge, � = 1, for simplicit y . If, in addition,

the p oten tial is indep enden t of one spatial co ordinate the corresp onding mo-

men tum is also conserv ed.

The discussion of angular momen tum conserv ation is based on the gener-

alised angular momen tum tensor

4

(compare [27 , 28]),

^

J

�;��

=

^

J

�;��

e

+

^

J

�;��




(2.25)

^

J

�;��

e

= �

1

4

�

^

 ;

�

i


�

�

x

�

@

!

�

� @

 

�

x

�

� x

�

@

!

�

+ @

 

�

x

�

�

+

n




�

;

�

��

2

o

�

^

 

�

4

Here w e ha v e c hosen to de�ne the generalised angular momen tum tensor via

the canonical energy-momen tum tensor �

��

,

J

�;��

= �

��

x

�

� �

��

x

�

�

X

r ;s

@ L

@ ( @

�

�

r

)

S

��

r s

�

s

;

where the S

��

r s

c haracterise the transformation prop erties of the �elds �

s

un-

der Loren tz transformations [28], rather than via T

��

in the form M

�;��

=

T

��

x

�

� T

��

x

�

. Both tensors, of course, lead to iden tical con tin uit y equations

and conserv ed angular momen ta.
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^

J

�;��




=

1

4 �

�

^

F

��

+ �g

��

�

@ �

^

A

�

��

x

�

@

�

^

A

�

� x

�

@

�

^

A

�

+ g

�

�

^

A

�

� g

�

�

^

A

�

�

+

�

g

��

x

�

� g

��

x

�

�

L




;

whic h represen ts the angular momen tum densities of b oth the fermions

(

^

J

�;��

e

) and the photons (

^

J

�;��




) in a co v arian t form. Eq.(2.25) explicitly

demonstrates the coupling of spin and orbital angular momen tum for b oth

fermions and photons on the most general lev el. In analogy to Eq.(2.18) the

external p oten tial acts as a source of angular momen tum in the 'con tin uit y'

equation for

^

J

�;��

,

@

�

^

J

�;��

( x ) = e

^

j

�

( x )

�

x

�

@

�

V

�

( x ) � x

�

@

�

V

�

( x ) + g

� �

V

�

( x ) � g

��

V

�

( x )

�

:

(2.26)

As for the linear momen tum , in general no comp onen t of the angular momen-

tum is conserv ed: As a �xed n uclear rest frame has b een c hosen no 'b o ost'

momen tum

R

d

3

x

^

J

0 ; 0 j

( x ) can b e conserv ed and the conserv ation of a con v en-

tional angular momen tum comp onen t

R

d

3

x

^

J

0 ;ij

( x ) requires sp eci�c spatial

symmetries. F or instance, if all spatial comp onen ts V

j

v anish and V

0

only

dep ends on ( x

1

)

2

+ ( x

2

)

2

, i.e. for axially symmetric electrostatic p oten tials,

one �nds as exp ected that the angular momen tum with resp ect to the x

3

-axis,

R

d

3

x

^

J

0 ; 12

( x ), is a conserv ed quan tit y .

As far as discrete symmetries are concerned three t yp es are usually con-

sidered within QED [26 , 29]:

{ F or parit y to b e a go o d quan tum n um b er some re
ection symmetry of the

p oten tial is required (the same holds, of course, for more complex discrete

spatial symmetries).

{ As for the Lagrangian, c harge conjugation is no symmetry of the Hamilto-

nian,

^

C

^

H [ V

�

]

^

C

+

=

^

H [ � V

�

] ;

as long as the external p oten tial do es not v anish.

{ Finally , time rev ersal symmetry leads to a t w ofold degeneracy for purely

electrostatic p oten tials V

�

= ( V

0

; 0 ). In this sp ecial situation not only

the total c harge is conserv ed, but time rev ersal in tro duces an additional

conserv ed quan tum n um b er.

As a consequence one �nds that in the general case, in whic h V

�

( x ) do es

not exhibit some sp eci�c spatial symmetry and/or some of its comp onen ts

v anish, only the c harge and the total energy of the system are conserv ed.

Th us the ground state corresp onding to (2.20) is nondegenerate in general.

In view of this fact there seems to b e no need to in tro duce a coupling of the

electrons (fermions) to an additional external magnetic �eld B [19 ],

^

H

mag

=

e

4 m

Z

d

3

x

^

 ( x ) �

ij

^

 ( x ) F

ij

ext

( x ) = �

e

2 m

Z

d

3

x

^

 ( x ) �

k

^

 ( x ) B

k

( x ) ;
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in order to lift p ossible degeneracies as long as the initial v ector p oten tial V

is nonzero. Moreo v er, the in teraction of the magnetisation densit y

^m

k

( x ) = �

e

2 m

^

 ( x ) �

k

^

 ( x )

with B do es not constitute a fully consisten t con tribution to the QED-

Hamiltonia n, as it do es not tak e in to accoun t the in trinsic coupling of spin

and orbital angular momen tum . Th us, while

^

H

mag

ma y b e quite useful un-

der certain ph ysical circumstances (e.g. for w eakly relativistic problems), it

do es not seem to b e appropriate as a basis for a RDFT ev en in the case

V

�

= ( V

0

; 0 ) [19 , 30], in whic h one migh t w an t to split up the degeneracy

originating from time rev ersal symmetry .

As a prerequisite for the discussion of the man y b o dy problem implied

b y the Lagrangian (2.1) a second p oin t needs to b e addressed: The theory

based on (2.1) is not w ell de�ned but rather requires renormalisation of the

resulting Greens functions as w ell as the expressions for ph ysical observ ables

as ground state energies and curren ts (see App endix A. for further details).

In the presen t con text the renormalisation pro cedure consists of t w o steps.

The �rst is the remo v al of the div ergen t v acuum (zero p oin t) energy of non-

in teracting fermions and photons. This is most easily ac hiev ed b y explicit

subtraction of the v acuum exp ectation v alue of the Hamiltonian. F or in-

stance, if one considers nonin teracting electrons not sub ject to an y external

p oten tial, i.e. the nonin teracting homogeneous electron gas c haracterised b y

^

H

e

, Eq.(2.21), the renormalised Hamiltonian

^

H

R

=

^

H

e

� < 0 j

^

H

e

j 0 > (2.27)

leads to a �nite ground state energy . The same pro cedure can b e applied to

nonin teracting photons.

The second part of the renormalisation program, addressing the remo v al

of the ultra violet (UV) div ergencies of QED, whic h result from the p ertur-

bativ e treatmen t of the in teraction of the fermions with photons and the

external �eld, is more in v olv ed. It is instructiv e to �rst consider nonin teract-

ing fermions in a giv en external p oten tial,

^

H

R

=

^

H

e

+

^

H

ext

� < 0 j

^

H

e

j 0 > ; (2.28)

where j 0 > represen ts the homogeneous v acuum as in (2.27), so that the

energy calculated from

^

H

R

with resp ect to the p erturb ed v acuum (often

called Casimir energy [31 ]) is nonzero. While the Greens functions of this

theory lik e the fermion propagator (for a precise de�nition of the Greens

functions see App endices A.,B.),

iG ( x; y ) = � ( x

0

� y

0

)

X

�

n

>�

F

'

n

( x ) '

n

( y ) exp[ � i�

n

( x

0

� y

0

)] (2.29)

� � ( y

0

� x

0

)

X

�

F

� �

n

'

n

( x ) '

n

( y ) exp[ � i�

n

( x

0

� y

0

)] ;
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where the '

n

( x ) represen t the single particle solutions of the corresp onding

Dirac equation,




0

n

� i 
 � r + m + eV = ( x )

o

'

n

( x ) = �

n

'

n

( x ) ; (2.30)

are �nite without additional mo di�cation, the ground state energy and the

ground state four curren t resulting from (2.28) are not [32 , 33 ]. This is most

easily seen b y rewriting these quan tities in terms of G ( x; y ). T aking the exp ec-

tation v alue with resp ect to the N -electron ground state of the nonin teracting

system, j �

0

> , one �nds

E

tot

= < �

0

j

^

H

e

+

^

H

ext

j �

0

> � < 0 j

^

H

e

j 0 > (2.31)

= � i

Z

d

3

x lim

y ! x

s

tr

h�

� i 
 � r + m + eV = ( x )

�

G ( x; y )

i

(2.32)

+ i

Z

d

3

x lim

y ! x

s

tr

h�

� i 
 � r + m

�

G

0

V

( x; y )

i

j

�

( x ) = < �

0

j

^

j

�

( x ) j �

0

> (2.33)

= � i lim

y ! x

s

tr

h

G ( x; y ) 


�

i

; (2.34)

where the symmetric limit,

lim

y ! x

s

�

1

2

�

lim

y ! x;y

0

>x

0

+ lim

y ! x;y

0

<x

0

�

�

�

�

�

�

( x � y )

2

� 0

; (2.35)

is a consequence of the c harge conjugation in v arian t forms (2.21,2.6) and

G

0

V

( x; y ) represen ts the nonin teracting v acuum fermion propagator (A.8). If

one no w utilises a p erturbativ e expansion of G ( x; y ) in p o w ers of the external

p oten tial,

G =

6 6

+

6

6

6

6

t

� �

� �

� �

� �

� �

� �

� �

� �

� +

6

6

6

6

6

6

t

t

� �

� �

� �

� �

� �

� �

� �

� �

�

� �

� �

� �

� �

� �

� �

� �

� �

�

+ � � � ,

(2.36)

(for a de�nition of the diagramma tic represen tation see App endices A.-C.)

one realises that the ev aluation of (2.32,2.34) in v olv es one further lo op-

in tegration induced b y the symmetric limit, e.g.

� i j

�

=

t

��

��

��

��

6 6

+

t

��

� �

��

� �

t

�

-

�

-

� �

� �

� �

� �

� �

� �

� +

t

��

��

��

��

t

t

�

-

�

-

� �

� �

� �

� �

� �

� �

�

� �

� �

� �

� �

� �

� �

�

+ � � � :

(2.37)
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Th us the outermost lo op in tegration, b y whic h the quan tities E

tot

and j

�

( x )

(whic h are of ob vious in terest in DFT) di�er from the UV-�nite Greens func-

tion G , in tro duces an UV-div ergence completely analogous to the div ergencies

whic h arise in standard QED without external �elds from the in teraction of

fermions and photons: Within a p erturbativ e treatmen t it do es not matter

whether the external p oten tial V

�

( x ) or the quan tised photon �eld creates

virtual electron-p ositron pairs. As a consequence the renormalisation pro ce-

dure for E

tot

and j

�

( x ) is completely determined b y the renormalisation of

the Greens functions of in teracting v acuum QED without external p oten-

tial. In particular, as discussed in detail in App endices A.-C. only the second

of the diagrams in (2.37) is UV-div ergen t. The corresp onding coun terterm

�j

(0) ;�

( x ) (the sup erscript (0) indicates that �j

(0) ;�

represen ts the lo w est

order of the complete coun terterm �j

�

with resp ect to the electron-electron

coupling constan t e

2

) is explicitly giv en in Eq.(C.5). The same pro cedure

has to b e applied to the ground state energy leading to the coun terterm

�E

(0) ;inhom

tot

, Eq.(C.10). One th us has to de�ne the renormalised E

tot

and

j

�

( x ) b y

E

tot

= < �

0

j

^

H

e

+

^

H

ext

j �

0

> � < 0 j

^

H

e

j 0 > + �E

(0) ;inhom

tot

(2.38)

j

�

( x ) = < �

0

j

^

j

�

( x ) j �

0

> + �j

(0) ;�

( x ) ; (2.39)

rather than via the initial relations (2.31,2.33).

Finally b oth the external p oten tial and the quan tised photon �eld ha v e to

b e considered together, i.e. w e ha v e to deal with the full Hamiltonian (2.20).

In this case v arious approac hes to the renormalisation pro cedure are p ossible.

One could e.g. �rst utilise the standard renormalisation sc heme for Greens

functions (as summarised in App endices A.-C.) to generate �nite Greens and

n -p oin t functions. Expressing the in teracting four curren t j

�

( x ) then in terms

of renormalised n -p oin t functions as discussed in App endix C. one ends up

with a �nite j

�

( x ). Ho w ev er, there still remains the basic problem of obtaining

�nite total energies as illustrated ab o v e: It is not p ossible to represen t E

tot

in terms of renormalised Greens functions in suc h a w a y that no further

(outermost) lo op in tegration is required. This outermost lo op in tegration

leads to additional UV-div ergencies. Th us in the case of E

tot

one is forced to

renormalise eac h diagramma tic con tribution to the p erturbation expansion

separately , follo wing the standard rules for the renormalisation of v acuum

(sub)graphs (often o v erlapping div ergencies are in v olv ed). This pro cedure is

explicitly demonstrated for the case of the exc hange-correlation energy of the

RHEG in App endix B.. Quite generally E

tot

and j

�

( x ) are then giv en b y

E

tot

= < �

0

j

^

H j �

0

> � < 0 j

^

H

e

+

^

H




+

^

H

int

j 0 > + �E

tot

(2.40)

j

�

( x ) = < �

0

j

^

j

�

( x ) j �

0

> + �j

�

( x ) ; (2.41)

where the subtraction of the v acuum energy accoun ts for the fact that in

the in teracting case all energies can only b e measured with resp ect to the
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energy of the in teracting, homogeneous v acuum j 0 > . It is sometimes adv an-

tageous to decomp ose the total coun terterm �E

tot

in to an electron gas part

�E

RH E G

tot

, whic h is indep enden t of the external p oten tial, and an inhomo-

geneit y correction,

�E

tot

= �E

RH E G

tot

+ �E

inhom

tot

; (2.42)

where �E

inhom

tot

also in v olv es the full p erturbation series with resp ect to the

electron-electron in teraction. Eqs.(2.40,2.41) form a suitable starting p oin t

for RDFT, as one is no w dealing with �nite quan tities only .

The preceding discussion has b een completely based on the Heisen b erg

represen tation. The foundations of DFT, on the other hand, are usually for-

m ulated within the framew ork of the Sc hr• odinger picture, so that one migh t

ask in ho w far this �eld theoretical pro cedure can b e useful. It is, ho w ev er,

p ossible to go o v er to an appropriately c hosen Sc hr• odinger represen tation as

long as one do es not try to eliminate the quan tised photon �elds (compare

Sections 7d,10g of Ref.[34 ]). The Hamiltonia n then reads

^

H

S

=

1

2

Z

d

3

x

�

h

^

 ( x ) ;

�

� i 
 � r + m + e

^

A = ( x ) + eV = ( x )

�

^

 ( x )

i

(2.43)

�

1

4 �

�

^

�

�

( x )

^

�

�

( x ) + r

^

A

�

( x ) � r

^

A

�

( x )

�

�

;

where the �eld op erators

^

 ( x ) and

^

A

�

( x ) are no w in Sc hr• odinger represen-

tation and

^

�

�

( x ) = exp( � i

^

H x

0

) @

0

^

A

�

H

( x ) exp ( i

^

H x

0

) :

Moreo v er, all corresp onding coun terterms (b eing exp ectation v alues) are in-

dep enden t of the represen tation, so that the renormalisation sc heme remains

unc hanged and it is just a matter of con v enience whic h represen tation is used.

While the Heisen b erg represen tation (2.20) is more suitable for the deriv ation

of explicit functionals, the Hamiltonian (2.43) (together with Eq.(2.40)) can

b e utilised for the pro of of a relativistic Hohen b erg-Kohn theorem.

3. F oundations

In this Section w e discuss the formal basis of relativistic DFT, that is the

relativistic HK-theorem [17 , 22], the resulting RKS-equations [18 , 19 ] as w ell

as the relativistic OPM (R OPM) [35 , 36]. The discussion of the HK-theorem

(in Section 3.1) is restricted to bare essen tials, as details ha v e b een giv en in

Ref.[22 ]. In the discussion of the RKS-equations (in Section 3.2) w e attempt

to outline the transition from the complete equations, including all radiativ e

e�ects, to practical v arian ts in v olving v arious stages of appro ximations. In

Section 3.3 w e in tro duce the R OPM as an extension of the RKS-approac h,

whic h, in addition to the kinetic energy also treats the exc hange energy within
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an orbital sc heme

5

. The Section is concluded (Section 3.4) b y consideration

of the w eakly relativistic limit, whic h allo ws a connection with and commen ts

on the problem of (nonrelativistic) curren t densit y functional theory [37 , 38],

a topic that in v olv es a n um b er of conceptual questions if one approac hes it

from the p oin t of view of nonrelativistic theory including magnetic �elds.

3.1 Relativistic Hohen b erg-Kohn Theorem

The extension of the HK-theorem to relativistic systems w as �rst form ulated

b y Ragagopal and Calla w a y [17 ] (see also MacDonald and V osk o [19 ]). The

argumen ts of these authors are based on QED, but the question of p ossible

UV div ergencies w as not addressed. As, ho w ev er, the pro of of the theorem

on the basis of the celebrated r e ductio ad absur dum in v olv es the comparison

of energy v alues, one has to mak e sure that prop er �nite quan tities for b oth

the ground state energy as w ell as the ground state four curren t are used, i.e.

the relativistic HK-theorem m ust b e based on the renormalised quan tities

(2.40,2.41). In particular, one has to mak e sure that the structure of the

coun terterms in v olv ed do es not in v alidate the pro of. Here w e shall not go

through the r e ductio ad absur dum in full detail (for whic h the in terested

reader is referred to [22 ]), but rather summarise the essen tials:

{ In the �rst step one sho ws that there exists a unique map b et w een the set of

four p oten tials V

�

( x ) (up to a global constan t in V

0

) and the set of ground

states j �

0

> generated from these p oten tials. This part of the pro of is based

on the Hamiltonia n (2.43). As only the lac k of collinearit y of ground states

resulting from di�eren t external p oten tials is used at this p oin t (but no

energy v alues are compared) full renormalisation is not required, but rather

a suitable regularisation is su�cien t (one could e.g. mo dify the space-time

dimension).

{ In the second step one analyses the relation b et w een the p oten tial V

�

( x )

and the resulting renormalised ground state four curren t j

�

( x ), Eq.(2.41).

As j

�

( x ) is gauge in v arian t no one-to-one corresp ondence b et w een the

four curren t and V

�

( x ) can exist: A unique map can only b e established

b et w een classes of four p oten tials V

�

( x ) di�ering b y no more than a static

gauge transformation (2.10-2.12) and j

�

( x ). Moreo v er, the heart of this

part of the pro of is an inequalit y b et w een ground state energies, so that the

renormalised energies (2.40) m ust b e used. The crucial observ ation in this

con text is the fact that the coun terterms in (2.40) and (2.41) are completely

determined b y the external p oten tial: Within a p erturbation expansion

with resp ect to V

�

( x ) this is explicitly ob vious from Eqs.(2.42,C.9), as

the homogeneous coun terterm �E

RH E G

tot

is iden tical for all V

�

( x ) and the

inhomogeneit y correction �E

inhom

tot

can b e written as a (gauge in v arian t)

functional of V

�

( x ).

5

Extension of the OPM to parts of the correlation energy are p ossible, but far

from b eing standard.
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{ F or the inequalit y b et w een ground state energies, required for the sec-

ond step, a minim um principle for the ground state energy (2.40) is used.

Ho w ev er, while the Ritz v ariational principle is w ell established in the non-

relativistic con text, w e are not a w are of an y rigorous minim um principle

for the renormalised ground state energies resulting from (2.1). There are

nev ertheless a n um b er of argumen ts whic h can b e giv en in fa v our of suc h

a minim um principle. First of all, with increasing sp eed of ligh t, i.e. in

the nonrelativistic limit ( v =c � ! 0), the energies (2.40) con tin uously ap-

proac h v alues whic h do satisfy the Ritz principle. There seems to b e no

reason to assume the minim um principle to b e restricted to the isolated

v alue c = 1 . Secondly , one can explicitly v erify the minim um principle for

a nonin teracting inhomogeneous system c haracterised b y the Hamiltonian

(2.28), i.e. for the renormalised energies (2.38) within the F urry picture

(compare [32 , 34 ]). Finally , real atoms and molecules are stable (indicating

that there exists a lo w er b ound for energies) and QED has pro v en to b e the

most accurate theory a v ailable to date to describ e these systems [39 ] (note

further that, as a matter of principle, one need not rely on p erturbation

theory to deal with QED-systems so that the asymptotic c haracter of this

expansion do es not con tradict this argumen t).

In summary , one �nds that there exists a one-to-one corresp ondence b et w een

the class of external p oten tials just di�ering b y gauge transformations, the

asso ciated class of ground states and the ground state four curren t,

n

V

�

�

�

�

V

�

+ @

�

�

o

( )

n

j �

0

>

�

�

�

with j �

0

> from V

�

+ @

�

�

o

( ) j

�

( x ) ; (3.1)

i.e. the class of ph ysically equiv alen t ground states is uniquely determined

b y the ground state four curren t. Cho osing some arbitrary represen tativ e

of this class, i.e. �xing the gauge once and for all, one can understand this

represen tativ e j �

0

> as a functional of j

�

, j �

0

[ j

�

] > , and �nally ends up

with the statemen t that all ground state observ ables are unique functionals

of the four curren t,

O [ j

�

] = < �

0

[ j

�

] j

^

O j �

0

[ j

�

] > + �O : (3.2)

Of course, the functional O [ j

�

] has to re
ect an ev en tual gauge dep endence of

the op erator

^

O and ma y require renormalisation, indicated b y the addition of

a coun terterm �O . Note that, b y virtue of the unique corresp ondence b et w een

j

�

and V

�

also all coun terterms b ecome functionals of j

�

. F or instance, the

ground state energy itself, including all coun terterms, w ould b e

E

tot

[ j

�

] = < �

0

[ j

�

] j

^

H j �

0

[ j

�

] > � < 0 j

^

H

e

+

^

H




+

^

H

int

j 0 > (3.3)

+ �E

RH E G

tot

+ �E

inhom

tot

:

This energy functional con tains not only all relativistic kinetic e�ects for b oth

electrons and photons but also all radiativ e (that is �eld-theoretical) e�ects.
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With the Ritz principle and a v oiding the question of in teracting v -

represen tabilit y , one ma y then form ulate the basic v ariational principle of

RDFT as

�

� j

�

( r )

�

E

tot

[ j

�

] � �

Z

d

3

x j

0

( x )

�

= 0 : (3.4)

The subsidiary condition implies c harge conserv ation and all quan tities in-

v olv ed are supp osed to b e fully renormalised.

F or the case of a purely electrostatic external p oten tial, V

�

= ( V

0

; 0 ),

the complete pro of of the relativistic HK-theorem can b e rep eated using just

the zeroth comp onen t j

0

( x ) of the four curren t (in the follo wing often de-

noted b y the more familia r n ( x )), i.e. the structure of the external p oten tial

determines the minim um set of basic v ariables for a DFT approac h. As a

consequence the ground state and all observ ables, in this case, can b e un-

dersto o d as unique functionals of the densit y n only . This do es, ho w ev er,

not imply that the spatial comp onen ts of the curren t v anish, but rather that

j ( x ) = < �

0

[ n ] j

^

j ( x ) j �

0

[ n ] > has to b e in terpreted as a functional of n ( x ).

Th us for standard electronic structure problems one can c ho ose b et w een a

four curren t DFT description and a form ulation solely in terms of n ( x ),

although one migh t exp ect the former approac h to b e more useful in appli-

cations to systems with j ( x ) 6= 0 as so on as appro ximations are in v olv ed.

This situation is similar to the nonrelativistic case where for a spin-p olarised

system not sub ject to an external magnetic �eld B b oth the B ! 0 limit of

spin-densit y functional theory as w ell as the original pure densit y functional

theory can b e used. While the former leads in practice to more accurate re-

sults for actual spin-p olarised systems (as one additional symmetry of the

system is tak en in to accoun t explicitly), b oth approac hes coincide for unp o-

larised systems.

In view of the t w o degrees of freedom resulting from time rev ersal symme-

try , one migh t also set up a t w o-comp onen t form ulation of the corresp onding

RDFT in the sp ecial case V

�

= ( V

0

; 0 ), whic h w ould p ossibly allo w a direct

extension of the nonrelativistic spin-densit y functional formalism . Suc h an

approac h has not b een in v estigated on the fully relativistic lev el. One ma y ,

ho w ev er, in terpret the suggestion to use the magnetisation densit y together

with the c harge densit y [19 , 30] (and th us the spin-p olarised relativistic homo-

geneous electron gas [30 , 40, 41 , 42 ]) as a basis for RDFT as an appro ximate

realisation of suc h an approac h (see also [43 , 44 ]). In the follo wing w e shall

not address this issue further.

W e also men tion that recen tly a densit y functional approac h to excited

states of relativistic systems has b een form ulated [45 ], using ensem bles of

unequally w eigh ted states. This formalism is restricted to the electrostatic

limit and the no-sea appro ximation (see Section 3.2). Moreo v er, it remains

unclear ho w the sp on taneous emission of photons, whic h is p ossible in QED

in con trast to the standard nonrelativistic man y-b o dy theory , is handled for

the excited states in v olv ed.
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3.2 Relativistic Kohn-Sham Equations

The basic v ariational principle (3.4) is applied directly in relativistic (ex-

tended) Thomas{F ermi mo dels [12 , 21, 46] in whic h an appro ximate densit y

functional represen tation for the complete E

tot

[ j

�

] is utilised. The mainsta y

of applications is, ho w ev er, the KS-sc heme. In order to set up this sc heme

one �rst in tro duces auxiliary single particle four spinors '

k

( x ), in terms of

whic h the exact in teracting ground state four curren t (2.41) is represen ted

as

6

j

�

( x ) = j

�

V

( x ) + j

�

D

( x ) (3.5)

j

�

V

( x ) =

1

2

�

X

�

k

�� m

'

k

( x ) 


�

'

k

( x ) �

X

� m<�

k

'

k

( x ) 


�

'

k

( x )

�

(3.6)

+ �j

�; (0)

( x )

j

�

D

( x ) =

X

� m<�

k

� �

F

'

k

( x ) 


�

'

k

( x ) ; (3.7)

where the coun terterm

7

�j

�; (0)

( x ) is giv en b y Eq.(C.5) (with the total RKS-

p oten tial on the righ t hand side) and �

F

represen ts the F ermi lev el b elo w

whic h all orbitals '

k

are o ccupied. F rom a �eld theoretical p oin t of view the

single particle RKS-approac h corresp onds to a problem of the t yp e (2.28).

The form (3.5-3.7) th us follo ws from the c harge conjugation in v arian t cur-

ren t op erator (2.6) via (2.39): The matrix elemen t of

^

j

�

with resp ect to a

nonin teracting ground state yields in the �rst step

j

�

( x ) =

1

2

�

X

�

k

� �

F

'

k

( x ) 


�

'

k

( x ) �

X

�

F

<�

k

'

k

( x ) 


�

'

k

( x )

�

+ �j

�; (0)

( x ) :

Rearrangemen t then giv es Eqs.(3.5-3.7) in whic h the v acuum part j

�

V

( x ) has

b een separated from the four curren t j

�

D

( x ) whic h in v olv es only the discrete

o ccupied orbitals with eigen v alues b et w een � m and �

F

.

In the next step one decomp oses the ground state energy functional (3.3)

in the standard fashion,

E

tot

[ j

�

] = T

s

[ j

�

] + E

ext

[ j

�

] + E

H

[ j

�

] + E

xc

[ j

�

] ; (3.8)

where the coun terterms for E

tot

giv en in Eq.(2.40) are understo o d to b e in-

cluded in the individual energy comp onen ts. The latter are de�ned as follo ws:

The nonin teracting kinetic energy functional T

s

, i.e. the kinetic energy of the

'KS-particles', is

6

The question of nonin teracting v -represen tabili t y whic h is required for this rep-

resen tation has not b een examined in the relativistic case. One w ould, ho w ev er,

exp ect analogous statemen ts as in the nonrelativi sti c situation [47].

7

This term has erroneously b een omitted in Ref.[22].
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T

s

[ j

�

] = T

s;V

[ j

�

] + T

s;D

[ j

�

] (3.9)

T

s;V

[ j

�

] =

1

2

Z

d

3

x

�

X

�

k

�� m

'

k

( x )

h

� i 
 � r + m

i

'

k

( x ) (3.10)

�

X

� m<�

k

'

k

( x )

h

� i 
 � r + m

i

'

k

( x )

�

� < 0 j

^

H

e

j 0 > + �T

inhom

s

T

s;D

[ j

�

] =

Z

d

3

x

X

� m<�

k

� �

F

'

k

( x )

h

� i 
 � r + m

i

'

k

( x ) ; (3.11)

where (2.38,C.10,C.1 3) ha v e to b e used to obtain the coun terterm �T

inhom

s

.

The external p oten tial term is

E

ext

= e

Z

d

3

x j

�

( x ) V

�

( x ) ; (3.12)

(the coun terterm (C.12) has already b een absorb ed in to the renormalised

curren t j

�

) and the co v arian t Hartree energy reads

E

H

[ j

�

] =

1

2

Z

d

3

x

Z

d

4

y j

�

( x ) D

0

��

( x � y ) j

�

( y ) (3.13)

=

e

2

2

Z

d

3

x

Z

d

3

y

j

�

( x ) j

�

( y )

j x � y j

;

with D

0

��

b eing the free photon propagator (A.9). The xc-energy functional

is then the remainder

E

xc

[ j

�

] = E

tot

[ j

�

] � T

s

[ j

�

] � E

ext

[ j

�

] � E

H

[ j

�

] : (3.14)

Note that the ground state energy p ertains to the man y electron sector. F ree

photons and p ositrons are not presen t in the ground state considered.

One ma y then use the basic v ariational principle, v arying with resp ect

to the orbitals (a more careful argumen t can b e giv en follo wing the lines of

Ref.[47 ]), to obtain the complete relativistic KS-equations




0

n

� i 
 � r + m + eV = ( x ) + v =

H

( x ) + v =

xc

( x )

o

'

k

( x ) = �

k

'

k

( x ) ; (3.15)

where

v

�

H

( x ) = e

2

Z

d

3

y

j

�

( y )

j x � y j

(3.16)

v

�

xc

( x ) =

� E

xc

[ j

�

]

� j

�

( x )

: (3.17)

Eqs.(3.5,3.15-3. 17) ha v e to b e solv ed selfconsisten tly in order to obtain the

exact j

�

( x ) of the in teracting system. The corresp onding ground state energy

is giv en b y
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E

tot

=

1

2

�

X

�

k

�� m

�

k

�

X

� m<�

k

�

k

�

� < 0 j

^

H

e

j 0 > + �T

inhom

s

+

X

� m<�

k

� �

F

�

k

� E

H

[ j

�

] + E

xc

[ j

�

] �

Z

d

3

x v

�

xc

( x ) j

�

( x ) :

The �rst three terms represen t the Casimir energy [31 ], that is the energy shift

induced in the v acuum b y the presence of the RKS-p oten tial. In addition, the

terms of the second line con tain v acuum corrections via b oth the form (3.5)

of j

�

and the functional dep endence of E

H

, E

xc

and v

�

xc

on j

�

.

A brief glance at the v arious terms in v olv ed in the RKS-sc heme rev eals

a selfconsistency problem of considerable complexit y: The ev aluation of b oth

j

�

V

and T

s;V

requires summation o v er all negativ e and p ositiv e energy solu-

tions and appropriate renormalisation in eac h step of the iterativ e pro cedure.

Moreo v er, all p oten tials exhibit a four comp onen t structure. As the solution

of this selfconsistency problem is at b est tedious (if at all p ossible), one is

b ound to consider a suitable hierarc h y of (hop efully) useful appro ximations.

The most imp ortan t, and at the same time most legitimate, simpli�ca-

tion if one aims at electronic structure calculations in quan tum c hemistry

and condensed matter ph ysics is the no-se a (or alternativ ely no-p air ) appr ox-

imation . In this appro ximation all radiativ e con tributions to the four curren t

and T

s

are neglected,

j

�

V

( x ) = 0 ; T

s;V

= 0 : (3.18)

In addition the v acuum con tributions in the functional dep endence of E

xc

on

j

�

are dropp ed

8

, so that one is led to the RDFT analogue of the no-pair ap-

pro ximation applied in con v en tional relativistic man y-b o dy approac hes (see

e.g.[7 ]). An a p osteriori p erturbativ e ev aluation of these corrections is p ossible

and should b e adequate, except in sp ecial circumstances as for instance the

calculation of the structure of sup er-hea vy atoms (with Z � 137 [33 ]). The

resulting RKS-equations are then still giv en b y Eqs.(3.15-3.17), but j

�

( x )

and T

s

are determined b y the simpler expressions (3.7) and (3.11).

In addition to the no-sea appro ximation, t w o further simpli�cations ma y

b e considered. If the external p oten tial is purely electrostatic

V = 0 ; eV

0

( r ) = v

ext

( r ) ; (3.19)

whic h is the situation encoun tered for standard electronic structure calcula-

tions, the densit y n ( r ) = j

0

( r ) is the only quan tit y whic h is really required for

8

The de�nition of the no-sea appro ximation for E

xc

is not completely unam-

bigous. As discussed in App endix B. w e de�ne it through neglect of all v acuum

fermion lo ops in the deriv ation of an appro ximate E

xc

[ j

�

]. Alternativ ely , one

could pro ject out all negativ e energy states, th us generating a direct equiv alen t

of the standard no-pair appro ximation. As one w ould exp ect the di�erences

b et w een these t w o sc hemes to b e small, w e do not di�eren tiate b et w een these

appro ximations here.
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the RDFT sc heme (as discussed in the previous Section). In this ele ctr ostatic

limit the spatial curren t j and also the energy comp onen ts (3.9-3.14) can b e

understo o d as functionals of n only and RDFT reduces to a pure densit y

functional approac h. The structure of the densit y functional represen tations

for E

H

and E

xc

is determined b y the original functionals E

H

[ j

�

] and E

xc

[ j

�

]

b y simply inserting the exact densit y functional for j ,

~

E

H

[ n ] = E

H

[ n; j [ n ]] ;

~

E

xc

[ n ] = E

xc

[ n; j [ n ]] : (3.20)

The corresp onding RKS-equations are then giv en b y (3.15) with the Hartree

and xc-p oten tials consisting only of a time-lik e comp onen t ~ v

H;xc

( r ),

~v

H;xc

( r ) =

�

~

E

H;xc

[ n ]

� n ( r )

=

� E

H;xc

[ j

�

]

� n ( r )

+

Z

d

3

r

0

� E

H;xc

[ j

�

]

� j

k

( r

0

)

� j

k

([ n ] ; r

0

)

� n ( r )

;

so that their structure is considerably simpli�ed.

An additional appro ximation can b e obtained if one uses the decomp osi-

tion of the electron-electron in teraction mediated b y the free photon propa-

gator D

0

��

in to a longitudinal and a transv erse part (according to Eq.(A.10))

to in tro duce the corresp onding decomp osition for E

H

and E

xc

,

E

H

[ n ] = E

L

H

[ n ] + E

T

H

[ n ] ; E

xc

[ n ] = E

L

xc

[ n ] + E

T

xc

[ n ] (3.21)

(in the follo wing w e shall only distinguish b et w een the functionals in the

electrostatic limit,

~

E

H;xc

[ n ] � E

H;xc

[ n ], and the more general E

H;xc

[ j

�

] b y

their resp ectiv e argumen ts). While this decomp osition is ob vious for E

H

[ n ],

E

L

H

[ n ] =

e

2

2

Z

d

3

r

Z

d

3

r

0

n ( r ) n ( r

0

)

j r � r

0

j

(3.22)

E

T

H

[ j [ n ]] = �

e

2

2

Z

d

3

r

Z

d

3

r

0

j ([ n ]; r ) � j ([ n ]; r

0

)

j r � r

0

j

; (3.23)

whic h is linear in D

0

��

, E

L

xc

is de�ned b y neglecting the transv erse in teraction

to all orders in D

0

��

(and the remainder is then called E

T

xc

).

The longitudinal appr oximation then consists in neclecting the transv erse

con tributions E

T

H

and E

T

xc

in the selfconsistency lo op, i.e.

v

T

H

( r ) = 0 ; v

T

xc

( r ) = 0 : (3.24)

The transv erse con tributions to the ground state energy can then b e calcu-

lated a p osteriori in a p erturbativ e fashion. As most a v ailable energy function-

als in RDFT include b oth longitudinal and transv erse con tributions and the

selfconsistency problem is not simpli�ed b y the longitudinal appro ximation,

this appro ximation is not required for an e�cien t application of the RKS-

equations. Rather it leads to the RDFT-equiv alen t of the so-called Dirac-

Coulom b Hamiltonian usually applied in con v en tional ab initio calculations,
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so that it is mainly useful for purp oses of comparison

9

. Note that the longitu-

dinal appro ximation do es not automatically imply the neglect of all curren t

con tributions to the xc-p oten tial (and vice v ersa) as one migh t exp ect on

the basis of E

H

[ j

�

], for whic h these t w o appro ximations coincide. This p oin t

is most readily demonstrated b y the curren t-dep endence of explicit curren t-

densit y functional represen tations of T

s

(as discussed in App endix D.).

If one restricts oneself to the electrostatic limit of RDFT and relies on

b oth the no-sea as w ell as the longitudinal appro ximation one arriv es at the

RKS-equations

n

� i � � r + � m + v

L

tot

( r )

o

'

k

( r ) = �

k

'

k

( r ) ; (3.25)

where � ; � are the usual Dirac matrices and

v

L

tot

( r ) = v

ext

( r ) + v

L

H

([ n ]; r ) + v

L

xc

([ n ]; r ) (3.26)

v

L

H

([ n ]; r ) = e

2

Z

d

3

r

0

n ( r

0

)

j r � r

0

j

(3.27)

v

L

xc

([ n ]; r ) =

� E

L

xc

[ n ]

� n ( r )

(3.28)

n ( r ) =

X

� m<�

k

� �

F

'

+

k

( r ) '

k

( r ) : (3.29)

Referring to the v arious appro ximations suggested, the corresp onding ground

state energy is obtained as

E

L

tot

= T

s;D

+ E

ext

+ E

L

H

+ E

L

xc

; (3.30)

whic h ma y b e corrected b y addition of the transv erse energy terms,

E

tot

= E

L

tot

+ E

T

H

+ E

T

xc

; (3.31)

as w ell as radiativ e corrections. The sc heme (3.25-3.30) corresp onds to the

no-pair Dirac-Coulom b Hamiltonian of standard relativistic man y-b o dy the-

ory . Selfconsisten t treatmen t of the transv erse con tributions, on the other

hand, w ould lead to the RDFT-v ersion of the no-pair Dirac-Coulom b-Breit

Hamiltonia n, ignoring the small di�erence b et w een the full transv erse and

the Breit in teraction.

A time-dep enden t generalisation of the RKS-equation (3.25) has b een

suggested b y P arpia and Johnson [49 ]. While a rigorous foundation of this

approac h is not a v ailable to date, this metho d has b een successfully applied

to the photoionisation of Hg [50 ] and Xe [49 ] as w ell as the ev aluation of the

p olarisabilities of hea vy closed-shell atoms [51 ] (using a direct time-dep enden t

extension of the lo cal densit y appro ximation for E

xc

[ n ]).

9

A selfconsisten t treatmen t of the transv erse in teraction in con v en tional ab initio

metho ds is often based on the Gaun t appro ximation [48]. There are, ho w ev er,

no densit y functionals a v ailable within this appro ximation .
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3.3 Optimised-P ote n t i al Metho d

The imp ortan t observ ation leading to the transition from the original v aria-

tional approac h (3.4) to the KS-equations is the fact that all curren tly a v ail-

able densit y functional represen tations of the kinetic energy are not able to

repro duce one of the most basic features of quan tum systems, i.e. the elec-

tronic shell structure. Th us, as so on as one is in terested in prop erties of

quan tum systems whic h are related to the shell structure (i.e. merely all),

one is forced to go to the equiv alen t KS single particle problem and treat

its kinetic energy exactly

10

. The next imp ortan t ph ysical feature for whic h

an accurate densit y functional represen tation is curren tly not at hand is the

cancellation of the self in teraction e�ects to b e pro vided b y the exc hange

energy functional. A natural route to circum v en t this problem is to resort

to an orbital represen tation for the exc hange part of the xc-energy and to

treat the resulting extended single particle problem exactly . In the nonrela-

tivistic con text this extension of the selfconsistency problem to include ex-

c hange on an exact lev el w as originally in tro duced b y T alman and Shadwic k

[52 ] (see also [53 ]) and has later b een adopted as a DFT-metho d b y Sahni,

Gruenebaum and P erdew [54 ] as w ell as Langreth and Mehl [55 ] and Sham

[56 ] under the name of the optimised-p oten tial-m etho d (OPM). It should b e

view ed as a systematic extension of the KS-sc heme and th us its relativis-

tic extension is also discussed in this Section dev oted to the foundations of

RDFT. The OPM selfconsistency pro cedure is m uc h more in v olv ed than the

KS-sc heme and th us applications b ey ond spherical systems [57 , 58, 59, 60] or

the atomic sphere appro ximation in band structure calculations [61 , 62] are

lac king to date. This approac h has, ho w ev er, attracted considerable atten tion

(see e.g.[63 , 64 ]) since an accurate, appro ximate solution of the crucial OPM

equation for the exc hange p oten tial has b een giv en b y Krieger, Li and Iafrate

[58 , 65, 66 , 67 ].

A relativistic extension of the OPM on the longitudinal no-pair lev el has

b een put forw ard b y T alman and collab orators [35 ] (and recen tly b een applied

to atoms [36 ]). F urther extension to a co v arian t exc hange energy functional

is straigh tforw ard on the basis of the RKS propagator G

K S

,

E

x

=

1

2

Z

d

3

x

Z

d

4

y D

0

��

( x � y ) tr

h

G

K S

( x; y ) 


�

G

K S

( y ; x ) 


�

i

; (3.32)

(the required coun terterms are not explicitly sho wn). The propagator G

K S

describ es the motion of the 'KS-particles' in the total RKS-p oten tial. It can

b e expressed in terms of the RKS-orbitals via the standard expansion (2.29).

The exc hange energy functional de�ned in this fashion should not b e confused

10

Note that quite generally the rearrangemen t of the ground state energy func-

tional b y addition and subtraction of terms, that leads to the KS-sc heme, is

quite arbitrary . Instead of adding and subtracting e.g. the kinetic energy T

s

an y other suitable appro ximation of the full kinetic energy could b e used, re-

sulting in a mo di�ed selfconsistency problem.
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with the relativistic HF (RHF) exc hange energy (at least from a rigorous

p oin t of view), as the RKS-orbitals satisfy the lo cal RKS-equations (3.15)

rather than the nonlo cal RHF-equations.

The energy (3.32) is, via the (rather in v olv ed) dep endence of the RKS-

orbitals on the four curren t densit y , a functional of this quan tit y ,

E

x

= E

x

[ j

�

] : (3.33)

The RDFT correlation energy is then de�ned b y

E

c

[ j

�

] = E

xc

[ j

�

] � E

x

[ j

�

] : (3.34)

and the individual p oten tials are

v

�

x

([ j

�

]; r ) =

� E

x

[ j

�

]

� j

�

( r )

(3.35)

v

�

c

([ j

�

]; r ) =

� E

c

[ j

�

]

� j

�

( r )

: (3.36)

If E

c

[ j

�

] is neglected the resulting sc heme is called the exc hange-only (x-only)

limit of RDFT.

F or the case of the longitudinal no-pair appro ximation and a purely elec-

trostatic external p oten tial V

�

= ( V

0

; 0 ), to whic h w e restrict further discus-

sion of the R OPM, Eq.(3.32) reduces to (summation o v er the spinor indices

a; b = 1 ; ::; 4 is implicitly understo o d)

E

L

x

[ n ] = �

e

2

2

Z

d

3

r

Z

d

3

r

0

X

� m<�

k

;�

l

� �

F

(3.37)

�

'

+

a;k

( r ) '

+

b;l

( r

0

) '

a;l

( r ) '

b;k

( r

0

)

j r � r

0

j

;

where the '

k

no w ha v e to b e in terpreted as functionals of the densit y only .

The crucial feature of E

L

x

[ n ] is its linear dep endence on the electron-electron

coupling constan t e

2

: The functional dep endence of the '

k

on n is inde-

p enden t of e

2

as the '

k

exp erience a lo cal (in the sense of m ultipli cativ e)

one-b o dy p oten tial [54 , 55 , 56 ], where it do es not matter whether the lo cal

p oten tial is obtained selfconsisten tly or is just a giv en external p oten tial. The

correlation energy functional E

L

c

[ n ] th us con tains all con tributions to E

L

xc

[ n ]

whic h are of higher order in e

2

.

As the exact densit y dep endence of '

k

([ n ]; r ) is not kno wn, ho w ev er, the

corresp onding x-only p oten tial v

L

x

( r ) can not b e directly ev aluated via (3.35).

Nev ertheless, utilising the fact that the one-b o dy p oten tial whic h minim i ses

E

L

tot

[ n ] is unique [54 , 55, 56], v

L

x

can b e obtained b y minimi sation of the total

ground state energy with resp ect to the total one-b o dy p oten tial (3.26) whic h

the '

k

exp erience,
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� E

L

tot

[ n ]

� v

L

tot

( r )

=

Z

d

3

r

0

X

� m<�

k

� �

F

� E

L

tot

[ n ]

� '

k

( r

0

)

� '

k

( r

0

)

� v

L

tot

( r )

+ c:c: = 0 : (3.38)

Decomp osing v

L

tot

according to (3.26) and

v

L

xc

( r ) = v

L

x

( r ) + v

L

c

( r ) ; (3.39)

one obtains an in tegral equation for v

L

x

( r ),

Z

d

3

r

0

K ( r ; r

0

) v

L

x

( r

0

) = Q ( r ) : (3.40)

The k ernel of the in tegral equation is giv en b y

K ( r ; r

0

) =

X

� m<�

k

� �

F

'

+

k

( r ) G

k

( r ; r

0

) '

k

( r

0

) ; (3.41)

while the inhomogeneous term reads

Q ( r ) = � e

2

X

� m<�

k

;�

l

� �

F

Z

d

3

r

0

Z

d

3

r

00

(3.42)

� '

+

k

( r ) G

k

( r ; r

0

)

'

l

( r

0

) '

+

l

( r

00

)

j r

0

� r

00

j

'

k

( r

00

) :

The quan tit y G

k

( r ; r

0

) represen ts the Greens function

G

k

( r ; r

0

) =

X

� m<�

l

<m; l 6= k

'

l

( r ) '

+

l

( r

0

)

�

l

� �

k

; (3.43)

whic h satis�es

h

� i � � r + � m + v

L

tot

( r ) � �

k

i

G

k

( r ; r

0

)

= �

(3)

( r � r

0

) � '

k

( r ) '

+

k

( r

0

) : (3.44)

The longitudinal no-pair R OPM th us requires the sim ultaneous selfconsis-

ten t solution of (3.40)

11

and the RKS-equation (3.25), either including some

correlation p oten tial or in the x-only limit with v

L

c

= 0.

The adv an tage of the R OPM lies in the fact that due to the F o c k form of

E

L

x

[ n ] the self in teraction of the 'KS-particles' is cancelled exactly . This also

manifests itself in the asymptotic form of v

L

x

for �nite systems,

v

L

x

( r ! 1 ) ! �

1

r

; (3.45)

so that the total p oten tial is free of self in teraction e�ects, e.g. for neutral

systems one obtains

11

The in tegral equation (3.40) determines v

L

x

up to a trivial constan t whic h is

determined b y the b oundary condition v

L

x

( r ! 1 ) = 0.



24 E. Engel and R. M. Dreizler

v

L

tot

( r ! 1 ) ! �

1

r

: (3.46)

In order to pro vide a quan titativ e comparison of this DF-concept for ex-

c hange and the standard HF approac h w e list in T able 3.1 the corresp onding

x-only ground state energies and eigen v alues of the highest o ccupied orbitals

for spherical (closed subshell) atoms [36 ]. As is ob vious from T able 3.1 the

T able 3.1. Longitudinal ground state energies ( � E

L

tot

) and highest o ccupied eigen-

v alues ( � �

L

mk

) for closed subshell atoms from nonrelativi sti c OPM (NR OPM [59]),

relativistic OPM (R OPM [36]) and relativistic HF (RHF [68]) calculations [69 ] (all

energies are in hartree).

A tom � E

L

tot

� �

L

mk

NR OPM R OPM RHF NR OPM R OPM RHF

He (1S1/2) 2.862 2.862 2.862 0.918 0.918 0.918

Be (2S1/2) 14.572 14.575 14.576 0.309 0.309 0.309

Ne (2P3/2) 128.545 128.690 128.692 0.851 0.848 0.848

Mg (3S1/2) 199.611 199.932 199.935 0.253 0.253 0.253

Ar (3P3/2) 526.812 528.678 528.684 0.591 0.587 0.588

Ca (4S1/2) 676.751 679.704 679.710 0.196 0.196 0.196

Zn (4S1/2) 1777.828 1794.598 1794.613 0.293 0.299 0.299

Kr (4P3/2) 2752.028 2788.848 2788.861 0.523 0.515 0.514

Sr (5S1/2) 3131.514 3178.067 3178.080 0.179 0.181 0.181

Pd (4D5/2) 4937.858 5044.384 5044.400 0.335 0.319 0.320

Cd (5S1/2) 5465.056 5593.299 5593.319 0.266 0.282 0.281

Xe (5P3/2) 7232.018 7446.876 7446.895 0.456 0.439 0.440

Ba (6S1/2) 7883.404 8135.625 8135.644 0.158 0.163 0.163

Yb (6S1/2) 13391.070 14067.621 14067.669 0.182 0.196 0.197

Hg (6S1/2) 18408.313 19648.826 19648.865 0.262 0.329 0.328

Rn (6P3/2) 21865.826 23601.969 23602.005 0.427 0.382 0.384

Ra (7S1/2) 23093.258 25028.027 25028.061 0.149 0.167 0.166

No (7S1/2) 32787.471 36740.625 36740.682 0.171 0.209 0.209

di�erences b et w een R OPM and RHF ground state energies are rather small

from a n umerical p oin t of view: They are b elo w 60 mhartree ev en for the

largest atoms, with the R OPM-energies alw a ys b eing somewhat less attrac-

tiv e (consisten t with the reduced v ariational freedom of the R OPM-orbitals)

| apart from He where b oth approac hes coincide. Also the corresp onding

highest o ccupied eigen v alues are essen tially iden tical. The same holds for the

longitudinal x-only energies (see T able 5.1). Here the maxim um di�erence of

106 mhartree is found for No. The x-only R OPM th us demonstrates explic-

itly that one can obtain RHF-lev el results for all in teresting atomic prop erties

with a lo cal exc hange p oten tial.
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3.4 Nonrelativisti c Limit

The w eakly relativistic limit of the Hamiltonia n (2.20) for fermions in external

electric and magnetic �elds can b e deriv ed with standard tec hniques, either

b y direct expansion or b y a lo w order F oldy-W outh uysen transformation. One

obtains

^

H =

Z

d

3

x ^'

+

( x )

�

1

2 m

h

( � i ~ r )

2

+ 2 i ~

e

c

V ( x ) � r +

e

2

c

2

V ( x )

2

i

(3.47)

�

e ~

2 mc

� �

�

r � V ( x )

�

+ eV

0

( x )

�

^' ( x ) +

^

H

ee

:

In Eq.(3.47) ^' ( x ) is a nonrelativistic �eld op erator of t w o comp onen t struc-

ture, � are the P auli matrices and the electron-electron in teraction reduces

to the Coulom b in teraction, denoted b y

^

H

ee

. As usual, the gauge term pro-

p ortional to ( e

2

=c

2

) V ( x )

2

has b een k ept, although it is of order 1 =c

2

and

terms of this order are not included consisten tly . The Hamiltonia n (3.47) is

in v arian t under the gauge transformation

^'

0

( x ) = e

� ie� ( x ) = ~

^' ( x ) ; V

0

( x ) = V ( x ) � c r � ( x ) ; (3.48)

i.e.

H ( ^ '

0

; V

0

) = H ( ^ '; V ) :

The densit y op erator is de�ned in terms of the �eld op erators as

^n ( x ) = ^'

+

( x ) ^' ( x ) ; (3.49)

and b y a w eakly relativistic expansion of the curren t op erator (2.6) (together

with the appropriate rede�nition of the v acuum) the follo wing expression for

the nonrelativistic curren t op erator can b e extracted,

^

j ( x ) =

^

j

p

( x ) �

c

e

r �
^

m ( x ) �

e

mc

V ( x ) ^ n ( x ) : (3.50)

Here the paramagnetic curren t,

^

j

p

( x ) = �

i ~

2 m

h

^'

+

( x )

�

r ^' ( x )

�

�

�

r ^'

+

( x )

�

^' ( x )

i

; (3.51)

and the magnetisation-densit y ,

^
m ( x ) = �

e ~

2 mc

^'

+

( x ) � ^' ( x ) ; (3.52)

are de�ned as usual. It is imp ortan t to note that j

p

( x ) is not in v arian t under

the gauge transformation (3.48), only the com bination

^

j

p

( x ) �

e

mc

V ( x ) ^ n ( x )

has this prop ert y .
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If one reexpresses the Hamiltonian (3.47) in terms of the densit y and

curren t op erators in order to exhibit the coupling to the external �elds more

explicitly , one �nds

^

H =

Z

d

3

x

�

^'

+

( x )

( � i ~ r )

2

2 m

^' ( x ) + eV

0

( x ) ^ n ( x )

�

+

^

H

ee

(3.53)

�

Z

d

3

x

e

c

V ( x ) �

�

^

j

p

( x ) �

c

e

r �
^

m ( x ) �

e

2 mc

V ( x ) ^ n ( x )

�

:

This expression indicates that it is the sum of the paramagnetic curren t

op erator and the curl of the magnetisation densit y ,

^

j

p

( x ) �

c

e

r �
^

m ( x ) ;

whic h couples to the external v ector p oten tial, but the situation is somewhat

am biguous concerning the gauge term, as one ma y rearrange the Hamiltonian

(3.53) either in the form

^

H =

^

T +

^

H

ee

+

Z

d

3

x

�

�

e

c

V ( x ) �

^

j ( x ) +

�

eV

0

( x ) �

e

2

2 mc

2

V ( x )

2

�

^n ( x )

�

;

(3.54)

or

^

H =

^

T +

^

H

ee

�

Z

d

3

x

e

c

V ( x ) �

�

^

j

p

( x ) �

c

e

r �
^

m ( x )

�

(3.55)

+

Z

d

3

x

�

eV

0

( x ) +

e

2

2 mc

2

V ( x )

2

�

^n ( x ) :

It is directly p ossible to pro v e a HK-theorem for the form (3.55) using the

densit y n and the gauge dep enden t curren t j

p

� ( c=e ) r � m as basic DFT

v ariables, but not for the form (3.54) whic h w ould suggest to use n and the

full curren t j . One is th us led to the statemen t that the �rst set of v ariables

can legitimately b e used to set up nonrelativistic curren t densit y functional

theory , indicating at �rst glance a con
ict with the fully relativistic DFT

approac h.

It is imp ortan t to notice, ho w ev er, that consisten t neglect of all terms

of the order 1 =c

2

(whic h has not b een treated consisten tly in the w eakly

relativistic expansion) in the Hamiltonian allo ws a pro of of a HK-theorem on

the basis of the v ariables n and j . In other w ords: Only a fully relativistic

approac h com bines consistency in 1 =c with gauge in v ariance. It remains to b e

in v estigated explicitly , whether inclusion of all relev an t terms to order 1 =c

2

allo ws to reinstate the ph ysical curren t j ( x ) as basic v ariable also in this

order as one w ould exp ect from the fully relativistic theory .
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4. Explicit Relativistic Exc hange-Correlation

F unctionals

The deriv ation of explicit energy functionals in nonr elativistic DFT follo ws a

v ariet y of a v en ues. The presen t da y "standard" is the LD A,

E

N RLD A

xc

[ n ] =

Z

d

3

r e

N RH E G

xc

( n ( r )) ; ; (4.1)

in whic h the densit y dep endence of the xc-energy densit y e

N RH E G

xc

of the

nonrelativistic HEG is used with the densit y n ( r ) of the actual inhomoge-

neous system. In particular, accurate represen tations of the correlation part

e

N RH E G

c

[70 , 71, 72 , 73 ] are obtained b y a parametrisation of Mon te Carlo

results for the NRHEG [74 , 73 ]. Gradien t corrections in lo w order,

E

N RGE

xc

[ n ] =

Z

d

3

r e

N RGE

xc

( n ( r ) ; ( r n ( r ))

2

; r

2

n ( r )) ; (4.2)

w ere �rst obtained b y painstaking analysis of the relev an t diagramm ati c con-

tributions (see e.g.[75 , 76 , 77 , 78, 79 , 80 , 81, 60]), but turned out not to

b e adequate [75 , 76, 82]. The situation w as impro v ed b y the in tro duction

of generalised gradien t appro ximations (GGAs) [10 , 11, 83, 84 , 85 , 86], in

whic h ( r n )

2

-terms b ey ond the lo w est order con tribution to the gradien t

expansion (GE) are included. These t yp es of functionals yield the most ac-

curate v alues for atomic ground state and ionisation energies, molecular ge-

ometries and disso ciation energies as w ell as cohesiv e prop erties of solids

that ha v e b een obtained to date with nonrelativistic densit y functionals (see

e.g.[2 , 3 , 82 , 87 , 88, 89, 90, 91]).

An alternativ e approac h under the heading of w eigh ted densit y appro xi-

mation (WD A) attempts to mo del the densit y dep endence of the pair corre-

lation function of inhomogeneous systems,

E

N RW D A

xc

[ n ] =

e

2

2

Z

d

3

r

Z

d

3

r

0

n ( r ) n ( r

0

)

j r � r

0

j

[ ~ g ([ n ]; r ; r

0

) � 1] ; (4.3)

where ~ g indicates that a coupling constan t in tegration o v er the pair correla-

tion function is in v olv ed. The WD A is c haracterised b y the feature that self

in teraction e�ects are corrected to a large degree, though not as completely

as in the OPM.

Compared with the nonrelativistic case, the deriv ation of explicit rela-

tivistic functionals is not as fully dev elop ed. Concerning the RLD A b oth the

x-only limit and the correlation con tribution in the so-called random phase

appro ximation (RP A) are a v ailable. W e discuss the RLD A in Section 4.1.

Relativistic gradien t corrections for E

xc

, on the other hand, ha v e not b een

ev aluated at all, although the basic tec hnique for their deriv ation can b e ex-

tended to the relativistic regime. In view of the absence of explicit results w e

only illustrate this metho d for the case of T

s

in App endix D.. An extension of
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the WD A sc heme to relativistic systems (R WD A) [92 , 36 ] is summarised in

Section 4.2. Ho w ev er, no information on the R WD A b ey ond the longitudinal

x-only limit is a v ailable. Moreo v er, it should b e emphasised at the v ery outset

that on the presen t lev el of sophistication neither the RLD A nor the R WD A

con tain radiativ e corrections. The issue of v acuum corrections in E

xc

[ n ] is

discussed in detail in App endix B. and will not b e addressed in this Section.

4.1 Relativistic Lo cal Densit y Appro ximati on

In complete analogy to (4.1) the RLD A for E

xc

[ j

�

] is based on the xc-energy

densit y e

RH E G

xc

( n ) of the relativistic homogeneous electron gas (RHEG),

whic h automatically reduces the full j

�

-dep endence of the exact xc-energy

functional to a pure densit y dep endence,

E

RLD A

xc

[ n ] =

Z

d

3

r e

RH E G

xc

( n

0

= n ( r )) : (4.4)

The deriv ation of its lo w est order con tribution, i.e. the exc hange energy , is

discussed in some detail in App endix B., illustrating in particular the UV-

renormalisation required

12

. The �nal result, that has b een obtained b y a

n um b er of authors [93 , 94, 95 , 96, 18, 19 ], can b e expressed as the nonrela-

tivistic exc hange energy densit y e

N RH E G

x

m ultipli ed b y a relativistic correc-

tion factor. Separation in to its longitudinal and transv erse part according to

(3.21) yields,

e

RH E G;L=T

x

( n ) = e

N RH E G

x

( n ) �

L=T

x

( � ) ; (4.5)

where � represen ts the basic relativistic densit y v ariable,

� =

(3 �

2

n )

1

3

mc

; (4.6)

and e

N RH E G

x

( n ) and the �

L=T

x

are explicitly giv en in (B.51,B.54,B.55). The

v ariation of the �

L=T

x

with � is sho wn in Fig.4.1. One notices that the longi-

tudinal con tribution dominates in the lo w densit y limit and that it dep ends

only w eakly on � . The transv erse part sho ws a stronger dep endence on � and

dominates in the high densit y regime, in whic h e

RH E G

x

ev en c hanges its sign.

The transv erse part can b e analysed further if one separates it in to a

magnetic (or curren t-curren t) and a retardation comp onen t or if one restricts

oneself to its w eakly relativistic limit, the so-called Breit con tribution [48 , 97],

e

RH E G;T

x

= e

mag

x

+ e

r et

x

= e

T ;B r eit

x

+ : : : ;

where the individual terms follo w from the structure of the transv erse photon

propagator D

0 ;T

��

,

12

Note that in the case of e

RH E G

x

v acuum corrections do not con tribute after

renormalisation , so that the complete result is iden tical with its no-sea/pair

appro ximation.
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Fig. 4.1. Relativisti c correction factor for the LD A exc hange energy densit y: Lon-

gitudinal con tribution (B.54), transv erse con tribution (B.55) and total correction
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ij

� 4 � e

2

k

2

+ : : :

) magnetic in teraction (= Gaun t in teraction + : : : ) ;

inserted in to (3.32). The densit y dep endence of these terms is illustrated in

Fig.4.2, whic h sho ws that the b eha viour of e

T

x

is largely dominated b y the

magnetic con tribution. The relativ e minor role of higher order retardation

e�ects is emphasised b y the similarit y b et w een e

T

x

and e

T ;B r eit

x

.

In Fig.4.3 w e plot the densit y dep endence of the resulting exc hange p oten-

tials. The relev an t range of densit y v alues for electronic structure calculations

is indicated b y the � -v alues at the origin and the exp ectation v alue of the

radial co ordinate of the 1 S 1 = 2-orbital for the Kr and Hg atoms. One �nds

that relativistic e�ects are somewhat more pronounced for v

x

than for e

x

and

are de�nitely relev an t for inner shell features of high Z-atoms.

Relativistic correlation con tributions in the LD A ha v e so far only b een

considered on the basis of a partial resummation of those terms in the p er-

turbation expansion in e

2

whic h are the most relev an t in the high densit y

limit. This con tribution is either called the ring appro ximation (in accordance
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the 1 s -orbitals ( r = < r >

1 s

) from RLD A-calculations using �nite n uclei are also

indicated.
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with its diagrammati c form) or, most often, the random phase appro xima-

tion (RP A | whic h w e shall use here) to e

RH E G

c

. The detailed discussion

of e

RH E G;RP A

c

is again relegated to App endix B.. In con trast to the case

of exc hange no closed analytical expression can b e giv en for e

RH E G;RP A

c

.

Numerical results (within the no-sea appro ximation) ha v e b een obtained b y

Ramana and Ra jagopal [98 ] and b y M • uller and Serot [99 ]. The resulting

relativistic correction factor,

e

RH E G;RP A

c

( n ) = e

N RH E G;RP A

c

( n ) �

RP A

c

( � ) ; (4.7)

(again decomp osed in to its longitudinal and transv erse con tributions) is

sho wn in Fig.4.4. As for the exc hange energy the relativistic correction for

0
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�
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�

Fig. 4.4. Relativistic corrections to the LD A correlation energy densit y within the

RP A [99 ].

the RP A to e

RH E G

c

is substan tial (a similar correction factor is found for the

corresp onding correlation p oten tial [22 , 98 ]).

One ma y ask whether the correction factor �

RP A

c

, Eq.(4.7), can b e of an y

use in actual applications. In this resp ect it is imp ortan t to note that for the

nonrelativistic HEG the RP A, whic h only con tains one of the diagramma tic

con tributions to e

N RH E G

c

of order e

4

, is not an accurate appro ximation to

the full e

N RH E G

c

ev en for the highest relev an t densities inside the n uclei of

high- Z atoms ( � � 10 , r

s

� 0 : 001). On the other hand, the com bination of

e

RH E G;RP A

c

with the remaining con tributions of order e

4

(here abbreviated b y

RP A+) agrees within an accuracy of 3% with e

N RH E G

c

already for densities
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with r

s

� 0 : 1 ( � � 0 : 1), i.e. for densities b elo w whic h relativistic corrections

are irrelev an t (note that all relativistic corrections are prop ortional to �

2

for

small � ). Consequen tly in this in termediate and lo w densit y regime the w ell

kno wn nonrelativistic e

N RH E G

c

can also b e used for the RLD A. An accurate

form for the RLD A correlation energy is th us obtained from

e

RH E G

c

( n ) = e

RH E G;RP A +

c

( n ) � e

N RH E G;RP A +

c

( n ) + e

N RH E G

c

( n ) ; (4.8)

where the relativistic corrections are only included via the RP A+ (whic h also

dominates in the relativistic high-densit y limit | compare App endix B.). F or

lo w and in termediate densities e

RH E G;RP A +

c

( n ) and e

N RH E G;RP A +

c

( n ) cancel

eac h other, while for relativistic densities higher than � � 0 : 1 the t w o righ t-

most expressions cancel. Unfortunately , the complete densit y dep endence of

the relativistic RP A+ is not kno wn. In the high densit y limit, ho w ev er, one

�nds [96 ]

e

RH E G;RP A +

c

( n ) �

� >> 1

1 : 4 e

RH E G;RP A

c

( n ) ; (4.9)

so that �

RP A

c

( n ) represen ts a lo w er b ound for the total �

c

( n ). The error

for the relev an t densit y range 0 : 1 < � < 1 is di�cult to estimate, but

should b e less than the 30% indicated b y (4.9) as on the nonrelativistic lev el

e

N RH E G;RP A +

c

and e

N RH E G;RP A

c

di�er b y roughly 20% for � = 0 : 1. In view

of the fact that the RP A+ has not b een fully ev aluated, ho w ev er, only the

relativistic correction due to the RP A can presen tly b e used instead of the

more accurate form (4.8),

e

RH E G

c

( n ) ' e

RH E G;RP A

c

( n ) � e

N RH E G;RP A

c

( n ) + e

N RH E G

c

( n ) : (4.10)

4.2 Relativistic W eigh ted Densit y Appro ximati on

In the nonrelativistic LD A one �nds partial, but b y no means satisfactory

cancellation of self in teraction e�ects b et w een E

H

and E

LD A

x

. The WD A

[100 , 101] constitutes a relativ ely direct approac h, in whic h one attempts to

impro v e on this situation b y a densit y functional represen tation of the pair

correlation function.

In order to apply the WD A in the relativistic regime, a fully co v arian t ex-

tension of the concept of the pair correlation function w ould b e desirable. T o

our kno wledge this is, ho w ev er, not a v ailable. Nev ertheless, if one restricts the

discussion to the (instan taneous) longitudinal limit, one can express E

L

xc

[ n ],

Eq.(3.21), via a relativistic pair correlation function de�ned in analogy to the

nonrelativistic case as

g ( r ; r

0

) =

< �

0

j ^n ( r ) ^ n ( r

0

) j �

0

>

n ( r ) n ( r

0

)

�

�

(3)

( r � r

0

)

n ( r )

: (4.11)

By de�nition, g is symmetric,

g ( r ; r

0

) = g ( r

0

; r ) ; (4.12)
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and satis�es the sum rule

Z

d

3

r

0

n ( r

0

) [ g ( r ; r

0

) � 1] = � 1 : (4.13)

In fact, (4.13) is also satis�ed b y the x-only limit g

x

of g , i.e. its lo w est order

con tribution in e

2

. In the relativistic case only this limit of the pair correla-

tion function of the RHEG, g

RH E G

x

( k

F

j r � r

0

j ; k

F

), sp eci�ed in Eq.(B.68), is

kno wn (within the no-pair appro ximation [19 , 102]), so that w e restrict the

subsequen t discussion to the x-only limit.

F or the transition from the x-only RLD A to the x-only R WD A one re-

places the constan t k

F

inside g

RH E G

x

( k

F

j r � r

0

j ; k

F

) b y a lo cal screening

momen tum

~

k

F

( r ), whic h is determined b y the requiremen t, that the basic

sum rule (4.13) b e satis�ed in the form

Z

d

3

r

0

n ( r

0

) [ g

RH E G

x

(

~

k

F

( r ) j r � r

0

j ;

~

k

F

( r )) � 1] = � 1 (4.14)

for an y giv en r . One should note that this prescription leads to a truly non-

lo cal functional,

E

L;RW D A

x

[ n ] =

e

2

2

Z

d

3

r

Z

d

3

r

0

n ( r ) n ( r

0

)

j r � r

0

j

(4.15)

� [ g

RH E G

x

(

~

k

F

( r ) j r � r

0

j ;

~

k

F

( r )) � 1] ;

but violates the general symmetry (4.12) so that one obtains di�eren t x-

only p oten tials dep ending on whether the WD A sc heme is applied b efore

or after v ariation with resp ect to the densit y . Moreo v er, using g

RH E G

x

as a

k ernel the x-only R WD A reduces to a pure densit y functional, without an y

j -dep endence.

The main adv an tage of this appro ximation is that it is exact for t w o-

electron systems (if the correct

~

k

F

( r ) = 0 is utilised in (4.15) b efore p erform-

ing the functional di�eren tiation (3.17) required for its application) and also

correctly accoun ts for the self in teraction energies of individual closed shells if

a shell-partitioning sc heme is used [71 ]. F urthermore, the R WD A repro duces

the asymptotic r

� 1

prop ortionalit y of the exact x-only p oten tial (although

with the incorrect prefactor of 1 = 2 [103 ]).

5. Relativistic DFT Results for A toms

So far only few applications of the RKS-equations (3.25-3.29) utilising a rela-

tivistic form for E

xc

[ n ] ha v e b een rep orted (and none for the '�eld theoretical'

KS-equations (3.5,3.15-3.1 7)). MacDonald and V osk o [19 ] as w ell as Das et

al. [104 ] analysed the x-only RLD A for high- Z atoms and ions, emphasising

the imp ortance of relativistic corrections to E

x

[ n ]. This w ork has b een ex-

tended b y inclusion of the RP A limit of E

c

[ n ] in the RLD A b y Ramana et
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al. [97 ]. These authors also p oin t out the need for nonlo cal corrections, in

particular in the case of the x-only energy . The in
uence of relativistic cor-

rections to E

xc

[ n ] on the band structures of Pd and Pt has b een examined b y

MacDonald et al. [105 ], who �nd a signi�can t e�ect on the F ermi surface of

Pt. In particular, they conclude that relativistic corrections to v

x

[ n ] can b e

as imp ortan t as the nonrelativistic v

c

[ n ] ev en for the v alence lev els of high- Z

systems.

On the other hand, a large n um b er of relativistic Slater calculations [23 ]

(Dirac-F o c k-Slater | DFS), in whic h the RKS-equations are used with the

nonrelativistic x-only LD A, can b e found in the literature (see e.g.[8 , 9 ]).

Ho w ev er, no attempt is made to review this extensiv e b o dy of literature

here.

In this Section w e summarise the prop erties of the appro ximations to

E

xc

[ n ] discussed in Section 4. in applications to atoms. All results presen ted

in the follo wing [36 ] are based on the direct n umerical solution of Eqs.(3.25-

3.29) using a n uclear p oten tial whic h corresp onds to a homogeneously c harged

sphere [69 ]

13

. Only spherical, i.e. closed subshell, atoms and ions are consid-

ered. Whenev er suitable w e use Hg as a protot yp e of all high- Z atoms.

In the follo wing w e in v estigate b oth the imp ortance of relativistic cor-

rections to E

xc

[ n ] and the adequacy of the RLD A and R WD A to repro duce

them, using R OPM and con v en tional relativistic ab initio results as reference

standards. Consequen tly it is not so m uc h the accuracy of the total relativis-

tic xc-energies whic h is of in terest, but rather their in trinisically relativistic

ingredien ts, i.e. the di�erences b et w een the selfconsisten t relativistic and the

selfconsisten t nonrelativistic longitudinal xc-energies,

�E

L

x;c

= E

L

x;c

[ n

R

] � E

N R

x;c

[ n

N R

] (5.1)

and the transv erse xc-energies E

T

x;c

. Here n

R

represen ts the selfconsisten t

densit y obtained b y solving the RKS-equations with a giv en (appro ximate)

form for E

L

x;c

[ n ]. Its nonrelativistic coun terpart n

N R

is obtained b y solution

of the nonrelativistic KS-equations with the nonrelativistic limit E

N R

x;c

[ n ] of

E

L

x;c

[ n ]. In the x-only limit one can examine relativistic corrections on a lo cal

lev el via

�v

L

x

( r ) =

v

L

x

([ n

R

]; r ) � v

N R

x

([ n

N R

]; r )

v

N RO P M

x

([ n

N RO P M

]; r )

: (5.2)

�v

L

x

represen ts the p ercen tage deviation of the selfconsisten t relativistic p o-

ten tial v

L

x

([ n

R

]; r ) from the corresp onding selfconsisten t nonrelativistic p oten-

tial v

N R

x

([ n

N R

]; r ). The selfconsisten t v

L

x

([ n

R

]; r ) is calculated b y insertion of

the selfconsisten t n

R

( r ) in to the functional deriv ativ e (3.28) for that E

L

x

[ n ]

whic h has b een used to determine n

R

( r ). In particular, the R OPM x-only p o-

ten tial can, in principle, b e obtained b y insertion of the exact x-only densit y

13

All our calculation s ha v e b een p erformed without a Latter t yp e correction for

v

x

( r ) in the large- r regime (compare [104]).
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n

RO P M

( r ) in to the exact v

L

x

([ n ]; r ) = v

RO P M

x

([ n ]; r ) and th us can b e used

as a comparativ e standard: �v

L;RO P M

x

( r ) constitutes a direct lo cal measure

of relativistic corrections in the x-only limit with whic h �v

L

x

( r ) from v ar-

ious appro ximations can b e compared (for the corresp onding deviations of

appro ximate v

N R

x

( r ) from v

N RO P M

x

( r ) see [59 , 60, 106 ]).

5.1 Longitudin al x-only F unctionals

Before considering appro ximations to the exact E

L

x

[ n ], Eq.(3.37), some gen-

eral remarks on the imp ortance of relativistic corrections on the R OPM-lev el

seem appropriate. First of all one gleans from T able 5.1 that the relativistic

con tributions in E

L

x

are quite substan tial: F or instance for Hg one obtains

a 20 har tr ee shift when going from the nonrelativistic OPM- to the R OPM-

v alue whic h represen ts 5.8% of E

L

x

, v ery similar to the 6.8% relativistic cor-

rection whic h is found for E

L

tot

. Clearly , relativistic e�ects are most imp ortan t

T able 5.1. Longitudina l (Coulom b) x-only energies ( � E

L

x

) for closed subshell

atoms from NR OPM-, R OPM-, RHF-, DFS-, RLD A-, and R WD A-calculations

[36, 69 ] (all energies are in har tr ee ).

A tom NR OPM R OPM RHF DFS RLD A R WD A

He 1.026 1.026 1.026 0.853 0.853 1.026

Be 2.666 2.667 2.668 2.278 2.278 2.706

Ne 12.105 12.120 12.123 10.952 10.944 12.843

Mg 15.988 16.017 16.023 14.564 14.550 17.093

Ar 30.175 30.293 30.303 27.897 27.844 32.419

Ca 35.199 35.371 35.383 32.702 32.627 37.967

Zn 69.619 70.245 70.269 66.107 65.834 75.604

Kr 93.833 95.048 95.072 89.784 89.293 102.095

Sr 101.926 103.404 103.429 97.836 97.251 111.133

Pd 139.113 141.898 141.930 134.971 133.887 152.275

Cd 148.879 152.143 152.181 144.931 143.687 163.321

Xe 179.062 184.083 184.120 175.926 174.102 197.564

Ba 189.065 194.804 194.841 186.417 184.363 209.171

Yb 276.143 288.186 288.265 278.642 274.386 310.268

Hg 345.240 365.203 365.277 354.299 347.612 392.339

Rn 387.445 414.082 414.151 402.713 394.102 444.584

Ra 401.356 430.597 430.664 419.218 409.871 462.365

No 511.906 564.309 564.415 554.242 538.040 606.216

for the innermost orbitals. This is ob vious from T able 5.2 sho wing the single

particle sp ectrum of Hg. Note that the 2 P 1 = 2-eigen v alue is mo di�ed b y 17%

and that ev en the outermost 6 S 1 = 2-eigen v alue exp eriences a 26% shift (re-


ecting the 'gold maxim um ' ). T able 5.2 also demonstrates that apart from

the ph ysically relev an t highest o ccupied eigen v alue and in spite of the v ery

similar ground state energies R OPM and RHF single particle energies di�er

substan tially (compare [59 ]), in consistency with their auxiliary c haracter.
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T able 5.2. Single particle energies ( � �

nlj

) for Hg from NR OPM-, R OPM- and

RHF-calculations in comparison with DFS-, RLD A- and R WD A-results (all energies

are in har tr ee ).

Lev el NR OPM R OPM RHF DFS RLD A R WD A

1S1/2 2756.925 3047.430 3074.228 3047.517 3044.410 3051.995

2S1/2 461.647 540.056 550.251 539.713 539.250 540.530

2P1/2 444.015 518.061 526.855 518.164 517.746 519.244

2P3/2 444.015 446.682 455.157 446.671 446.399 447.469

3S1/2 108.762 128.272 133.113 128.001 127.905 128.292

3P1/2 100.430 118.350 122.639 118.228 118.148 118.592

3P3/2 100.430 102.537 106.545 102.397 102.346 102.691

3D3/2 84.914 86.201 89.437 86.085 86.060 86.364

3D5/2 84.914 82.807 86.020 82.690 82.668 82.959

4S1/2 23.522 28.427 30.648 28.067 28.046 28.200

4P1/2 19.895 24.161 26.124 23.871 23.854 24.023

4P3/2 19.895 20.363 22.189 20.039 20.030 20.167

4D3/2 13.222 13.411 14.797 13.148 13.146 13.271

4D5/2 13.222 12.700 14.053 12.434 12.432 12.553

4F5/2 4.250 3.756 4.473 3.556 3.559 3.665

4F7/2 4.250 3.602 4.312 3.402 3.404 3.509

5S1/2 3.501 4.403 5.103 4.290 4.286 4.349

5P1/2 2.344 3.012 3.538 2.898 2.896 2.955

5P3/2 2.344 2.363 2.842 2.219 2.218 2.265

5D3/2 0.538 0.505 0.650 0.363 0.363 0.397

5D5/2 0.538 0.439 0.575 0.296 0.296 0.328

6S1/2 0.262 0.329 0.328 0.222 0.222 0.254

The p ercen tage relativistic con tribution in the exact v

L

x

is plotted in

Fig.5.1. One clearly observ es an 'oscillatory' b eha vior b et w een 0 : 01 a:u: and

3 a:u: re
ecting the shell structure of the atom: Most relativistic single parti-

cle orbitals are shifted to w ards the n ucleus with resp ect to the nonrelativistic

ones

14

, resulting in an oscillating structure of n

R

( r ) � n

N R

( r ) and th us also

of �v

L

x

. This leads to an additional attraction of ab out 20% in the region

close to the n ucleus. Ev en in the v alence regime the relativistic correction

amoun ts to roughly 10%.

In view of these results there is little doubt that the densit y dep endence

of explicit densit y functionals for the x-only energy has to b e mo di�ed in the

relativistic regime.

On the basis of exact OPM results one can no w examine appro ximate

forms for E

L

x

[ n ]. Here w e consider the t w o relativistic functionals a v ailable,

i.e. the RLD A and the R WD A

15

discussed in Section 4., as w ell as the nonrela-

14

All S 1 = 2 and P 1 = 2 orbitals are considerably con tracted, the P 3 = 2, 3 D 3 = 2 and

4 D 3 = 2 orbitals only sligh tly . While the 5 D 3 = 2 as w ell as the 3 D 5 = 2 and 4 D 5 = 2 r -

exp ectation v alues remain essen tially unc hanged, the 5 D 5 = 2, 4 F 5 = 2 and 4 F 7 = 2

orbitals are expanded.

15

All n umerical results from the R WD A ha v e b een obtained with the �t (B.73)

to the exact pair correlation function.
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Fig. 5.1. P ercen tage relativistic correction to the longitudinal x-only p oten tial

�v

L

x

( r ), Eq.(5.2), for neutral Hg from OPM-, DFS-, LD A- and WD A-calculations

[69]. Also sho wn are the n uclear radius R

nucl

and the r -exp ectation v alues of the

individual s -orbitals.

tivistic LD A (NRLD A), i.e. the DFS-approac h with � = 2 = 3. F or comparison

with the R OPM-results in T able 3.1 the corresp onding longitudinal x-only

ground state energies and highest o ccupied eigen v alues are listed in T able 5.3.

Tw o features are apparen t from this comparison: On the one hand, the total

ground state energies of all three appro ximations di�er considerably from the

corresp onding R OPM v alues (in T able 3.1). While the R WD A o v erestimates

the binding energy substan tially , b oth the RLD A and the DFS energies are

to o small. This deviation can b e directly traced to the corresp onding E

L

x

(giv en in T able 5.1): F or instance for Hg the error of 17 : 204 har tr ee for E

L

tot

matc hes rather w ell with the corresp onding error of 17 : 591 har tr ee for E

L

x

.

The same holds for the DFS- and R WD A-results (and throughout the p eri-

o dic table).

On the other hand, the highest o ccupied eigen v alues whic h re
ect the

asymptotic form of the densit y , and th us ev en in the x-only limit should b e

close to the ionisation p oten tial, are to o small b y roughly 50% for the DFS and

RLD A and b y 30-40% for the R WD A

16

. Th us while the latter impro v es on the

asymptotic form of v

L

x

in principle, the e�ect of this formal impro v em en t on

the ph ysically relev an t part of the asymptotic regime is rather limited. Note

16

F or He the selfconsisten t R WD A-p oten tial has also b een ev aluated b y insertion

of

~

k

F

in to the complete functional deriv ativ e of (4.15).
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T able 5.3. Longitudinal x-only ground state energies ( � E

L

tot

) and highest o ccu-

pied eigen v alues ( � �

L

mk

) for closed subshell atoms from DFS, RLD A and R WD A

calculations [36] (all energies are in har tr ee ). Note that for Yb the DFS-, RLD A-

and R WD A-calculations incorrectly predict the 4F7/2-orbital to b e most w eakly

b ound. The v alues giv en (

�

), ho w ev er, corresp ond to the 6S1/2-orbital.

A tom � E

L

tot

� �

L

mk

DFS RLD A R WD A DFS RLD A R WD A

He (1S1/2) 2.724 2.724 2.862 0.517 0.517 0.599

Be (2S1/2) 14.226 14.226 14.609 0.170 0.170 0.204

Ne (2P3/2) 127.635 127.628 129.417 0.441 0.441 0.511

Mg (3S1/2) 198.569 198.556 200.963 0.142 0.142 0.181

Ar (3P3/2) 526.387 526.337 530.747 0.331 0.331 0.369

Ca (4S1/2) 677.118 677.047 682.204 0.112 0.112 0.140

Zn (4S1/2) 1790.721 1790.458 1799.949 0.191 0.191 0.232

Kr (4P3/2) 2783.758 2783.282 2795.778 0.291 0.291 0.321

Sr (5S1/2) 3172.638 3172.071 3185.631 0.104 0.104 0.129

Pd (4D5/2) 5037.733 5036.677 5054.707 0.111 0.111 0.151

Cd (5S1/2) 5586.299 5585.086 5604.337 0.181 0.181 0.218

Xe (5P3/2) 7438.858 7437.076 7460.124 0.250 0.250 0.275

Ba (6S1/2) 8127.344 8125.336 8149.714 0.095 0.095 0.116

Yb (6S1/2) 14058.528 14054.349 14089.603 0.119

�

0.119

�

0.146

�

Hg (6S1/2) 19638.195 19631.622 19675.706 0.222 0.222 0.254

Rn (6P3/2) 23590.763 23582.293 23632.105 0.214 0.214 0.237

Ra (7S1/2) 25016.763 25007.568 25059.377 0.097 0.097 0.117

No (7S1/2) 36730.804 36714.839 36782.219 0.128 0.128 0.156

further, that for Yb all three sc hemes incorrectly predict the 4F7/2-orbital to

b e most w eakly b ound instead of the 6S1/2-orbital. The same de�ciency has

b een observ ed for Cr and Cu in the nonrelativistic case [59 ]. These di�culties

to repro duce the size and the ordering of the outermost eigen v alues are w ell

kno wn from the nonrelativistic case and are not related to the relativistic

corrections in E

L

x

[ n ].

The p ercen tage deviation of the relativistic correction �E

L

x

, Eq.(5.1),

obtained for the three appro ximations with resp ect to the OPM standard is

plotted in Fig.5.2. While b oth the DFS and the WD A o v erestimate the exact

�E

L

x

b y ab out 10%, the LD A underestimates them b y roughly 20% in the

relev an t Z -regime. One notes, ho w ev er, that the deviation of the LD A seems

to b e decreasing with increasing Z in con trast to the errors of the DFS and

the WD A. In an y case, all three appro ximations are not satisfactory from a

quan titativ e p oin t of view.

The fact that the longitudinal x-only energies obtained from some appro x-

imate functional are rather insensitiv e to the densit y inserted in to the func-

tional [19 ] is demonstrated explicitly in T able 5.4. Here the E

L

x

obtained b y

insertion of the selfconsisten t R OPM-, DFS-, RLD A-, and R WD A-densities
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Fig. 5.2. P ercen tage deviation of �E

L

x

for neutral atoms with resp ect to the exact

OPM results obtained from DFS, LD A and WD A.

for Hg in to the corresp onding functionals are listed

17

: While the energy dif-

ferences b et w een the four functionals (for an y giv en densit y) are substan tial,

the di�erences generated b y the four densities for a giv en functional are of

the order of a few 100 mhar tr ee . These latter di�erences originate from the

selfconsistency pro cedure, i.e. from the corresp onding v

L

x

. In other w ords:

The selfconsisten t n

R

is dominated b y relativistic kinematics and the n uclear

attraction, the x-p oten tial only pla ys a minor role. Nev ertheless the impact

of the relativistic corrections in v

L

x

on atomic exc hange energies is larger

than the di�erences b et w een more re�ned nonlo cal functionals on the nonrel-

ativistic lev el. Consequen tly relativistic corrections to the longitudinal x-only

energy should not just b e tak en in to accoun t p erturbativ ely , but rather b e

included in the selfconsistency lo op.

The relativistic corrections in v

L

x

are also apparen t for the innermost

RKS-eigen v alues. Not withstanding their auxiliary nature, these single par-

ticle lev els are a direct measure of the qualit y of an y appro ximation to the

relativistic v

L

x

[ n ]. F o cussing on the 1S1/2-eigen v alue of Hg T able 5.2 sho ws

that the v alues for b oth the RLD A and the R WD A deviate b y sev eral har tr ee

from the R OPM eigen v alue, indicating that v

L;RLD A

x

is not su�cien tly at-

tractiv e, while v

L;RW D A

x

o v erestimates the actual R OPM-p oten tial. The in-

17

Note that insertion of a giv en densit y in to the exact x-only functional corre-

sp onds to insertion of the RKS-orbitals whic h yield this densit y in to (3.37).
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T able 5.4. Longitudinal (Coulom b) exc hange energies ( � E

L

x

) for Hg obtained b y

insertion of selfconsisten t R OPM-, DFS-, RLD A- and R WD A-densities in to the

corresp onding E

L

x

[ n ] (all energies are in har tr ee ).

Hg Densities from

E

L

x

[ n ] R OPM DFS RLD A R WD A

R OPM 365.203 364.865 364.745 365.366

DFS 354.508 354.299 354.181 354.805

RLD A 347.928 347.722 347.612 348.216

R WD A 391.988 391.785 391.656 392.339

nermost DFS-eigen v alues, on the other hand, seem to agree rather w ell with

the R OPM-results, whic h, ho w ev er, m ust b e regarded as fortuitious.

This last p oin t is emphasised if one lo oks at the relativistic correction to

the x-only p oten tial, �v

L

x

, sho wn for Hg in Fig.5.1. While the shell oscillations

of the exact v

L

x

are at least partially repro duced b y all three appro ximations

(the OPM-amplitudes b eing larger b y more than a factor of 2), b oth the DFS-

and the RLD A-p oten tials are far from the exact �v

L

x

( r ) in the region close

to the n ucleus. F or these appro ximations v

L

x

is prop ortional to n

1 = 3

for high

densities [19 ], with the prefactor b eing larger for DFS. In spite of the fact

that w e use extended n uclei this prop ortionalit y starts to sho w up at ab out

the r -exp ectation v alue of the 1S1/2-orbital. On the other hand, the R WD A

follo ws the exact �v

L

x

( r ) rather closely in the small- r regime. This can b e

understo o d from the fact that this part of v

L

x

( r ) is dominated b y the self

in teraction correction of the 1S1/2-orbital, for whic h the R WD A-concept is

particularly suitable. This result suggests to searc h for a relativistic extension

of the mo del pair correlation functions whic h are more accurate than g

( R ) H E G

x

in the nonrelativistic regime [36 , 100 ].

In order to analyse the origin of the failure of the RLD A it is useful to

separate the t w o e�ects leading to the relativistic correction in the x-only

energies [36 ],

�E

L

x

= �E

x

( dens ) + �E

x

( f ctl ) (5.3)

�E

x

( dens ) = E

N R

x

[ n

R

] � E

N R

x

[ n

N R

] (5.4)

�E

x

( f ctl ) = E

L

x

[ n

R

] � E

N R

x

[ n

R

] ; (5.5)

i.e. the correction E

N R

x

[ n

R

] � E

N R

x

[ n

N R

] resulting from the di�erence b e-

t w een the selfconsisten t relativistic densit y n

R

and the selfconsisten t non-

relativistic densit y n

N R

and the con tribution E

L

x

[ n

R

] � E

N R

x

[ n

R

] arising

from the relativistic mo di�cation of the functional form of the x-only func-

tional. Using the LD A one �nds for Hg �E

x

( dens ) = � 22 : 303 har tr ee and

�E

x

( f ctl ) = 6 : 569 har tr ee . Th us the dominating densit y con tribution in-

creases the x-only energy , while the functional correction leads to a reduction

(as is immedia tely ob vious from �

L

x

, Fig.4.1) and b oth are of the same or-

der of magnitude. Moreo v er, �E

x

( dens ) is rather insensitiv e to the precise
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form of E

L

x

[ n ] due to the insensitivit y of n

R

to v

L

x

noted earlier. F or instance

the v alues of �E

x

( dens ) from the LD A are almost iden tical with the com-

plete �E

L

x

from the DFS approac h ( � 22 : 421 har tr ee for Hg). �E

x

( f ctl ),

on the other hand, is exclusiv ely determined b y the form of E

L

x

[ n ]. The

need to balance the con tributions �E

x

( dens ) and �E

x

( f ctl ) b ecomes ev en

more ob vious if a more accurate nonrelativistic E

N R

x

[ n ] lik e a GGA is used:

F or Hg Bec k e's GGA [10 ] (applied without an y functional correction) yields

�E

L

x

= �E

x

( dens ) = 24 : 978 har tr ee whic h o v ersho ots the exact v alue b y

5 : 015 har tr ee to b e comp ensated b y �E

x

( f ctl ).

F or an ev aluation of the exact �E

x

( dens ) and �E

x

( f ctl ) one needs the set

of nonrelativistic KS-orbitals whic h generates the R OPM densit y (required

for E

N R

x

[ n

R

]). While the calculation of these orbitals is a rather compli-

cated task and th us will not b e addressed here, there is one t yp e of system

for whic h the exact �E

x

( dens ) is iden tical with the complete �E

L

x

as the

functional con tribution �E

x

( f ctl ) v anishes: F or all t w o-electron systems the

exact E

L

x

[ n ],

E

L

x

[ n ] = �

e

2

4

Z

d

3

r

Z

d

3

r

0

n ( r ) n ( r

0

)

j r � r

0

j

; (5.6)

is iden tical with the exact E

N R

x

[ n ]. The OPM v alues for Hg

78+

can th us b e

compared with the corresp onding LD A results,

�E

O P M

x

( dens ) = � 7 : 963 har tr ee ; �E

O P M

x

( f ctl ) = 0

�E

LD A

x

( dens ) = � 7 : 198 har tr ee ; �E

LD A

x

( f ctl ) = 3 : 157 har tr ee :

The error of 765 mhar tr ee for �E

x

( dens ) re
ects the fact that the LD A is

missing imp ortan t nonlo cal con tributions resp onsible for the cancellation of

the self in teraction energy already on the nonrelativistic lev el. The m uc h

larger LD A error for �E

x

( f ctl ), on the other hand, directly sho ws that

nonlo cal corrections are ev en more relev an t for the relativistic correction

E

L

x

[ n

R

] � E

N R

x

[ n

R

]. F urthermore, the total deviation of 3 : 922 har tr ee in the

LD A found for Hg

78+

agrees rather w ell with the deviation of 4 : 229 har tr ee

for neutral Hg, suggesting that the ma jor con tribution to �E

L

x

comes from

the 1 S 1 = 2-electrons, while con tributions of the order of 300 mhar tr ee are due

to the relativistic rearrangemen t of other orbitals.

The last p oin t b ecomes more transparen t if one decomp oses �v

L

x

( r ) in to

its densit y and functional comp onen ts (in analogy to Eqs.(5.3-5.5)),

�v

L

x

( r ) = �v

x

( r ; dens ) + �v

x

( r ; f ctl ) (5.7)

�v

x

( r ; dens ) =

v

N R

x

([ n

R

]; r ) � v

N R

x

([ n

N R

]; r )

v

N RO P M

x

([ n

N RO P M

]; r )

(5.8)

�v

x

( r ; f ctl ) =

v

L

x

([ n

R

]; r ) � v

N R

x

([ n

R

]; r )

v

N RO P M

x

([ n

N RO P M

]; r )

: (5.9)

One �nds that the oscillatory structure of �v

L

x

( r ) observ ed in Fig.5.1 is

completely due to the densit y correction �v

x

( r ; dens ), as can b e gleaned
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from Fig.5.3

18

. As exp ected, the functional correction �v

x

( r ; f ctl ) is only
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Fig. 5.3. Decomp osition of �v

L

x

(total) in to its densit y comp onen t (5.8) (dens) and

the functional con tribution (5.9) (fctl): LD A-results for neutral Hg. Also sho wn are

some c haracteristic �

2

-v alues.

relev an t for the high densit y small- r regime, i.e. the innermost orbitals. In

this regime, ho w ev er, the �v

L

x

( r ) from the LD A is rather di�eren t from the

exact OPM result. In order to demonstrate that b oth comp onen ts of �v

L

x

( r )

con tribute to the error of the LD A it is again adv an tageous to consider Hg

78+

:

Similar to the situation for �E

L

x

the exact �v

x

( r ; f ctl ) v anishes. As is clear

from Fig.5.4 the LD A do es not repro duce the exact �v

L

x

( r ). In particular,

j �v

LD A

x

( r ; f ctl ) j do es not v anish but is of the same order of magnitude as

the exact �v

x

( r ; dens ).

Consequen tly the origin of the failure of the RLD A for neutral atoms is

t w ofold: The error is dominated b y the self in teraction of the 1 S 1 = 2-electrons

whic h manifests itself mainly in the functional correction E

L

x

[ n ] � E

N R

x

[ n ].

The smaller (but c hemically equally relev an t) error in the densit y comp onen ts

�E

x

( dens ) and �v

x

( r ; dens ), on the other hand, is a result of the di�culties

of the LD A to repro duce the shell structure of the exact densit y already in

the nonrelativistic regime [59 , 106 ]: The amplitude (not the lo cation) of the

relativistic shift of the individual shells b ecomes larger if the shells are more

18

The LD A-result for �v

x

( r ; dens ) is almost iden tical with the complete selfcon-

sisten t �v

L

x

( r ) from the DFS-sc heme.
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Fig. 5.4. Decomp osition of �v
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x

( r ) for Hg

78+

: Exact �v

x

( r ; dens ) (OPM,dens) in

comparison with �v

LD A

x

( r ; dens ) (LD A,dens) and �v

LD A

x

( r ; f ctl ) (LD A,fctl).

pronounced. While the �rst source of errors calls for impro v ed, i.e. nonlo cal,

relativistic corrections to the x-only energy functional, the second problem

can only b e resolv ed b y using a more accurate nonrelativistic starting p oin t

for E

L

x

[ n ] than the NRLD A.

5.2 Relativistic LD A for E

T

x

[ n ]

W e no w turn to a brief discussion of the RLD A for E

T

x

[ n ], whic h is the only

densit y functional appro ximation for this quan tit y a v ailable to date. The

transv erse x-only energies calculated from the selfconsisten t RLD A densities

are compared with RHF results [68 , 48 ] in T able 5.5. The RHF orbitals used

for these energies [68] could b e replaced b y the R OPM or RLD A orbitals

without signi�can tly c hanging the resulting E

T

x

's: F or Hg e.g. one obtains

22 : 145 har tr ee b y inserting the selfconsisten t RLD A-orbitals in to the trans-

v erse F o c k term. As p oin ted out b y MacDonald and V osk o [19 ] the RLD A

o v erestimates the exact E

T

x

b y ab out a factor of 1.5. Moreo v er, in con trast to

the RLD A's error for �E

L

x

the error for E

T

x

do es not decrease with increas-

ing Z . Th us the RLD A can only serv e as a qualitativ e measure of transv erse

x-only energies. F urthermore, the rather subtle cancellation observ ed for the

exact �E

L

x

and E

T

x

is not found in the RLD A. The RLD A th us completely

misrepresen ts the total relativistic correction to atomic exc hange energies [36 ]

(see T able 5.5).
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T able 5.5. T ransv erse exc hange energies ( E

T

x

) and its Breit appro ximation

( E

T ;B r eit

x

) from RHF- [68] and RLD A-calculations [36]. Also the total correction

�E

L

x

+ E

T

x

is giv en (all energies are in har tr ee ).

A tom RHF RLD A

E

T

x

E

T ;B r eit

x

�E

L

x

+ E

T

x

E

T

x

E

T ;B r eit

x

�E

L

x

+ E

T

x

He 0.000 0.000 0.000 0.000 0.000 0.000

Be 0.001 0.001 0.000 0.002 0.002 0.001

Ne 0.017 0.017 0.002 0.035 0.035 0.028

Mg 0.032 0.032 0.003 0.065 0.064 0.050

Ar 0.132 0.132 0.014 0.249 0.248 0.180

Ca 0.191 0.191 0.019 0.353 0.352 0.249

Zn 0.759 0.761 0.131 1.322 1.312 0.920

Kr 1.419 1.427 0.203 2.401 2.373 1.586

Sr 1.710 1.720 0.231 2.867 2.831 1.862

Pd 3.290 3.318 0.503 5.358 5.263 3.399

Cd 3.808 3.842 0.541 6.162 6.045 3.840

Xe 5.711 5.775 0.687 9.089 8.877 5.431

Ba 6.473 6.552 0.733 10.255 10.001 6.038

Yb 13.897 14.148 1.846 21.557 20.778 12.355

Hg 22.166 22.665 2.192 34.201 32.654 18.444

Rn 28.676 29.397 2.028 44.313 42.046 22.964

Ra 31.148 31.957 1.899 48.202 45.636 24.638

No 53.576 55.248 1.154 84.987 79.083 41.085

As is w ell kno wn the Breit appro ximation to E

T

x

is rather close to the

full E

T

x

throughout the p erio dic table for b oth RHF [48 ] and the RLD A [97].

T aking in to accoun t the subtle cancellation b et w een E

T

x

and �E

L

x

, ho w ev er,

the di�erence b et w een E

T

x

and E

T ;B r eit

x

amoun ts to an appreciable p ercen tage

of the total �E

L

x

+ E

T

x

, at least for high- Z atoms. F urthermore, the RLD A

for the Breit appro ximation leads to energies smaller than the E

T ;RLD A

x

in

con trast to the correct relationship. Th us while the error of the RLD A for

�E

L

x

, i.e. in the nonrelativistic (Coulom b) limit of the full photon exc hange, is

roughly 20%, it increases to ab out 50% for E

T ;B r eit

x

, i.e. the �rst order w eakly

relativistic correction to the Coulom b in teraction, and �nally the RLD A ev en

misses the correct sign for E

T

x

� E

T ;B r eit

x

, i.e. all higher order relativistic

corrections to the Coulom b in teraction.

The failure of the RLD A for E

T

x

[ n ] is, ho w ev er, not surprising in view of

its RHEG origin. The �nite sp eed of ligh t pla ys a m uc h more imp ortan t role

for an in�nite system lik e the RHEG than for atoms: In the RHEG extremely

distan t p oin ts in space are in teracting with eac h other so that the tra v elling

time of photons b et w een these p oin ts mo di�es the form of the long range

electromagnetic forces (similar to the di�erence b et w een Casimir-P older and

v an der W aals forces [26 ]). The electronic densit y of atoms, on the other hand,

is rather lo calised so that the actual propagation of photons as compared with

the instan taneous Coulom b in teraction can not ha v e the same impact.
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5.3 Relativistic LD A for E

c

[ n ]

Our review of the prop erties of explicit relativistic functionals is concluded

b y an examination of the RLD A for E

c

[ n ] (using the RP A for the relativis-

tic corrections, Eq.(4.10), and the parametrisation of V osk o et al. [70 ] for

e

N RH E G

c

( n )). The RLD A correlation energies obtained b y solution of (3.25)

(using the RLD A for the complete v

L

xc

) for a n um b er of atoms are listed in

T able 5.6 and compared with the usual quan tum c hemical correlation energy

E

RC I

c

,

E

RC I

c

= E

tot

� E

RH F

tot

� �E

QE D

: (5.10)

Here the RHF ground state energy E

RH F

tot

is understo o d to include the trans-

v erse exc hange energy con tribution as w ell as the �nite n uclear size correction

and �E

QE D

represen ts all quan tum electro dynamical corrections (when ex-

tracting E

tot

from exp erimen tal data also the �nite n uclear mass has to b e

tak en in to accoun t [107 ]). Consequen tly E

RC I

c

con tains all relativistic corre-

lation con tributions. Unfortunately , except for t w o-electron systems, E

RH F

tot

is not iden tical with the corresp onding R OPM ground state energy so that

the exact densit y functional E

c

do es not exactly agree with E

RC I

c

but is

somewhat larger in magnitude. This small di�erence is, ho w ev er, irrelev an t

for the presen t purp ose, so that one ma y use E

RC I

c

as a reference standard

19

.

The same holds for the nonrelativistic quan tum c hemical correlation energy ,

E

N RC I

c

= E

N R

tot

� E

N RH F

tot

; (5.11)

with resp ect to the nonrelativistic E

c

. Moreo v er, full CI results are only

a v ailable for rather small atoms so that w e resort to data of second order

man y-b o dy p erturbation theory (MBPT2) for E

N RC I

c

and for E

RC I

c

[108 ] in

the case of the more in teresting large atoms. On the lev el of accuracy required

for the presen t purp ose the di�erences b et w een MBPT2 and full CI energies

are not relev an t.

T able 5.6 demonstrates once more the w ell kno wn fact that the nonrel-

ativistic LD A o v erestimates the exact atomic correlation energies b y ab out

a factor of 2. Here, ho w ev er, not the accuracy of the complete functional

(4.10) is of in terest, but rather the relativistic corrections �E

L

c

and E

T

c

, as

the correction sc heme (4.10) could b e com bined with more accurate non-

relativistic E

c

[ n ] lik e GGAs. T able 5.6 sho ws that b oth �E

L

c

and E

T

c

are

m uc h smaller than their x-only coun terparts. On the other hand, �E

L

c

and

E

T

c

add up constructiv ely so that the total correction �E

L

c

+ E

T

c

is some-

what closer to �E

L

x

+ E

T

x

than the individual comp onen ts: F or Hg one ob-

tains �E

L

c

+ E

T

c

= � 0 : 49 har tr ee within MBPT2 compared with the exact

�E

L

x

+ E

T

x

of ab out 2 : 19 har tr ee . Nev ertheless, in absolute v alues the rela-

tivistic corrections to E

c

[ n ] are clearly less imp ortan t than those to E

x

[ n ].

19

Note that the presen tly remaining n umerical uncertain t y in the a v ailable CI-

correlation energies is m uc h smaller than the error of the RLD A discussed here.
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T able 5.6. Comparison of LD A [36], CI (estimated from nonrelativisti c CI-

calculations for the three innermost electrons and the exp erimen tal ionisation p o-

ten tials of all other electrons [109]) and MBPT2 [108] correlation energies for neutral

atoms: E

N R

c

| nonrelativisti c correlation energy , �E

L

c

| relativistic con tribution

in the longitudina l correlation energy , E

T

c

| transv erse correlation energy (in the

case of the MBPT2 only the dominating Breit con tribution to E

T

c

is giv en | all

energies are in mhar tr ees ).

A tom � E

N R

c

� �E

L

c

� E

T

c

MBPT2 CI LD A MBPT2 LD A MBPT2 LD A

He 37.14 42.04 111.47 0.00 0.00 0.04 0.00

Be 94.34 224.44 0.02 0.02

Ne 383.19 390.47 743.38 0.20 0.38 1.87 0.32

Mg 438.28 891.42 0.75 0.57

Ar 697.28 722.16 1429.64 0.84 2.60 7.92 1.89

Zn 1650.61 2665.20 10.51 10.97 26.43 7.92

Kr 1835.43 3282.95 11.39 19.61 41.07 13.10

Cd 2618.11 4570.56 35.86 44.79 82.32 28.58

Xe 2921.13 5200.19 37.57 64.73 108.75 39.27

Hg 5086.24 8355.68 203.23 200.87 282.74 113.08

Rn 5392.07 9026.90 195.36 257.00 352.60 138.43

Concerning the accuracy of �E

L;LD A

c

and E

T ;RLD A

c

t w o features are im-

mediately clear from T able 5.6: On the one hand, the MBPT2 energies do not

increase with Z as smo othly as the corresp onding RLD A results. On the other

hand, while the LD A results for �E

L

c

agree with the MBPT2 v alues at least

for some atoms, the magnitude of E

T

c

from the MBPT2 is not repro duced b y

the RLD A. It seems unlik ely that the drastic deviation of the RLD A for E

T

c

can b e explained b y the fact that in con trast to the RLD A in the case of the

MBPT2 only the Breit limit of the full transv erse in teraction has b een used,

in particular in view of the similarit y of E

T ;B r eit

x

and E

T

x

sho wn in T able 5.5.

Th us the o v erall relativ e error for �E

L

c

and E

T

c

in the RLD A is ev en larger

than that for �E

L

x

and E

T

x

. Note, ho w ev er, that the underestimation of E

T

c

in the RLD A migh t b e reduced b y inclusion of the relativistic corrections of

order e

4

whic h are neglected in the RP A.

The inappropriate scaling of the RLD A with Z , and th us also with � ,

b ecomes particularly ob vious for �xed electron n um b er. In Fig.5.5 the p er-

cen tage deviations of the RLD A for �E

L

c

and E

T

c

are sho wn for the Ne

iso electronic series. The error for the correlation energy in the RLD A sho ws

little tendency to approac h zero with increasing Z , indicating that the rela-

tivistic correction factor �

RP A

c

plotted in Fig.4.4 is inadequate for electronic

structure calculations.

In summary , the RLD A addresses relativistic corrections to E

c

[ n ] on the

same limited lev el of sophistication as the NRLD A do es for the nonrelativis-

tic correlation energy functional. Ev en more than in the case of exc hange,
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Fig. 5.5. P ercen tage deviation of the LD A for E

c

[ n ] from MBPT2 results [108] for

the Ne iso electronic series. F or E

T

c

the absolute v alue of the error has b een plotted

(note the scale).

nonlo cal corrections seem to b e required for a really satisfactory description

of (relativistic) correlation e�ects in atoms.

6. Concluding Remarks

On the basis of the rather limited applications of RDFT the follo wing com-

men ts can b e o�ered.

The R OPM can b e readily form ulated and applied for the case of the lon-

gitudinal exc hange in the no-pair appro ximation. It yields results for ground

state and exc hange energies as w ell as highest o ccupied eigen v alues whic h are

v ery close to the corresp onding RHF results. This demonstrates the p ossi-

bilit y to approac h the exc hange con tributions (including the necessary self

in teraction corrections) in terms of a lo cal (i.e. m ultiplicativ e) rather than

a nonlo cal p oten tial. The next goal is the inclusion of transv erse exc hange

con tributions in the R OPM sc heme.

Concerning the RLD A it is found that the errors already presen t in the

nonrelativistic case are enhanced in the relativistic regime: The error of the

total longitudinal exc hange energy , whic h is dominated b y its nonrelativis-

tic ingredien ts, is of the order of 10% in the small- Z regime and reduces to

ab out 5% for hea vier atoms. The relativistic corrections in the longitudinal



48 E. Engel and R. M. Dreizler

exc hange energy are, ho w ev er, underestimated in magnitude b y ab out 20%

and the transv erse con tribution to the exc hange energy is o v erestimated b y

more than 50%. As b oth errors add up rather than cancel, the total rela-

tivistic correction to atomic exc hange energies is rather p o orly repro duced

b y the RLD A. This picture is con�rmed b y the lo cal errors found for the

longitudinal exc hange p oten tial. In order to impro v e the situation, it seems

necessary to w ork to w ards a relativistic extension of the generalised gradi-

en t appro ximation, whic h pro v ed to b e quite successful in the nonrelativistic

regime.

The relativ e success of the nonrelativistic LD A is to some exten t due to a

fortunate partial cancellation of errors b et w een the exc hange and the corre-

lation con tributions. As the imp ortance of correlation e�ects decreases with

increasing n uclear c harge, this situation do es not o ccur in the relativistic

regime. F or the presen t, the discussion of correlation e�ects w as based on the

RLD A form suggested b y Eq.(4.10) whic h essen tially con tains a nonrelativis-

tic functional in the LD A augmen ted b y relativistic corrections within the

RP A. The results obtained with this functional can not b e considered to b e

satisfactory . It remains to b e in v estigated whether the t w o correctiv e options

o�ered, (i) use of a more accurate nonrelativistic correlation functional, and

(ii) inclusion of all relativistic correlation con tributions of the order e

4

b esides

the RP A, will impro v e this situation. The next p ossible step, the ev aluation of

relativistic gradien t corrections for the case of the correlation energy , w ould

certainly constitute an extensiv e task, ev en on the lo w est p ossible lev el.

The in v estigation of the R WD A, b e it in the simplest form on the ba-

sis of the x-only pair correlation function of the RHEG, demonstrated that

the problems of the RLD A with the cancellation of the self in teraction and

with the (related) asymptotic form of the x-only p oten tial are only corrected

in part in this appro ximation. On the other hand, the p erformance of this

R WD A is de�nitely sup erior with resp ect to the relativistic corrections (near

the n ucleus). Th us further impro v emen t migh t b e p ossible if a re�ned rela-

tivistic pair correlation function is used.

Quite generally , it m ust b e stated that some additional e�ort is required

to dev elop the RDFT to w ards the same lev el of sophistication that has b een

ac hiev ed in the nonrelativistic regime. In particular, all exc hange-correlation

functionals, whic h are a v ailable so far, are functionals of the densit y alone. An

appropriate extension of the nonrelativistic spin densit y functional formalism

on the basis of either the time rev ersal in v ariance or the assem bly of curren t

densit y con tributions (whic h are e.g. accessible within the gradien t expansion)

is one of the tasks still to b e undertak en.

In addition, there is in terest to further extend the discussion to a v ariet y

of situations, that ha v e recen tly gained m uc h atten tion in the nonrelativistic

case, as time-dep enden t systems [49 ], excited states [45 ] or �nite temp erature

ensem bles [110 ]. As an example of w ork along these lines w e men tion the
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gradien t expansion of the nonin teracting, relativistic free energy [110 ], leading

to a temp erature dep enden t relativistic extended Thomas-F ermi mo del.

A cknow le dge ment. W e wish to thank A. F acco Bonetti, R. N. Sc hmid and Dr. H.

M • uller for v ery v aluable discussions. Financial supp ort b y the Deutsc he F orsc h ungs-

gemeinsc haft (pro jects En 265/1-1 and Dr 113/20-1) and the BMFT (pro ject 06

OF 705) is gratefully ac kno wledged.

Note added:

After this man uscript w as completed, a con tribution presen ting an orbital

dep enden t self in teraction correction for the relativistic LD A xc-energy func-

tional has b een published [111 ].

A. Relev an t Asp ects of V acuum QED

In the �rst App endix w e outline some basic features of v acuum QED (without

external p oten tial) in order to establish our notation (adjusted to allo w a

direct comparison with nonrelativistic DF results) and to pro vide details of

the renormalisation pro cedure for Greens functions and ground state energies

utilised in Sections 2.,3. and the App endices B.,C..

W e consider the Lagrangian sp eci�ed b y Eqs.(2.1-2.6) without external

sources,

V

�

( x ) = 0 : (A.1)

Due to the fact that the Lagrangian incorp orates the creation and destruction

of �eld quan ta, not ev en the time-dev elopmen t of a single particle is a sim-

ple matter. The time dev elopmen t can b e expressed in terms of the electron

(fermion) and photon propagators, whic h are de�ned as the v acuum exp ec-

tation v alues of the time-ordered pro duct of �eld op erators. F or the fermions

one has

G

V

( x; y ) = � i < 0 j T

^

 ( x )

^

 ( y ) j 0 > ; (A.2)

and for the photons

D

��

V

( x; y ) = � ie

2

< 0 j T

^

A

�

( x )

^

A

�

( y ) j 0 > : (A.3)

As a consequence of translational in v ariance b oth quan tities are functions

of the di�erence of the Mink o wski co ordinates only , so that their four-

dimensional F ourier transform can b e written as

G

V

( x � y ) =

Z

d

4

p

(2 � )

4

e

� ip � ( x � y )

G

V

( p ) (A.4)

D

��

V

( x � y ) =

Z

d

4

q

(2 � )

4

e

� iq � ( x � y )

D

��

V

( q ) : (A.5)
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The standard approac h to the calculation of the propagators (A.4,A.5) is

p erturbation theory with resp ect to the electron-electron coupling constan t

� = e

2

= ( ~ c ) on the basis of the in teraction picture. T ec hnically this results in

an expansion of exp ectation v alues of in teracting �eld op erators in p o w ers of

exp ectation v alues of the free (or nonin teracting) �eld op erators

^

 

0

and

^

A

�

0

.

The structure of this expansion can b e summarised in a set of formal rules,

the F eynman-rules. F or instance for the electron propagator one obtains

20

G

V

( x � y ) = � i

< 0

0

j T

^

 

0

( x )

^

 

0

( y ) exp [ � ie

R

d

4

z

^

 

0

( z )

^

A =

0

( z )

^

 

0

( z ))] j 0

0

>

< 0

0

j T exp[ � ie

R

d

4

z

^

 

0

( z )

^

A =

0

( z )

^

 

0

( z ))] j 0

0

>

;

whic h allo ws an immedia te expansion in p o w ers of e . Eac h p o w er in tro duces

an additional in tegration

R

d

4

z (called lo op in tegration), while (using Wic k's

theorem) the corresp onding in tegrands consist of three basic elemen ts, i.e.

the exp ectation v alues of the free �eld op erators,

G

0

V

( x � y ) = � i < 0

0

j T

^

 

0

( x )

^

 

0

( y ) j 0

0

> (A.6)

D

0 ;��

( x � y ) = � ie

2

< 0

0

j T

^

A

�

0

( x )

^

A

�

0

( y ) j 0

0

> (A.7)

and their link, the v ertex,




�

�

(4)

( z

1

� z

3

) �

(4)

( z

2

� z

3

) ;

where the z

i

represen t the co ordinates of the three �eld op erators link ed at

the v ertex. F or homogeneous systems this expansion is most easily p erformed

in momen tum space, leading to lo op in tegrations o v er four momen ta rather

than space-time co ordinates. In momen tum space the free (or nonin teracting)

electron propagator G

0

V

, whic h represen ts the e

2

! 0 limit of G

V

, reads

G

0

V

( p ) =

p = + m

p

2

� m

2

+ i�

: (A.8)

The form of the free photon propagator D

0

��

dep ends on the c hoice of gauge,

that is the parameter � in the Lagrangian (2.1). In Landau gauge, corre-

sp onding to the c hoice � = 1 , one has

D

0

��

( q ) =

�

g

��

�

q

�

q

�

q

2

�

D

0

( q ) ; D

0

( q ) =

� 4 � e

2

q

2

+ i�

: (A.9)

The standard decomp osition of D

0

��

( x � y ) in to the nonretarded Coulom b

(longitudinal) and the transv erse con tribution [29 ],

20

The o ccurence of the denominator expression leads, sp eaking in diagrammar,

to the elimination of all unconnected diagrams, i.e. it re
ects the prop er nor-

malisation of G

V

( x � y ). j 0

0

> represen ts the free v acuum, to b e distingui shed

from the v acuum j 0 > of the in teracting theory .
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D

0

��

( x � y ) = D

0 ;L

��

( x � y ) + D

0 ;T

��

( x � y ) (A.10)

D

0 ;L

��

( x � y ) = e

2

g

0 �

g

0 �

� ( x

0

� y

0

)

j x � y j

; (A.11)

implies that the longitudinal part of D

0

��

( q ) is iden tical with the Coulom b

in teraction,

D

0 ;L

��

( q ) = g

0 �

g

0 �

D

0

L

( q ) ; D

0

L

( q ) =

4 � e

2

q

2

: (A.12)

The third basic elemen t of the p erturbation expansion, the v ertex, whic h

describ es the emission or absorption of a photon b y a fermion (in lo w est

order), is giv en b y 


�

in our notation (as usual, four mom en tum conserv ation

is automatically implied at the v ertices). In diagrammar the free propagators

and the simple v ertex will b e represen ted b y

G

0

V ;��

( p ) = �

-

�

p

(A.13)

iD

0

��

( q ) =

�
� �

� �

� �

� �

� �

� �

� �

� �

q

�

(A.14)




�

��

=

r

�

p

1

�

�

�

@

@

R

�

p

2

�

�

�

�

�

�

� p

1

� p

2

; (A.15)

where �; � are the spinor indices.

In the subsequen t discussion w e shall need the irreducible 2- and 3-p oin t

functions

21

, i.e. the electron self energy �

V

( p ), the v acuum p olarisation

�

V ;��

( q ) and the full v ertex function �

V ;�

( p

1

; p

2

), as kno wledge of �

V

( p )

and �

V ;��

( q ) determines the corresp onding propagators G

V

( p ) and D

V ;��

( q )

completely and �

V ;�

( p

1

; p

2

) represen ts the p erturbativ e corrections to the

free v ertex 


�

. The connection b et w een these quan tities is established b y the

Dyson equations (see e.g.[26 ])

G

V

( p ) = G

0

V

( p ) + G

0

V

( p ) �

V

( p ) G

V

( p ) (A.16)

D

V ;��

( q ) = D

0

��

( q ) + D

0

��

( q ) �

��

V

( q ) D

V ;��

( q ) : (A.17)

The relations (A.16-A.17) separate the non trivial higher order con tributions

in the p erturbation expansions for G

V

( p ) and D

V ;��

( q ) from trivial m ultiples

of lo w er order terms, th us isolating the essen tial information con tained in

higher orders. These relations b ecome particularly simple if (A.16) is rewrit-

ten in terms of in v erse propagators,

21

n -p oin t functions are called irreducibl e if their diagrammatic expansions only

consist of graphs whic h do not split in to t w o pieces if one in ternal electron or

photon line is cut.
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G

V

( p )

� 1

= G

0

V

( p )

� 1

� �

V

( p ) = p = � m � �

V

( p ) ; (A.18)

and if the tensor structure of �

��

V

( q ),

�

��

V

( q ) =

�

q

2

g

��

� q

�

q

�

�

!

V

( q

2

) ; (A.19)

whic h results from gauge in v ariance, is used in (A.17),

D

V ;��

( q ) =

�

g

��

�

q

�

q

�

q

2

�

� 4 � e

2

q

2

[1 + 4 � e

2

!

V

( q

2

)]

: (A.20)

Moreo v er, �

V

( p ) and �

V ;�

( p

1

; p

2

) satisfy the W ard-T ak ahashi iden tit y (see

e.g.[26 ])

( p

�

� p

0

�

) �

�

V

( p; p

0

) = �

V

( p

0

) � �

V

( p ) ; (A.21)

whic h also is a manifestation of gauge in v ariance.

One encoun ters ultra violet (UV) div ergen t con tributions to the electron

and photon propagators as w ell as the v ertex function already in the �rst

order of the p erturbation expansion. These UV-div ergen t �rst order con tri-

butions (1-lo op con tributions) corresp ond to the follo wing diagrams for the

irreducible 2- and 3-p oin t functions:

The electron self energy ,

�

(1)

V

( p ) = p � q

6

�

�
r

�

�

�

�

�

�

�

�

�

�

�

�

r

q ,

(A.22)

the v acuum p olarisation,

� i�

(0)

V ;��

( q ) = p

6

��

� �

r

r

?

p + q

�

�

,

(A.23)

and the v ertex function,

�

(1)

V ;�

( p

1

; p

2

) = �

r�

�

�

�

*

H

H

H

H

Y

r

�

�

�

�

�
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�

�

�

�

�

�

�

�

�

�

r

p

1

� k

p

2

� k

k .

(A.24)

T ranscription of the diagramm ar in to explicit equations using standard F eyn-

man rules (within the notation c hosen here) yields

�

(1)

V

( p ) = i

Z

d

4

q

(2 � )

4

D

0

��

( q ) 


�

G

0

V

( p � q ) 


�

(A.25)

�

(0)

V ;��

( q ) = � i

Z

d

4

p

(2 � )

4

tr

h




�

G

0

V

( p ) 


�

G

0

V

( p � q )

i

; (A.26)
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where the extra min us sign in (A.26) arises from the F eynman rule concerning

closed fermion lo ops and the trace is to b e tak en in spinor space, as w ell as

�

(1)

V ;�

( p

1

; p

2

) = i

Z

d

4

k

(2 � )

4

D

0

��

( k ) 


�

G

0

V

( p

1

� k ) 


�

G

0

V

( p

2

� k ) 


�

: (A.27)

If one ev aluates the in tegrals o v er the lo op momen ta one �nds that neither of

the quan tities is w ell-de�ned. One metho d to endo w these quan tities with a

meaning is the coun terterm tec hnique, based e.g. on dimensional regularisa-

tion (see e.g.[112 , 26 ]). In this metho d one �rst ev aluates the in tegrals (A.25-

A.27) not in (1,3)-dimensional Mink o wski space but in a (1,d-1)-dimensional

space. The results ev aluated for in teger dimension can then b e analytically

con tin ued to nonin teger d , allo wing to consider the ph ysically in teresting limit

d ! 4. Using the abbreviation � = (4 � d ) = 2 one �nds for the in tegrals

22

(A.25-A.27),

�

(1)

V

( p ) =

e

2

16 �

2

� ( � )( � p = + 4 m ) + �

(1)

V ;f inite

( p ) (A.28)

�

(0)

V ;��

( q ) = ( q

2

g

��

� q

�

q

�

)

�

1

12 �

2

� ( � ) + !

(0)

V ;f inite

( q

2

)

�

(A.29)

�

(1)

V ;�

( p

1

; p

2

) =

e

2

16 �

2

� ( � ) 


�

+ �

(1)

V ;�;f inite

( p

1

; p

2

) ; (A.30)

where � ( � ) is Euler's � -function in whic h the UV-div ergences of the lo op-

in tegrals are isolated,

� ( � ) � !

� ! 0

1

�

+ : : : ;

while inside the �nite remainders the limit d ! 4 can b e tak en directly . These

�nite parts, whic h are not of imm ediate in terest in the presen t con text, cor-

resp ond to rather length y expressions (for the static limit of !

(0)

V ;f inite

( q

2

) see

Eq.(B.38)). The general feature that emerges from dimensional regularisation

is the isolation of the div ergen t con tributions to the in tegrals in question: In

all cases one �nds a simple p ole structure in the deviation of the space-time

dimensionalit y from d = 4.

23

F or the discussion of the next step, the actual

renormalisation, one starts with the unrenormalised Lagrangian densit y , that

is the Lagrangian of the form (2.1-2.4) with the (�nite) ph ysical mass m and

c harge e and ph ysical (in teracting) �eld op erators

L

unr en

= L (

^

 ;

^

A

�

; m; e ) : (A.31)

As the 2- and 3-p oin t functions �

(1)

V

, �

(0)

V ;��

and �

(1)

V ;�

calculated on the basis

of this Lagrangian are div ergen t, it is necessary to add a so-called coun terterm

Lagrangian

22

F or brevit y w e suppress all problems related to infrared div ergencies in the

follo wing.

23

It is p erhaps in teresting to note that the div ergen t con tributions to �

(1)

V

and

�

(1)

V ;�

satisfy the iden tit y (A.21).
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L

C T

= L (

^

 ;

^

A

�

; A; B ; : : : ) (A.32)

in order to eliminate the div ergencies. The crucial observ ation for b oth the

ph ysical in terpretation as w ell as the tec hnical success of this at �rst glanc e

somewhat arti�cial step is the fact that the div ergen t con tributions to the

three relev an t functions, Eqs.(A.28-A.30), essen tially rep eat the forms of the

corresp onding free propagators and the free v ertex: The div ergen t part of

�

(1)

V

is just prop ortional to p = and m , but not e.g. to p

2

, the div ergen t part of

�

(0)

V ;��

rep eats the tensor structure of D

0

��

, Eq.(A.9), and the div ergen t part

of �

(1)

V ;�

is prop ortional to the free v ertex 


�

(but not dep enden t on p

�

). Th us

the con tributions (coun terterms) to b e generated b y (A.32) ha v e the form of

free propagators and the free v ertex with mo di�ed ph ysical constan ts m and

e as w ell as mo di�ed normalisation. As a consequence the op erator structure

of the coun terterm Lagrangian is iden tical to that of the initial Lagrangian

(A.31), so that the sum L

unr en

+ L

C T

can b e com bined in the form

L

R

= L

unr en

+ L

C T

= L

unr en

(

p

Z

2

^

 ;

p

Z

3

^

A

�

; m � � m;

Z

1

e

Z

2

p

Z

3

) : (A.33)

Th us the renormalisation pro cedure simply amoun ts to a rede�nition of the

ph ysical constan ts and op erators in the initial Lagrangian, lea ving the ph ys-

ical implications of this Lagrangian unmo di�ed.

This pro cedure is readily demonstrated (on the 1-lo op lev el) for the case

of the "mass renormalisation". Here one has with (A.18) and (A.28)

G

(1)

V

( p )

� 1

= p =

�

1 +

e

2

16 �

2

� ( � )

�

� m

�

1 +

e

2

4 �

2

� ( � )

�

� �

(1)

V ;f inite

( p ) : (A.34)

In order to comp ensate the div ergen t terms (in the limit d ! 4), one adds

to the electron part of the unrenormalised Lagrangian the coun terterm La-

grangian

L

e;C T

=

^

 ( x )

�

iA@ = � B

�

^

 ( x ) ; (A.35)

so that the renormalised electron Lagrangian reads

L

e;R

=

^

 ( x )

�

i (1 + A ) @= � ( m + B )

�

^

 ( x ) : (A.36)

Ev aluating the electron propagator on the one lo op lev el as b efore (using the

same L

int

) one �nds to �rst order

G

(1)

V ;R

( p )

� 1

= p =

�

1 + A +

e

2

16 �

2

� ( � )

�

� m

�

1 +

B

m

+

e

2

4 �

2

� ( � )

�

� �

(1)

V ;f inite

( p ) ;

(A.37)

so that the c hoice

A = �

e

2

16 �

2

� ( � ) B = �

e

2

m

4 �

2

� ( � ) (A.38)
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leads to the �nite result

G

(1)

V ;R

( p )

� 1

= p = � m � �

(1)

V ;f inite

( p ) : (A.39)

In diagramm ar the corresp onding statemen t deriv ed from the Dyson equation

is

��

��

G

V ;R

=

-

+

�

- r

� �
-

� �

� �

� �

� �

� �

r -

+

�

�

: : : .

The additional diagram represen ts the coun terterm con tribution

� =

(1 + A ) p = + m + B

(1 + A )

2

p

2

� ( m + B )

2

+ i�

�

p = + m

p

2

� m

2

+ i�

=

p = + m

p

2

� m

2

+ i�

[ � Ap = + B ]

p = + m

p

2

� m

2

+ i�

+ : : : :

In fact, the c hoice (A.38) is not only motiv ated b y tec hnical necessit y but

rather results from an underlying ph ysical requiremen t on the electron prop-

agator: In order to describ e real fermions, whic h satisfy the standard disp er-

sion relation p

2

= ( p

0

)

2

� p

2

= m

2

(with the �nite exp erimen tal mass m ) in

the presence of the virtual photon cloud, the full electron propagator G

V ;R

( p )

obtained from some Lagrangian of the form (A.33) with a priori arbitrary

co e�cien ts should reduce to the form of the free propagator G

0

V

( p ) with ph ys-

ical mass m for on-shell momen tum p

2

= m

2

. Consequen tly the ph ysical, i.e.

renormalised, self energy �

V ;R

( p ) has to satisfy the normalisation conditions

�

V ;R

( p )

�

�

�

p= = m

= 0 ;

d

dp =

�

V ;R

( p )

�

�

�

p= = m

= 0 ; (A.40)

whic h (to �rst order) is ac hiev ed b y the coun terterm Lagrangian (A.32) with

the co e�cien ts (A.38).

The form in v ariance of the Lagrangian under this renormalisation pro ce-

dure, indicated in Eq.(A.33), can no w b e implem en ted b y de�ning the w a v e-

function (more correctly the �eld op erator) renormalisation constan t

Z

2

= 1 + A ; (A.41)

and the corresp onding bare �eld op erator

^

 

b

( x ) =

p

Z

2

^

 ( x ) ; (A.42)

as w ell as the bare mass

m

b

=

1

Z

2

( m + B ) = m � � m : (A.43)

The renormalised electron Lagrangian (A.33) can then b e expressed as
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L

e;R

=

^

 

b

( x )

�

i@ = � m

b

�

^

 

b

( x ) ; (A.44)

i.e. the coun terterms required for k eeping �

(1)

V ;R

�nite ha v e b een completely

absorb ed in a rede�nition (or renormalisation) of the ingredien ts of the free

electron part of L . In terms of Z

2

and � m the resulting renormalised self

energy then reads quite generally

�

V ;R

( p ) = Z

2

h

�

V

( p ) � � m

i

+ (1 � Z

2

)( p = � m ) ; (A.45)

so that the �rst order coun terterm is giv en b y

��

(1)

V

( p ) = � � m

(1)

+ (1 � Z

(1)

2

)( p = � m )

=

e

2

16 �

2

�

�

4 � d

2

�

p = �

e

2

4 �

2

�

�

4 � d

2

�

m : (A.46)

An equiv alen t pro cedure can b e carried through for �

(0)

V ;��

addressing L




as w ell as �

(1)

V ;�

addressing L

int

. The argumen t can b e extended to an y order,

after discussion of o v erlapping div ergencies, whic h o ccur for instance in the

diagram

&%

'$

r

r

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

r

r

.

F or the subsequen t discussion w e also note the normalisation condition for the

v acuum p olarisation k ernel !

V ;R

( q

2

): In order to obtain the ph ysical c harge e

for real electrons, i.e. to repro duce the Coulom b in teraction for w ell separated

electrons, !

V ;R

( q

2

) m ust v anish for v anishing momen tum ,

!

V ;R

( q

2

= 0) = 0 ; (A.47)

whic h is imm ediately ob vious from the Dyson equation (A.20) for the full pho-

ton propagator. Consisten t with (A.29) the coun terterm for �

(0)

V ;��

( q ) reads

��

(0)

V ;��

( q ) = � ( q

2

g

��

� q

�

q

�

)

1

12 �

2

�

�

4 � d

2

�

: (A.48)

The �nal form of the fully renormalised Lagrangian of QED is

L

R

=

1

4

�

h

^

 

b

( x ) ;

�

i@ =

!

� m

b

� e

b

V =

b

( x ) � e

b

^

A =

b

( x )

�

^

 

b

( x )

i

(A.49)

+

h

^

 

b

( x )

�

� i@ =

 

� m

b

� e

b

V =

b

( x ) � e

b

^

A =

b

( x )

�

;

^

 

b

( x )

i

�

�

1

16 �

^

F

b;��

( x )

^

F

��

b

( x ) �

�

8 �

�

@

�

^

A

�

b

( x )

�

2
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=

Z

2

4

�

h

^

 ( x ) ;

�

i@ =

!

� m + � m � eV = ( x ) � e

^

A = ( x )

�

^

 ( x )

i

+

h

^

 ( x )

�

� i@ =

 

� m + � m � eV = ( x ) � e

^

A = ( x )

�

;

^

 ( x )

i

�

�

Z

3

16 �

^

F

��

( x )

^

F

��

( x ) �

Z

3

�

8 �

�

@

�

^

A

�

( x )

�

2

;

where w e ha v e included the static external p oten tial in order to indicate that

it has to b e renormalised in the same spirit as the quan tised photon �eld.

The ph ysical �elds and constan ts are related to the bare quan tities b y

^

 

b

( x ) =

p

Z

2

^

 ( x ) (A.50)

^

A

�

b

( x ) =

p

Z

3

^

A

�

( x ) (A.51)

V

�

b

( x ) =

p

Z

3

V

�

( x ) (A.52)

e

b

=

Z

1

Z

2

p

Z

3

e (A.53)

m

b

= m � � m : (A.54)

The renormalisation constan ts Z

1

, Z

2

, Z

3

and � m ha v e to b e understo o d as

functions of the �nite ph ysical c harge e and mass m of the electrons whic h can

b e constructed order b y order in the p erturbation series. It is imp ortan t to

notice that these constan ts are uniquely determined b y v acuum QED without

an y external p oten tial. They do not dep end on the sp eci�c external p oten tial

presen t. If one bases the p erturbation expansion on the Lagrangian (A.49) all

Greens and n -p oin t functions of the theory (de�ned in terms of the ph ysical

�elds

^

 and

^

A

�

) are �nite.

B. Relativistic Homogeneous Electron Gas

In this App endix w e summarise some prop erties of the relativistic homo-

geneous electron gas (RHEG) in order to illustrate the renormalisation of

ground state energies (indicated in Section 2.) and to pro vide the details

for the RLD A and the relativistic gradien t expansion (R GE), whic h are dis-

cussed in Section 4. and App endix D., resp ectiv ely . F or simplicit y w e restrict

the discussion to the unp olarised RHEG.

W e start b y noting the basic di�erence b et w een the p erturbativ e ap-

proac hes to the RHEG and the QED v acuum (discussed in App endix A.). As

a consequence of the di�erence b et w een the ground state j �

0

> of the RHEG

and the homogeneous v acuum j 0 > the fermion propagator

G ( x; y ) = � i < �

0

j T

^

 ( x )

^

 ( y ) j �

0

> ; (B.1)

already di�ers from G

V

on the nonin teracting lev el. In our notation the non-

in teracting fermion propagator of the RHEG is giv en b y
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G

0

( p ) = G

0

V

( p ) + G

0

D

( p ) = G

�

( p ) + G

+

( p ) (B.2)

G

0

D

( p ) = 2 � i� ( p

0

� E

p

)

p = + m

2 E

p

� ( k

F

� j p j ) (B.3)

G

�

( p ) =

p =

�

+ m

2 E

p

� 1

p

0

+ E

p

� i�

(B.4)

G

+

( p ) =

p =

+

+ m

2 E

p

�

� ( j p j � k

F

)

p

0

� E

p

+ i�

+

� ( k

F

� j p j )

p

0

� E

p

� i�

�

; (B.5)

where E

p

=

p

p

2

+ m

2

, p

�

�

= ( � E

p

; p

i

) and the F ermi momen tum k

F

is re-

lated to the electron densit y n

0

of the RHEG as usual, n

0

= k

3

F

= (3 �

2

). Here

t w o alternativ e forms ha v e b een listed, the �rst one emphasising the relation

b et w een G

0

( p ) and the v acuum propagator G

0

V

( p ), Eq.(A.8), the second one

visualising its decomp osition in to the electron ( G

+

) and p ositron ( G

�

) con-

tributions. Note that due to c harge conserv ation the densit y of the RHEG

is not c hanged b y switc hing on the electron-electron in teraction, so that n

0

also represen ts the densit y of the in teracting RHEG and n

0

= k

3

F

= (3 �

2

) then

relates the in teracting densit y to the nonin teracting k

F

. Diagramm ati cally

the full G

0

( p ), Eq.(B.2), will b e represen ted b y

G

0

( p ) =

-

-

(B.6)

in the follo wing.

While the other t w o basic elemen ts of p erturbation theory , the free photon

propagator (A.9) and the simple v ertex, remain unc hanged, it seems w orth

p oin ting out that the full photon propagator

D

��

( x; y ) = � ie

2

< �

0

j T

^

A

�

( x )

^

A

�

( y ) j �

0

> ; (B.7)

and the full v ertex function do not: In the case of the RHEG not only virtual

electron-p ositron pairs screen the bare in teraction but also virtual electron-

hole pairs.

B.1 Resp onse F unctions

Most information concerning the RHEG required in the presen t con text is

con tained in the resp onse functions of the RHEG. In our notation the time-

ordered curren t resp onse functions ( n -p oin t functions) are de�ned as

�

( n )

�

1

::: �

n

( x

1

; : : : x

n

) = ( � i )

n � 1

< �

0

j T

^

~

j

�

1

( x

1

) : : :

^

~

j

�

n

( x

n

) j �

0

> ; (B.8)

where the curren t deviation op erator

^

~

j

�

is giv en b y

^

~

j

�

( t; r ) =

^

j

�

( t; r ) � < �

0

j

^

j

�

( t; r ) j �

0

> =

^

j

�

( t; r ) � j

�

( r ) : (B.9)

F or the time-indep enden t systems of in terest here a partial F ourier transfor-

mation of �

( n )

�

1

:::�

n

is adv an tageous,
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�

( n )

�

1

::: �

n

( t

1

; r

1

; ::: t
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; r

n

) =

Z

d!

1

2 �

: : :
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d!

n

2 �
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� ::: � i!
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(B.10)
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) �
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::: �

n

( !
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; r

1

; ::: !

n

; r

n

) :

The static resp onse functions utilised in App endix C. are then obtained b y

taking the zero-frequency limit,

�

( n )

�

1

:: �

n

( r

1

; :: r

n

) � �

( n )

�

1

:: �

n

( !

1

= 0 ; r

1

; :: !

n

= 0 ; r

n

) : (B.11)

F or the case of the RHEG further F ourier transformation is useful,

�

( n )

�

1

::: �

n

( q

0

1

; r

1

; ::: q

0

n

; r
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) =
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d

3

q

1
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3
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(B.12)
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3
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) �
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( q

1

; ::: q

n

) :

Gauge in v ariance then implies the transv ersalit y of the �

( n )

�

1

::: �

n

with resp ect

to all argumen ts [113 ],

q

�

i

i

�

( n )

�

1

:: �

i

:: �

n

( q

1

; :: q

i

; :: q

n

) = 0 : (B.13)

In the follo wing the connected con tributions of the �

( n )

, for whic h all external

v ertices are in some w a y link ed to eac h other, will b e denoted b y �

( n )

c

, while

the linear resp onse function of the RHEG will b e abbreviated b y �

��

( q ) for

brevit y .

As a consequence of (B.13) and the Dyson equation for �

��

( q ),

�

��

( q ) = �

��

( q ) + �

��

( q ) D

0

��

( q ) �

��

( q ) : (B.14)

the irreducible 2-p oin t function �

��

( q ) also satis�es the transv ersalit y rela-

tion,

q

�

�

��

( q ) = 0 ; (B.15)

whic h essen tially determines its tensor structure. In tro ducing the (4 � 4)

p olarisation tensors

P
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L

( q ) =

� 1

q

2

q

2
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( q

2

)
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q
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(B.16)

P

��

T

( q ) =

1

q

2

�

0 0

0 q

2

g

ij

+ q

i

q

j

�

; (B.17)

( g

ij

= � �

ij

) �

��

( q ) can b e written as

�

��

( q ) = P

��

L

( q ) �

L

( q ) � P

��

T

( q ) �

T

( q ) : (B.18)

F or con v enience, w e note some useful prop erties of P

��

L=T

( q ),
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Decomp osing �

��

( q ) in to an electron gas (D) and the v acuum (V) comp o-

nen t,
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the v acuum con tribution can b e recast in the form (A.19), with the p olarisa-

tion function �

V

( q ) giv en b y

�

V

( q ) = q

2

!

V

( q ) : (B.29)

Using the p olarisation tensors (B.16,B.17), the free photon propagator (A.9)

and the longitudinal and transv erse p olarisation functions �

L=T

( q ) the Dyson

equation for �
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( q ) reads
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The full photon propagator D

��

( q ) can b e directly obtained from the

Dyson equation (A.17) (whic h also holds for the RHEG) b y insertion of

(B.18). F or a discussion of the renormalisation of D

��

( q ) it is instructiv e

to rewrite the form corresp onding to (B.30) b y in tro ducing the full v acuum

photon propagator,

D

V

( q ) =

D

0

( q )
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; (B.31)

whic h allo ws to 'decouple' the screening e�ects en tirely due to the v acuum

from those originating from the actual electron gas,
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A t �rst glance this form seems to suggest that D

��

( q ) is UV-�nite as so on as

D

V

( q ) has b een renormalised, whic h amoun ts to replacing D

V

( q ) b y D

V ;R

( q ).
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Ho w ev er, �

L=T ;D

( q ) also con tains UV-div ergen t subgraphs. The follo wing 2-

lo op con tribution ma y illustrate this p oin t,
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Replacing G

0

b y G

0

V

+ G

0

D

one recognises that b esides the ob vious pure v ac-

uum lo op absorb ed in D

V

also mixtures b et w een the �rst order v acuum v ertex

correction lo op (A.24) and G

0

D

-t yp e propagators o ccur. The coun terterms re-

quired to k eep suc h subgraphs �nite are, ho w ev er, completely determined b y

v acuum QED: Similar to the renormalisation of o v erlapping div ergencies eac h

v acuum subgraph in a (larger) non-v acuum diagram has to b e supplemen ted

individually b y the corresp onding coun terterm (this also holds for m ulti-lo op

v acuum subgraphs). The same pro cedure applies to �

��

( q ).

W e also indicate the purely longitudinal limit of �
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( q ),
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where �

LL=T L

( q ) is obtained from �

L=T

( q ) b y replacing all in ternal photon

propagators b y D

0 ;L

��

( q ) (note that in the denominator D

0

( q ) app ears rather

than D

0

L

( q ) due to the prop erties of P

��

L

( q ), i.e. Eq.(B.22)).

F or the discussion of inhomogeneit y corrections to the RLD A one also

needs the in v erse resp onse function �

� 1
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( q ), at least in the static limit,
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As far as explicit appro ximations for the p olarisation functions �

L=T

( q )

are concerned only v ery little is kno wn, ev en in the static limit. The complete

frequency dep endence is a v ailable for the nonin teracting limit �

(0)

L=T

( q ), i.e.

the relativistic generalisation of the Lindhard function [95 , 114]. In addition

to its v acuum part (A.26) one has
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;

where it has b een emphasised that the no-sea appro ximation is not just ob-

tained b y completely neglecting the 'p ositron propagator' G

�

( p ) in the p er-

turbation expansion (whic h w ould constitute the no-pair appro ximation for

�

(0)

L=T

). Rather the no-sea appro ximation for an y giv en diagram con tributing

to �

��

is de�ned b y neglecting all those con tributions to eac h fermion lo op

inside the diagram whic h do not v anish in the limit k

F

! 0. The static limit

of �

(0)

D ;��

and its small- q

2

expansion are giv en b y ( Q = j q j = (2 k

F

)),
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Note that quite generally one has

lim

q

2

! 0

�

V ;R

(0 ; q )

q

2

= 0 (B.40)

due to the on-shell normalisation condition for !

V ;R

, Eq.(A.47). Bey ond the

nonin teracting limit only the v acuum part of the �rst order (2-lo op) con tri-

bution to the p olarisation function [115 , 116 ] has b een ev aluated. Moreo v er,
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the screening length �

L;D

( 0 ; 0) is related to the energy densit y via the com-

pressibilit y sum rule [117 ],
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( n
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;

so that the long w a v elength limit of higher orders of �

L;D

can b e obtained

from the asso ciated con tributions to e

xc

( n

0

). Finally , in the con text of the

quark-gluon gas the high temp erature limits of certain classes of higher order

diagrams ha v e also b een examined (see e.g.[118 ]). These results are, ho w ev er,

only of limited v alue in the presen t con text aiming at T = 0 and m 6= 0.

B.2 Ground State Energy

The ground state energy of the RHEG constitutes the basis for the RLD A

and also pro vides an instructiv e example for the renormalisation pro cedure

describ ed in Section 2. and App endix A.. W e start b y emphasising that the

ground state energy is de�ned with resp ect to the v acuum energy as [96 , 113 ]
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where �E

RH E G

tot

represen ts the additional coun terterms b ey ond the energy

of the homogeneous v acuum, < 0 j

^

H

RH E G

j 0 > , whic h are required to k eep

E

RH E G

tot

UV-�nite. Moreo v er, in the case of the RHEG one deals with the

energy densit y corresp onding to (B.41), rather than the energy itself.

The kinetic energy densit y of the nonin teracting RHEG can b e ev aluated

without addressing the UV-renormalisation pro cedure [12 ],
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where the electron rest mass has b een subtracted. T aking in to accoun t the

homogeneous p ositiv e c harge bac kground the (direct) Hartree energy of the

RHEG v anishes. The exc hange-correlation energy can b e written in terms

of a coupling constan t in tegral o v er the curren t-curren t resp onse function

[93 , 98],
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where �

��

�

( q ) is giv en b y (B.30) with the electron-electron coupling strength

e

2

replaced b y �e

2

, �
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V ;�

( q ) represen ts its v acuum limit and �E

RH E G

xc

is

iden tical with the total coun terterm �E

RH E G

tot

.

The �rst order term (in e

2

) in (B.45), i.e. the exc hange energy of the

RHEG (according to Eq.(3.32)), is the most simple energy con tribution for

whic h the UV-renormalisation is non trivial. The basic problem asso ciated

with the renormalisation of energies (rather than Greens functions) is that

energy con tributions can not b e rewritten en tirely in terms of renormalised

n -p oin t functions: A t least one o v erall lo op in tegration remains to b e treated

separatly (as e.g. the q -in tegration in (B.45)), ev en if one tak es in to accoun t

the subtraction of the pure v acuum energy . As an additional complication,

this outermost lo op in tegration often leads to o v erlapping div ergencies. In

fact, visualising the exc hange energy graphically
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one realises that three div ergen t 1-lo op subgraphs con tribute to the (left)

electron gas lo op,
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While the UV-div ergence of the �

(0)

��

-subgraph is eliminated b y the subtrac-

tion of the v acuum exc hange energy , the t w o (iden tical) self energy subgraphs

require additional coun terterms. As one is facing o v erlapping div ergencies

in (B.46) eac h div ergen t subgraph has to b e renormalised individually . Of

course, only the v acuum con tribution to �

(1)

requires renormalisation, the

corresp onding coun terterms b eing w ell kno wn from v acuum QED,
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:

As discussed in detail in App endix A. the self energy coun terterm ��

(1)

V

( p ) is

de�ned so that the renormalised v acuum self energy �

V ;R

( p ) (A.45) satis�es

the standard on-shell normalisation condition (A.40), i.e. on the 1-lo op lev el

one obtains (A.46). Using (B.2) e

x

( n

0

) can th us b e rewritten as



Relativisti c Densit y F unctional Theory 65

e

x

( n

0

) =

1

2

Z

d

4

q

(2 � )

4

Z

d

4

p

(2 � )

4

D

0

��

( q ) tr

h

G

0

D

( p + q ) 


�

G

0

D

( p ) 


�

i

� i

Z

d

4

p

(2 � )

4

tr

h

G

0

D

( p ) �

(1)

V ;R

( p )

i

:

The second term v anishes according to Eqs.(B.3,A.40),
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so that the standard renormalisation sc heme eliminates all v acuum correc-

tions to e

x

( n

0

) without the need to apply either the no-sea or the no-pair

appro ximation. The �rst term, whic h is also obtained within b oth the no-sea

and the no-pair appro ximatio n for e

x

( n

0

), can b e ev aluated straigh tforw ardly

[93 , 94, 95 ],
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Using the decomp osition (A.10) e

x
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0

) can b e split in to a longitudinal and

a transv erse con tribution [19, 95 ],
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The UV-renormalisation pro cedure is particularly in v olv ed for the corre-

lation energy e

c

. Most of the relev an t coun terterms pro vided b y �E

RH E G

xc

,

ho w ev er, are already included if the basic expression (B.45) is understo o d as

b eing written in terms of the renormalised resp onse function �
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where the exc hange energy has not b een subtracted for brevit y . The only

remaining div ergence (to b e eliminated b y �

~

E

RH E G

xc

) originates from the

outermost lo op in tegration in (B.56). It is most easily discussed within the
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so-called random phase (or ring) appro ximation (RP A) in whic h �

L=T

is

appro ximated b y its 1-lo op con tribution [93 , 119 , 96],
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i.e. in addition to the exc hange graph (B.46) included for brevit y , e
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0

)

consists of the follo wing diagrams,
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where the coupling constan t in tegration is understo o d implicitly . The latter,

ho w ev er, can b e easily p erformed to yield

e

RP A

xc

( n

0

) = �

i

2

Z

d

4

q

(2 � )

4

�

ln

h

1 � D

V ;R

( q ) �

(0)

L;D

( q )

i

(B.57)

+ 2 ln

h

1 + D

V ;R

( q ) �

(0)

T ;D

( q )

i
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+ �

~

E

RH E G;RP A

xc

:

A t this p oin t one usually de�nes the v acuum-screened exc hange energy ,

e
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graphically giv en b y
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whic h requires renormalisation similar to its unscreened coun terpart and,

from a rigorous DFT p oin t of view, is no longer a pure exc hange con tribu-

tion. Subtracting e

x;s

( n

0

) from e

RP A

xc

( n

0

) one ends up with a UV-con v ergen t

correlation energy [119 ],

e

RP A

c;s
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) = �
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2
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d

4

q

(2 � )

4

�

ln

h

1 � D

V ;R

( q ) �

(0)
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( q )
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(B.59)

+ 2 ln

h

1 + D

V ;R

( q ) �

(0)

T ;D

( q )

i

+ D

V ;R

( q ) �

(0)

L;D

( q ) � 2 D

V ;R

( q ) �

(0)

T ;D

( q )

�

;

as the lo w est order diagram in (B.59) already con tains �

(0)

L=T ;D

t w o times.
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Diagramm a ticall y (B.59) is giv en b y
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where the D inside the electron-lo ops indicates that only the electron gas part

�

(0)

D ;��

has to b e inserted here. Finally , one can de�ne the no-sea appro xima-

tion of (B.59) b y neglecting the screening e�ects due to the v acuum

25

,
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(B.60)

e
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q
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ln j 1 + D
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( q ) �
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( q ) j � D
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(0)

T ;D

( q )

o

; (B.61)

where e

RP A

c

( n

0

) has also b een decomp osed in to the longitudinal and the

transv erse parts using (B.33). e

L=T ;RP A

c

( n

0

) has b een ev aluated b y Ramana

and Ra jagopal [98 ] as w ell as M • uller and Serot [99 ]. The high-densit y (ultra-

relativistic) limit e

RP A

c

is [93 , 96 , 99]

24

After Wic k-rotation of q

0

in (B.59) one e.g. �nds �

(0)

L;D

( q ; iq

0

) � ( q

2

+ q

2

0

)

� 1

and �

(0)

V ;R

( q ; iq

0

) � ( q

2

+ q

2

0

) ln j q

2

+ q

2

0

j for large q

0

and j q j so that t w o factors

of �

(0)

L;D

( q ; iq

0

) together with the required photon propagators are su�cien t to

insure UV-con v ergence of the outermost lo op in tegral.

25

Note that the de�nition of the no-sea appro ximation for (B.45) is somewhat

arbitrary . As the guiding principle w e ha v e c hosen to neglect all closed pure

v acuum electron lo ops whereev er they o ccur inside a diagram.
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: (B.62)

In order to arriv e at the complete the RP A+, whic h w e understand as the

com bination of the RP A with the remaining second order ( e

4

) correlation

con tributions, the t w o second order exc hange diagrams,
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ha v e to b e added to e

RP A

c

. In con trast to the nonrelativistic situation the t w o

righ t hand diagrams do not v anish. Both t yp es of diagrams require renormal-

isation b ey ond the subtraction of their v acuum limit sho wn in Eq.(B.63).

The complete densit y dep endence of these diagrams is not kno wn. In the

ultrarelativistic limit one �nds for the sum of b oth graphs (the individual

con tributions are not gauge in v arian t) [96 ]

e

( x 2)

c

( n

0

) � !

� >> 1

e

4

12 �

4

k

4

F

�

� 3 : 18 � 0 : 12

�

; (B.64)

so that their con tribution constitutes ab out 40% of the RP A in this limit.

One can also analyse the 2-lo op con tribution to the screened exc hange

energy (B.58),
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,

whic h in our de�nition is b ey ond the no-sea appro ximation. Its ultrarelativis-

tic limit has b een calculated b y F reedman and McLerran [96 ],

e
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x;s

( n
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) � !

� >> 1

e

4

12 �

4
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4
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ln(2 � ) �

11

6

�

: (B.65)

In the extreme high densit y limit e

(2)

x;s

th us dominates o v er all other kno wn

xc-energy con tributions. Note, ho w ev er, that the densities required for e

(2)

x;s

to b e of the same order of magnitude as e

RP A +

c

, i.e. � � 10

3

, are not relev an t

for electronic structure calculations.

No calculations of e

c

b ey ond the RP A+ are found in the literature. There

is, ho w ev er, a rather direct argumen t [99 ], whic h sho ws that the diagram-

matic con tributions discussed here are at least dominan t in the high-densit y

limit: As the relev an t parameter for this limit is � , Eq.(B.39), it is completely

equiv alen t to the zero mass limit. T aking the zero mass limit already from

the v ery outset, i.e. basing the p erturbation expansion for E

xc

on an electron
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propagator G

0

, Eq.(B.2), with m = 0, one can scale all lo op-mom en ta in

an y giv en diagramm ati c con tribution to (B.45) b y k

F

and thereb y extract an

o v erall factor of k

4

F

. The remaining F eynman amplitudes are dimensionless

and consequen tly al l diagrams giv e con tributions whic h are prop ortional to

k

4

F

. The relativ e imp ortance of the individual diagrams is th us essen tially

determined b y their prop ortionalit y to � , apart from factors of ln j k

F

=m j

in tro duced b y the renormalisation pro cedure (using m as natural renormali-

sation p oin t) for v acuum parts of the diagrams. Therefore one w ould exp ect

the RP A+ con tributions together with e

(2)

x;s

, Eq.(B.65), to b e a rather accurate

represen tation of E

xc

for high densities 1 << � << 10

3

.

B.3 P air Correlation F unction

The relativistic pair correlation function g is de�ned in complete analogy to

its nonrelativistic coun terpart,
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y
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! x
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i�

00

( x; y ) � n

0
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(3)

( x � y ) = n

0

�

g ( x ; y ) � 1

�

n

0

; (B.66)

whic h is an alternativ e form of Eq.(4.11) for the case of the RHEG. F or rel-

ativistic homogeneous systems g in general dep ends on t w o v ariables, i.e. k

F

and j x � y j , and t w o parameters, i.e. the coupling constan t e

2

and the energy

scale m . In the case of the RHEG, ho w ev er, only its x-only limit (zeroth order

in e

2

) has b een ev aluated so far (compare the recen t Mon te Carlo study of

g for the NRHEG [73 ]). Th us while the nonrelativistic g

N RH E G

x

( x ; y ) is a

function of z = k

F

j x � y j only ,
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( z ) = 1 �
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1

( z )

z
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; (B.67)

the corresp onding x-only pair correlation function of the RHEG [102 , 19 ],
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in addition dep ends on � . The result (B.68) has b een obtained within the

no-pair appro ximation, i.e.
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The series represen tation (B.68) of g

RH E G

x

is not v ery suitable for actual

applications of the R WD A. A simple and reasonably accurate �t to g

RH E G

x

[92 ] is based on its form for z = 0,

g

RH E G

x

(0 ; k

F

) =

3
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9

16
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arsinh( � )
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3
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; (B.69)

with the limits
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lim
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x

(0 ; k

F

) =

3
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: (B.71)

(B.71) ma y b e in terpreted as a consequence of the relativistic mixing of spin

states [102 ]. The decreasing depth of the exc hange hole g

RH E G

x

� 1 with

increasing � apparen t from (B.70,B.71) is comp ensated b y a broadening of

the 'width' of the exc hange hole (compare [102 , 19 ]) in order to satisfy (4.13)

in the homogeneous limit,
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3 �
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) � 1] = � 1 : (B.72)

The scaling b eha vior required for (B.72) suggests the ansatz
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whic h not only approac hes g

N RH E G

x

( z ), Eq.(B.67), for v anishing � , but

also satis�es Eqs.(B.69,B.72). The p ercen tage deviation of g

f it

x

( z ; k

F

) from

g

RH E G

x

( z ; k

F

) is plotted in Fig.B.1. In fact, ev en in the limit � ! 1 in whic h
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(B.76)

the maxim al error do es not exceed 1%, while for the more relev an t mo derately

high densities ( � < 0 : 5 | at the r -exp ectation v alue of Hg

78+

one �nds

� = 0 : 6) the error reduces to less than 0.2%.
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Fig. B.1. P ercen tage deviation of g

f it

x

( z ; � ), Eq.(B.73), from the exact

g

RH E G

x

( z ; � ), Eq.(B.68), as a function of z for v arious v alues of � .

C. W eakly Inhomogeneous Electron Gas

Here w e pro vide some details on inhomogeneous systems from the viewp oin t

of a w eakly p erturb ed electron gas, i.e. w e consider the external p oten tial in

the Hamiltonian (2.20) as a small p erturbation. In this case one can expand

the four curren t � j

�

( r ) induced b y a static p erturbation in a p o w er series

with resp ect to V

�

( r ),

� j

�

( r ) =
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� V

�

1

( r

1

) : : : V

�

n

( r

n

) + �j
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( r ) ;

where �

( n )

c;�

1

:::�

n

represen ts the connected static resp onse functions

26

de�ned

b y (B.11) [120 ]. Of course, � j

�

satis�es curren t conserv ation,

@

�

� j

�

( r ) = r � � j ( r ) = 0 )

Z

d

3

r � j

0

( r ) = 0 ; (C.2)

26

Note, that (C.1) could b e used as alternativ e de�nition for the static resp onse

functions.
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whic h is directly related to the transv ersalit y of �

( n )

c;�

1

::: �

n

displa y ed in

Eq.(B.13).

The induced curren t obtained from (C.1) is automatically UV-�nite if the

expansion is based on renormalised resp onse functions, i.e. �j

�

( r ) just sums

up the terms required for the transition from the �

( n )

c;�

1

:::�

n

to their renor-

malised coun terparts. It is instructiv e to analyse the corresp onding coun ter-

terms for the nonin teracting limit of (C.1) giv en graphically b y
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(C.3)

(note the m ultipliciti es con tained in �

( n )

c;�

1

:::�

n

) where the external p oten tial

has b een represen ted b y

e V

�

( q ) =

� �

� �

� �

� �

� �

� �

� �

� �

� : (C.4)

While the nonin teracting 3-p oin t function, i.e. the second graph, is UV-�nite

due to F urry's theorem, the nonin teracting 4-p oin t function (third diagram)

is UV-�nite due to gauge in v ariance and all higher order resp onse functions

are o v erall con v ergen t. The only div ergen t term to b e examined results from

the relativistic Lindhard function. The corresp onding coun terterm has b een

discussed in App endix A.. Using again dimensional regularisation one �nds

�j

(0)

�

( r ) = �

e

12 �

2

�

�

4 � d

2

�

r

2

V

�

( r ) ; (C.5)

if the gauge r � V ( r ) = 0 is used.

The corresp onding energy shift can b e ev aluated b y a coupling constan t

in tegration with resp ect to the external p oten tial. Scaling the external p o-

ten tial Hamiltonian b y � ,

^

H

ext

( � ) = �e

Z

d

3

r

^

j

�

( r ) V

�

( r ) ; (C.6)

one obtains for the corresp onding ground state energy

E

tot

( � ) = < �

0

( � ) j

^

H

RH E G

+

^

H

ext

( � ) j �

0

( � ) > (C.7)

� < 0 j

^

H

RH E G

j 0 > + �E

RH E G

tot

+ �E

inhom

tot

( � ) ;

b y a coupling constan t in tegration approac h (using a normalised ground state

j �

0

( � ) > for giv en � ),
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E

tot

( � = 1) = E

RH E G

tot

+ e

Z

1

0

d�

Z

d
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r j

�

( �; r ) V
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inhom
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( � = 1)

= E

RH E G
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(C.8)

+

1

X

n =2

e

n

n !
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: : :

Z
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n

�

( n )

c;�
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n

( r

1

; : : : r

n

)

� V

�

1

( r

1

) : : : V

�

n

( r

n

) ;

where (C.1) has b een utilised for an y giv en � and j

�

( � = 0 ; r ) = g

� 0

n

0

represen ts the curren t of the unp erturb ed system, i.e. the RHEG.

As for the induced four curren t the renormalisation of the inhomogeneit y

corrections to E

RH E G

tot

reduces to the renormalisation of the �

( n )

c;�

1

:::�

n

. The

coun terterms are th us closely related to those for � j

�

,

�E

inhom

tot

= e

Z

1

0

d�

Z

d

3

r �j

�

( �; r ) V

�

( r ) : (C.9)

The only coun terterm on the nonin teracting lev el, corresp onding to (C.5), is

e.g. giv en b y

�E

(0) ;inhom

tot

= �

e

2

24 �

2

�

�

4 � d

2

�

Z

d

3

r V

�

( r ) r

2

V

�

( r ) : (C.10)

The coun terterm (C.9) can b e decomp osed in to con tributions to the indi-

vidual energy comp onen ts. Again this is most easily demonstrated for the

nonin teracting case. Here the total energy is just a sum of the external p o-

ten tial energy ,

E

ext

=

Z

d

3

r V

�

( r )

h

g

� 0

n

0

+ � j

�

( r )

i

+ �E

(0) ;inhom

ext

; (C.11)

whic h requires the coun terterm

�E

(0) ;inhom
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= �

e

2
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2

�
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4 � d

2

�
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d
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r V

�

( r ) r

2

V

�

( r ) ; (C.12)

and the nonin teracting kinetic con tribution T

s

whic h absorb es the remainder

of (C.10),

�T

inhom

s

=

e

2

24 �

2

�
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4 � d

2

�

Z

d

3

r V

�

( r ) r
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�

( r ) : (C.13)
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D. Linear Resp onse Corrections to the Relativistic LD A

While the RLD A for E

xc

[ j

�

] is based on the xc-energy densit y of the RHEG,

Eq.(B.45), the resp onse expansions (C.1,C.8) allo w the deriv ation of system-

atic corrections to the RLD A. W e restrict ourselv es here to the case of linear

resp onse for whic h the starting p oin t is giv en b y (C.1) to lo w est order,

� j

�

( q ) = e�

��

( q

0

= 0 ; q ) V

�

( q ) ; (D.1)

( �

��

is alw a ys understo o d to b e renormalised in this App endix, so that

coun terterms are not displa y ed explicitly). Insertion of (D.1) in to the lo w-

est order con tribution to (C.8) then leads to

� E

LR

tot

= e

Z

d

3

q
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3

� j
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( q ) V
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( q ) �

1

2

Z

d

3

q
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3

� j
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� 1
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(0 ; q ) � j

�

( � q ) :

Inserting the result (B.34) for the in v erse resp onse function,

� E

LR
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=

Z
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q
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(D.2)
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( q ) �

� 1

��

(0 ; q ) � j

�

( � q ) ;

one can iden tify the �rst term as the coupling to the external p oten tial, the

second as the induced Hartree energy . The third term in v olv es the c hange in

the kinetic energy � T

LR

s

and the xc-energy � E

LR

xc

, where the former is giv en

b y the nonin teracting limit of �

� 1

��

( q ; 0) so that the t w o con tributions can b e

separated. Utilising the tensor structure of �

� 1

��

( q ; 0), Eq.(B.35), one �nally

arriv es at

� T

LR

s

= �

1
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Z
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(2 � )
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�

� j
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( q ) � j
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+

�

1

�

(0)

T

(0 ; q )

�

1

�

T

(0 ; q )

�

[
^

q � � j ( q )] � [
^

q � � j ( � q )]

�

;

where
^

q = q = j q j . A t this p oin t, � T

LR

s

and � E

LR

xc

are giv en as functionals of

n

0

(inside �

L=T

) and � j

�

but not y et as functionals of the complete cur-

ren t j

�

= g

� 0

n

0

+ � j

�

. Tw o paths can b e follo w ed to w ards the construction

of actual curren t densit y functionals: On the one hand, one can rewrite the

complete linear resp onse energies (D.3,D.4) as highly nonlo cal curren t den-

sit y functionals utilising either that j

�

( x ) � j

�

( y ) = � j

�

( x ) � � j

�

( y ) [5 , 6] or

that r j

�

( x ) = r � j

�

( x ) [121 ]. On the other hand, one can restrict oneself

to a long-w a v elength expansion of (D.3,D.4) assuming � j

�

( q ) to b e strongly
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lo calised, i.e. � j

�

( x ) to b e rather delo calised. This approac h leads to (semilo-

cal) gradien t corrections and has b een p ersued extensiv ely in the case of

the nonrelativistic E

xc

[ j

�

]. Ho w ev er, due to the limited information a v ailable

for the relativistic p olarisation functions �

L=T

(and ev en on their small- q

expansions) no applications of (D.4) ha v e b een rep orted so far.

In order to illustrate the deriv ation of gradien t corrections w e th us con-

sider T

s

[ j

�

]. Extracting the long-w a v elength limit of (D.3),
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; (D.5)

whic h is absorb ed in the RLD A in accordance with the compressibilit y sum

rule, one �nds b y insertion of (B.36-B.38) in to (D.3) and subsequen t F ourier

transformation,
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where curren t conserv ation has b een used and [ k ] denotes the order of the

small- q expansion. F or the densit y comp onen ts of � T

[2 = 4]

s

(i.e. the �rst and

third line) one no w can simply replace r � j

0

( x ) = r j

0

( x ) and, correct to

second order, k

F

= [3 �

2

j

0

( x )]

1

3

. While one can also utilise � j ( x ) = j ( x ), the

densit y dep enden t prefactor 1 = arsinh ( k

F

=m ) of the �rst curren t comp onen t

can not b e expressed unam bigously in terms of j

0

( x ) as no w t w o spatial v ari-

ables are a v ailable. Similar to the situation for the complete linear resp onse

corrections (D.3,D.4) one is left with a c hoice for this substitution

27

. Abbre-

viating this (symmetric) function of x and y b y

�

� ( x ; y ) one th us obtains
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y
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�

� ( x ; y ))

j ( x ) � j ( y )

j x � y j

27

In con trast to the linear resp onse approac h the direct gradien t expansion of

T

s

[ j

�

] determines the curren t con tribution to the second order gradien t correc-

tion completely [122].
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where � is understo o d as � = [3 �

2

j

0

( x )]

1 = 3

=m ( � =

p

1 + �

2

). One should

note that the v acuum parts of �

(0)

L=T

are resp onsible for the righ tmost terms

in b oth the densit y and the curren t comp onen t of � T

[4]

s

. W e also remark that

the resp onse approac h can b e extended to quadratic and cubic resp onse whic h

allo ws the deriv ation of the complete gradien t expansion to fourth order [60 ].

E. Direct Gradien t Expansion of T

s

[ j

�

]

A densit y (or curren t densit y) functional represen tation of the relativistic

nonin teracting kinetic energy T

s

can either b e obtained b y the (linear) re-

sp onse tec hnique discussed in App endix D. or b y a direct gradien t expansion

(GE) on the basis of (2.38), whose kinetic con tribution is giv en b y

T
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j 0 > + �T
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:

The Greens function in v olv ed in (E.1) is the propagator for a giv en external

p oten tial V

�

(here to b e understo o d as the KS-p oten tial), whic h has already

b een discussed in Section 2.. It satis�es the di�eren tial equation

�

i@ =

x

� m � V = ( x )

�

G ( x; y ) = �

(4)

( x � y ) ; (E.2)

(a factor of e has b een absorb ed in to V

�

for brevit y) and can b e expanded

in p o w ers of V

�

in the form (2.36) without requiring renormalisation.

In order to set up the GE for T

s

[ j

�

] one pro ceeds in four steps [123 ]. In the

�rst step the di�eren tial equation (E.2) is solv ed b y an expansion in p o w ers

of gradien ts of V

�

. The starting p oin t of this expansion is the kno wn solution

of (E.2) for a constan t external p oten tial,
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The complete expansion is then written in the form
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G ( x; y ) = e

� i ( x � y ) � V ( x )

Z

d

4

p

(2 � )

4

e

� ip � ( x � y )

1

X

k =0

G

[ k ]

( p

�

; V

�

( x )) ; (E.5)

where [ k ] denotes the order of the gradien ts and an o v erall phase factor has

b een extracted in analogy to (E.3). F or x

0

= y

0

(E.5) coincides with an

expansion in p o w ers of ~ and is therefore called a semiclassical expansion.

Up on insertion in to (E.2) the form (E.5) leads to the recursion relation
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whose solution with appropriate b oundary conditions is giv en b y
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(E.7) is then ev aluated explicitly to the (�nite) order of gradien ts one is

in terested in.

In a second step the semiclassical expansion (E.7) is used to ev aluate the

semiclassical expansions of the four curren t j

�

, Eq.(2.39), and of T

s

, Eq.(E.1).

The symmetric limits in (2.39) and (E.1) in tro duce UV-div ergencies whic h

are eliminated b y the corresp onding coun terterms �j

�; (0)

and �T

inhom

s

(as

discussed in Section 2.).

In order to illustrate this p oin t explicitly , w e consider the expansion of

j

0

( x ) = n ( x ) and T

s

[ n ] for the case of a purely electrostatic p oten tial V

�

=

( V ; 0 ) to second order in the gradien ts of V . Using dimensional regularisation

for the ev aluation of the in tegrals in question one �nds for the semiclassical

expansions without coun terterms,
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One recognises div ergen t con tributions (in the limit d ! 4), namely the

div ergen t con tribution of the kinetic energy of the Dirac sea

< 0 j
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and the UV-div ergencies arising from taking the symmetric limit, whic h are

prop ortional to r

2

V . While the former is eliminated b y the subtraction of

the v acuum energy of nonin teracting fermions according to (E.1), the UV-

div ergencies are cancelled b y the coun terterms �j

�; (0)

and �T

inhom

s

, giv en

in Eqs.(C.5,C.13). One th us explicitly v eri�es that from (E.8,E.9) �nite semi-

classical expansions ~n [ V ] and

~

t

s

[ V ] are obtained,
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In the third step the semiclassical expansion of j

�

is in v erted order b y

order to the order required. This yields V

�

as a function of j

�

and its gradi-

en ts, so that b y insertion in to the semiclassical expansion for T

s

(the fourth

step) one obtains the desired relativistic gradien t expansion (R GE). F or the

example considered here ( V = 0 ) this leads to [21 ]
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where the electron rest mass has b een subtracted and t

N RH E G

s

and �

s; 0

are

giv en b y (B.43,B.44). The relativistic correction factors �

s; 0 = 2

are plotted in

Fig.E.1. In con trast to �

x;c

b oth �

s; 0

and �

s; 2

decrease in the ultrarelativistic

limit.

The fourth order correction corresp onding to a purely electrostatic p o-

ten tial has also b een ev aluated [124 ],

T
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s

[ n ] =
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d

3

x

h

t
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Fig. E.1. Relativisti c corrections to kinetic energy densities. Eq.(B.44) | solid line

(GE0), Eq.(E.16) | dashed line (GE2).
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:

The lo w est order term T

RGE 0

s

[ n ], the relativistic kinetic energy in the

Thomas-F ermi limit, has �rst b een calculated b y V allarta and Rosen [12 ]. In

the second order con tribution (whic h is giv en in a form simpli�ed b y partial

in tegration) explicit v acuum corrections do not o ccur after renormalisation.

Finite radiativ e corrections, originating from the v acuum part of the propaga-

tor (E.5), �rst sho w up in fourth order, where the term in t

RGE 4

s;V

prop ortional

to ( r � )

4

can b e iden ti�ed with the electrostatic part of the Euler-Heisen b erg

energy of QED [26 ]. One also recognises that b oth T

RGE 2

s

[ n ] and the linear

resp onse comp onen t of T

RGE 4

s

[ n ] agree with the results (D.6,D.7). In the

nonrelativistic limit the individual con tributions reduce to the appropriate

results of the nonrelativistic gradien t expansion [125 , 126, 127 ].

The direct gradien t expansion has also b een applied to ev aluate the cur-

ren t dep endence of T

s

to second order [122 ],
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T

RGE 2

s

[ j ] =

3

16

Z

d

3

x

1

arsinh( � ( x ))

(E.17)
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z

l
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j x � y j j x � z j

:

The direct GE pro vides an unam bigous result for T

RGE 2

s

[ j ] in con trast to

the linear resp onse approac h as here no expansion in p o w ers of V

�

itself

is in v olv ed. Neglecting the x -dep endence of � one can reduce (E.17) to the

curren t comp onen t of (D.6).
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