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CHAPTER 4. RELATIVISTIC DFT 24.1 Introdu
tionOver the last de
ade density fun
tional theory (DFT) has left its traditionalrealm, 
ondensed matter theory, and attra
ted widespread interest also inquantum 
hemistry, material s
ien
e and biophysi
s (Be
ke 1992, Johnson etal. 1993, Moroni et al. 1997, Chetty et al. 1995, Kraj
i et al. 1997, Morganet al. 1999, Barnett and Landman 1993, Ei
hinger et al. 1999, see, e.g.,). Thequestion of a relativisti
 generalization (RDFT) thus emerges quite naturally.While the basi
 
on
epts of RDFT have been introdu
ed quite some time ago(Rajagopal and Callaway 1973, Rajagopal 1978, Ma
Donald and Vosko 1979),their pra
ti
al implementation has taken mu
h more time. Both the advan
e-ment of the RDFT formalism and its implementation have been the subje
t ofour 
ontribution to the program Relativisti
 E�e
ts in Heavy-Element Chem-istry and Physi
s (REHE) of the Deuts
he Fors
hungsgemeins
haft.In this Chapter we summarize the various proje
ts whi
h have been pur-sued in this 
ontext. We pla
e some emphasis on an overview of the variousformulations of RDFT, whi
h are found in the literature. Starting from quan-tum ele
trodynami
s (QED) one is dire
tly led to the 
ovariant form of RDFT,in whi
h the ground state four 
urrent j� = (
n; j) plays the role of the basi
density variable. This RDFT variant is ideally suited for a dis
ussion of thebasi
 existen
e theorem, questions of gauge invarian
e and the �eld theoret-i
al form of the e�e
tive single-parti
le equations (Engel et al. 1995b, Engeland Dreizler 1996, Engel et al. 1998a, Fa

o Bonetti et al. 1998). In pra
-ti
al 
al
ulations for magneti
 systems, on the other hand, a RDFT versionwhi
h depends on the magnetization density m, rather than on j, is utilized(Ma
Donald and Vosko 1979, Ramana and Rajagopal 1981a). Appli
ationsof this relativisti
 'spin-density' fun
tional approa
h is given in Chapter 5.As one of our proje
ts within the REHE program, a stable algorithm for theinvestigation of open-shell atoms has been developed on this basis (Engel etal. 2001a).Most frequently, however, a purely density-dependent version of RDFT isused. In this 
ontext we have examined the role of relativisti
 
orre
tions tothe ex
hange-
orrelation (x
) energy fun
tional. In view of the limited a

u-ra
y of the relativisti
 lo
al density approximation (RLDA) (Das et al. 1980,Ramana et al. 1982, Engel et al. 1995a) the generalized gradient approxima-tion (GGA) has been extended into the relativisti
 domain (RGGA) (Engelet al. 1996, 1998b). Appli
ations of the RGGA to Gold 
ompounds as wellas to the bulk showed, however, that, in spite of the obvious improvementsobtained for atoms, the gradient terms over
orre
t the errors of the RLDA forequilibrium distan
es and binding energies in mole
ules or solids with heavy
onstituents (S
hmid et al. 1998, Varga et al. 1999). This de�
ien
y of theRGGA indi
ates the need for truly nonlo
al x
-fun
tionals.The prototype of su
h a fun
tional is the exa
t ex
hange of RDFT, whi
hnot only in
ludes the relativisti
 kinemati
s of the ele
trons but also the
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tion among them. As an expli
it fun
tional of theauxiliary single-parti
le spinors of RDFT, the exa
t ex
hange is an impli
itdensity fun
tional, for whi
h the multipli
ative Kohn-Sham (KS) potentialmust be evaluated indire
tly via the relativisti
 version of the Optimized Po-tential Method (OPM) (Engel et al. 1995a, Kreibi
h et al. 1998, Engel et al.1998a). Within the REHE program we have obtained a variety of ex
hange-only (x-only) ROPM results and put forward an a

urate semi-analyti
al ap-proximation to the full ROPM. A 
orresponding orbital-dependent 
orrelationfun
tional has been derived from perturbation theory on the basis of the KSHamiltonian (Engel et al. 1998a) and studied for atoms and mole
ules (Engelet al. 2000a, Fa

o Bonetti et al. 2001).In order to fa
ilitate the appli
ation of the ROPM to more 
omplex sys-tems we have 
onstru
ted relativisti
 pseudopotentials on the basis of theexa
t ex
hange (H�o
k and Engel 1998, Engel et al. 2001
), using a relativisti
extension of the Troullier-Martins approa
h to norm
onserving pseudopoten-tials (Engel et al. 2001b). On this basis the antiferromagneti
 (AFM) groundstates of transition metal oxides have been studied (S
hmid 2000).As a fully relativisti
 density fun
tional approa
h to the ele
troni
 andgeometri
 stru
tures of mole
ules 
ontaining heavy elements, the relativisti
dis
rete variational method (RDVM) (Ros�en and Ellis 1975) has been su
-
essively improved to a new quality within the REHE program. Individualproje
ts addressed the eÆ
ient 
al
ulation of the Hartree potential (Bastuget al. 1995, Varga et al. 2000b), the interatomi
 for
es (Varga et al. 2001) andthe ne
essary multi
enter integrals (Heitmann et al. 2001). As a result theRDVM now allows theoreti
al studies of rather 
omplex systems, as 
lusters(Bastug et al. 1997b) and 
omplexes or 
ompounds 
ontaining superheavyand transa
tinide elements (Fri
ke et al. 1997, Varga et al. 2000a) (
ompareChapter 6). It 
an also be applied to the investigation of problems in sur-fa
e physi
s, e.g. adsorption pro
esses of adatoms on surfa
es (Ges
hke et al.2000).4.2 Foundations4.2.1 Existen
e theoremThe appropriate starting point for the dis
ussion of the foundations of RDFTis QED. Although relativisti
 quantum �eld theories like QED do not pro-vide a S
hr�odinger-like wave equation for the relativisti
 many-body prob-lem, there nevertheless exists a well-de�ned pro
edure for the derivation ofthe Hamiltonian of a stationary system. It emerges as one 
omponent of theenergy-momentum tensor, whi
h is most 
onveniently established within theframework of Noether's theorem. For the standard QED Lagrangian of inter-a
ting ele
trons 
oupled to some 
lassi
al, stationary C-number potential V �



CHAPTER 4. RELATIVISTIC DFT 4one obtainsĤ = Ĥe(x0) + Ĥ
(x0) + Ĥint(x0) + Ĥext(x0) (4.1)Ĥe(x0) = 12 Z d3r h ̂y(x);�� i
� �r+ �m
2� ̂(x)iĤ
(x0) = � 18� Z d3r n�0Â�(x)�0Â�(x) +rÂ�(x) �rÂ�(x)oĤint(x0) = e
 Z d3r ĵ�(x) Â�(x)Ĥext(x0) = e
 Z d3r ĵ�(x) V�(r) :Here  ̂(x) denotes the fermion �eld operator of the intera
ting, inhomoge-neous system 
hara
terized by Ĥ (in the Heisenberg pi
ture), ĵ� is the 
orre-sponding fermion four 
urrent operator,ĵ�(x) = 
2h ̂y(x); �� ̂(x)i ;and Â�(x) represents the �eld operator of the photons, for whi
h the 
ovariantquantization s
heme and Feynman gauge are used (x� = (
t; r), �� = 
0
�).Both Ĥ and ĵ� have been formulated in the 
ommutator form whi
h ensuresthe 
orre
t behavior under 
harge 
onjugation (K�all�en 1958), although we willnot dwell on this point in the following. The Hamiltonian 
ommutes with the
harge operator Q̂ = e
 Z d3r ĵ0(x) :This allows a 
lassi�
ation of all many-ele
tron states with respe
t to theirtotal 
harge.As is well known, the expe
tation values of Ĥ and ĵ� diverge if takendire
tly without some additional pres
ription. This is most easily seen fornonintera
ting ele
trons experien
ing an external potential V �: The existen
eof the negative energy 
ontinuum states requires the rede�nition of the energys
ale, in order to take into a

ount the nonvanishing energy of the va
uum.Furthermore, the fa
t that V � 
an 
reate virtual ele
tron-positron pairs makesa renormalization of the four 
urrent ne
essary. The situation is even moreinvolved for intera
ting ele
trons. Within the standard perturbative approa
hthe 
oupling between ele
trons and photons leads to large 
lasses of divergent
ontributions whi
h have to be �rst regularized and then renormalized by asuitable rede�nition of the fundamental parameters of QED. For the groundstate j�i of the Fo
k spa
e se
tor with 
harge Ne,Ĥ j�i = Ej�i ;the total binding energy ER of the ele
trons is thus given by the energydi�eren
e between j�i and the ground state of the zero-
harge se
tor, i.e. the
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ting va
uum j0i, augmented by the 
ounterterm 
ontributions (CTC)required to keep ER �nite,ER � Etot = h�jĤ j�i � h0jĤ j0i+ CTC : (4.2)An analogous renormalization is ne
essary for the ground state four 
urrent,j�R(r) = h�jĵ�(x)j�i+ CTC : (4.3)Of 
ourse, RDFT, whose 
entral ingredients are the ground state energy andfour 
urrent, must re
e
t this stru
ture of the underlying quantum �eld the-ory. The need for renormalization thus shows up in the formulation of thebasi
 existen
e theorem, in the single-parti
le equations and in the derivationof expli
it fun
tionals for the x
-energy. A detailed dis
ussion of the vari-ous issues involved has been given in (Engel et al. 1995b, Engel and Dreizler1996, Engel et al. 1998a) to whi
h we refer the interested reader. In the fol-lowing we always assume the quantities involved to be properly renormalized| all 
ounterterms as well as the 
orresponding index R will, however, besuppressed for brevity.On this basis, one 
an summarize the existen
e theorem of RDFT (Ra-jagopal and Callaway 1973, Rajagopal 1978, Ma
Donald and Vosko 1979,Engel et al. 1995b, Engel and Dreizler 1996) as follows: There exists a one-to-one 
orresponden
e between the 
lass of ground states whi
h result fromexternal potentials just di�ering by gauge transformations and the groundstate four 
urrent,nj�i��� j�i from V� + ���o() j�(x) (4.4)(here and in the following j�i is always assumed to be nondegenerate). Inother words, the 
lass of physi
ally equivalent realizations of the ground stateis uniquely determined by j� . Choosing a suitable representative of ea
h 
lass,i.e. �xing the gauge for the 
omplete set of V� , one 
an understand this repre-sentative j�i as a unique fun
tional of j� , j�[j� ℄i. If one inserts a spe
i�
 four
urrent j�0 into this fun
tional one obtains the ground state j�0i of the 
orre-sponding system, j�0i = j�[j�0 ℄i. No information beyond j�0 is needed, i.e. thesame fun
tional applies to atoms, mole
ules and solids (j�[j� ℄i is universal).The existen
e of a unique relation between the ground state and j� im-mediately leads to the statement that all ground state observables are uniquefun
tionals of the four 
urrent, most notably the ground state energy,Etot[j� ℄ = h�[j� ℄ j Ĥ j �[j� ℄i :In view of its �eld theoreti
al basis, this energy fun
tional not only a

ountsfor the relativisti
 kinemati
s of both ele
trons and photons, but, in prin
i-



CHAPTER 4. RELATIVISTIC DFT 6ple, also for all radiative 
orre
tions. With the Ritz prin
iple1, avoiding thequestion of intera
ting v-representability (Dreizler and Gross 1990), one maythen formulate the basi
 variational equation of RDFT,ÆÆj�(r)�Etot[j� ℄� �
 Z d3x j0(x)�����j=j0 = 0 ; (4.5)where the subsidiary 
ondition ensures 
harge 
onservation. Given the fun
-tional Etot[j� ℄, Eq.(4.5) allows the determination of the ground state four
urrent j0 
orresponding to the external potential V � in the Hamiltonian(4.1) and, by subsequent insertion of j0 into Etot[j� ℄, the ground state energy.The proof for this existen
e theorem of RDFT (Engel et al. 1995b, En-gel and Dreizler 1996) pro
eeds in a similar way as the original argument ofHohenberg and Kohn (1964) (HK), whose basi
 ingredients are the multipli
a-tive nature of the external potential and the Ritz' variational prin
iple. Thisproof involves inequalities between ground state expe
tation values of di�er-ent Hamiltonians, so that one ne
essarily has to rely on their renormalizedform (4.2). Fortunately, one 
an show that the HK-type proof is 
ompati-ble with the QED renormalization s
heme, if one utilizes the fa
t that the
ounterterms are unique fun
tionals of the four 
urrent (Engel et al. 1995b).One may nevertheless ask whether it is possible to base RDFT on an ap-proximate relativisti
 many-body approa
h, as e.g. the Dira
-Coulomb (DC)Hamiltonian,ĤDC = Ĥe(0) + Ĥext(0) + Ĥe�eĤe�e = e22 Z d3rd3r0  ̂y(0; r) ̂y(0; r0) ̂(0; r0) ̂(0; r)jr � r0j ;or its Dira
-Coulomb-Breit (DCB) extension, so that one avoids the dis
ussionof renormalization. In this 
ase the no-pair approximation (np) plays the roleof the renormalization s
heme,ĤDCnp = �̂+ĤDC�̂+ ; ĵ�np = �̂+ĵ��̂+ ;1We are not aware of any rigorous minimum prin
iple for the renormalized groundstate energies (4.2). There are, however, a number of arguments whi
h 
an be given infavor of su
h a minimum prin
iple. First of all, with in
reasing speed of light, i.e. in thenonrelativisti
 limit (v=
 �! 0), the energies (4.2) 
ontinuously approa
h values whi
hdo satisfy the Ritz prin
iple. There seems to be no reason to assume that the minimumprin
iple is restri
ted to the isolated value 
 =1. Se
ondly, one 
an expli
itly verify thatthere exists a minimum prin
iple for the renormalized ground state energy of nonintera
tingfermions in an arbitrary four potential V � (within the Furry pi
ture (Rafelski et al. 1978,
ompare)). Finally, real atoms and mole
ules are stable (indi
ating that there exists alower bound for energies) and QED has proven to be the most a

urate theory available todate to des
ribe these systems (note that, as a matter of prin
iple, one does not have torely on a perturbative treatment of QED-systems so that the asymptoti
 
hara
ter of thisperturbation expansion does not 
ontradi
t this argument).



CHAPTER 4. RELATIVISTIC DFT 7where �̂+ is a proje
tion operator onto positive energy states. However, theno-pair approximation 
an be unambiguously spe
i�ed only within some well-de�ned single-parti
le s
heme. Even in this 
ase �̂+ depends on the a
tualsingle-parti
le potential and thus on the external potential, �̂+[V �℄. As a
onsequen
e, ĤDCnp is a nonlinear fun
tional of V �, whi
h does not allow theusual redu
tio ad absurdum of the HK-proof. In addition, the no-pair approx-imation introdu
es a gauge dependen
e into the ground state energy (Engelet al. 1998a), so that an unambiguous 
omparison of two ground state ener-gies is only possible if one negle
ts the Breit intera
tion and restri
ts oneselfto a purely ele
trostati
 external potential. It thus seems that the existen
etheorem of RDFT 
an only be based on the �eld theoreti
al Hamiltonian(4.1) together with the standard QED renormalization s
heme. The no-pairapproximation, whi
h is used in most appli
ations, is mu
h more easily intro-du
ed at a later stage, i.e. in the 
ontext of the single-parti
le equations ofRDFT.From this dis
ussion it is obvious that the two 
entral approximationsof the DC or DCB approa
h, the no-pair approximation and the negle
t ofeither the 
omplete Breit intera
tion (DC) or the retardation 
orre
tions toit (DCB), play a di�erent role in RDFT. In fa
t, while the no-pair approxi-mation is a standard also in RDFT, there exists no fundamental 
on
eptualproblem with in
luding the full ele
tron-ele
tron intera
tion. In order to un-derstand this one has to re
all that RDFT is not based on a S
hr�odinger-likesingle-time single-�eld wave equation, but only requires a suitable approxima-tion for Etot[j� ℄. The building blo
ks for the evaluation of (4.2),(4.3) are thepropagators of the nonintera
ting parti
les, as the free photon propagator,D0;��(x� y) = �ie2
 h0
 jTÂ�0 (x)Â�0 (y)j0
i ;where Â�0 denotes the nonintera
ting photon �eld operator and j0
i is the
orresponding va
uum state. The derivation of expli
it approximations toEtot[j� ℄ via the usual �eld theoreti
al methods thus automati
ally leads tothe in
lusion of the full transverse intera
tion. In fa
t, this is true not only inprin
iple, but also in pra
ti
e (Rajagopal 1978, Ma
Donald and Vosko 1979,Ramana and Rajagopal 1981b, Engel et al. 1998a, Engel and Fa

o Bonetti2000).On the other hand, there is also no fundamental problem with restri
tingRDFT to the Coulomb or Coulomb-Breit level. Choosing the Feynman gaugeas used for the Hamiltonian (4.1), the full D0�� is expli
itly given byD0;F�� (x � y) = Z d4q(2�)4 e�iq(x�y) DF��(q) (4.6)DF��(q) = D(q2) g�� (4.7)D(q2) = �4�e2q2 + i� ; (4.8)
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h is easily redu
ed to the weakly relativisti
 (Coulomb-Breit),DF;CB�� (q) = D(�q2) 1 + (q0)2q2 00 gij ! ; (4.9)or the nonrelativisti
 (Coulomb) level,DF;C�� (q) = D(�q2)g�0g�0 : (4.10)However, the propagators (4.7) and (4.9) are equivalent to their Coulombgauge 
ounterparts (usually applied in quantum 
hemistry),DF��(q) �! DC��(q) =  D(�q2) 00 D(q2)�gij + qiqjq2 � !(4.11)DF;CB�� (q) �! DC;CB�� (q) = D(�q2)� 1 00 gij + qiqjq2 � ; (4.12)only in gauge invariant expressions. In general, gauge invarian
e 
an only beensured by the in
lusion of the negative 
ontinuum in all intermediate sumsover states (Engel et al. 1998a) (with one important ex
eption | see Se
tion4.3.1). As soon as the no-pair approximation is applied a gauge dependen
e isintrodu
ed, so that a 
onsistent 
omparison of RDFT and DCB data should bebased on the same gauge. The absolute size of this gauge dependen
e has beenexamined for the 
orrelation energy of the relativisti
 homogeneous ele
trongas (RHEG) by 
omparison of the gauge invariant standard form with its no-pair 
ounterpart, evaluated for di�erent gauges (Fa

o Bonetti et al. 1998).It was found that for high densities the error resulting from the 
ombinationof the no-pair approximation with a spe
i�
 gauge 
an be substantial. On theother hand, the e�e
t of this gauge dependen
e on atomi
 
orrelation energiesis rather limited: Utilization of the no-pair form within the LDA showed thatthe gauge error is small 
ompared with the error introdu
ed by use of theLDA, in parti
ular for the Coulomb gauge. Thus, assuming this result to alsobe 
hara
teristi
 of the gauge dependen
e of DCB data, gauge questions donot seem to be relevant for 
omparisons of DCB or experimental data withRLDA or RGGA results (or of di�erent x
-fun
tionals).In most appli
ations the external magneti
 �eldBext(r) = r� V (r) ;vanishes. In this 
ase the external Hamiltonian redu
es toĤext �! Ĥ 0ext = Z d3r n̂(x)vext(r) ; vext(r) = eV 0(r) ; (4.13)where we have introdu
ed the more familiar n for the density,n̂(x) = 12h ̂y(x);  ̂(x)i  ! j�(r) = (
n(r); j(r)) :



CHAPTER 4. RELATIVISTIC DFT 9Following the standard HK s
heme one 
an then prove that there exists aone-to-one mapping between the zeroth 
omponent of the external potential,the ground state and the ground state density (Ma
Donald and Vosko 1979),nvext���vext + 
onst:o() nj�i��� j�i from vext + 
onst:o() n(r) :In this 
ase one 
an thus understand the ground state as a fun
tional of thedensity alone, j�[n℄i. The same is then true for the ground state observablesas the energy, Etot[n℄. As a 
onsequen
e, there is only one single variationalequation, ÆÆn(r)�Etot[n℄� � Z d3xn(x)�����n=n0 = 0 : (4.14)It must be emphasized that the restri
tion to an external potential of the typeV � = (V 0;0) does not imply that the system 
annot have some magneti
moment. Rather the spatial 
omponents of the four 
urrent must be viewedas fun
tionals of the density, j[n℄ = h�[n℄jĵj�[n℄i 6= 0.Thus, in prin
iple, the density is suÆ
ient for an exa
t RDFT treatment ofmagneti
 systems, similar to the situation in nonrelativisti
 DFT. In pra
ti
e,on the other hand, spin-density fun
tional theory proved to be ne
essary forthe des
ription of spin-polarized ground states in the nonrelativisti
 
ontext.Its spin-density dependent energy fun
tional allows a distin
tion between thespin-up and spin-down 
hannels, whi
h is important also if Bext = 0. As amatter of prin
iple, the expli
it in
lusion of magneti
 e�e
ts is possible viathe four 
urrent version of RDFT. However, the standard energy fun
tion-als of (R)DFT are based on the (relativisti
) homogeneous ele
tron gas (seeSe
tion 4.4.1), for whi
h j vanishes. Consequently, expli
itly j-dependent ap-proximations for the energy 
annot be derived from the RHEG. Thus a dire
trelativisti
 extension of spin-density fun
tional theory is desirable, whose ba-si
 variables are suitably generalized spin-densities.The starting point for this generalization is the Gordon de
omposition,in whi
h the total 
urrent is split into the paramagneti
 (orbital) 
omponentjp, a gauge term proportional to the s
alar density �s and the 
url of themagnetization density m,j(r) = jp(r)� em
V (r)�s(r)� 
er�m(r)jp(r) = � i~2mh�j ̂y(x)��r ̂(x)�� �r ̂y(x)�� ̂(x)j�i�s(r) = h�j ̂y(x)� ̂(x)j�im(r) = ��Bh�j ̂y(x)�� ̂(x)j�iwith �B = e~2m
 ; � = � � 00 � � :



CHAPTER 4. RELATIVISTIC DFT 10Negle
t, for the sake of argument, the 
oupling of V to the orbital 
urrent,Ĥext �! Ĥ 00ext = Z d3r nn̂(r)vext(r) + m̂(r) �Bext(r)o :The resulting HamiltonianĤ 00 = Ĥe + Ĥ
 + Ĥint + Ĥ 00ext (4.15)is 
ompletely legitimate if one aims at the des
ription of systems not subje
t tomagneti
 �elds. In this 
ase, one formulates a density fun
tional approa
h fora more general 
lass of systems than physi
ally required. In this more general
lass the systems of interest are in
luded as a subset whi
h is obtained inthe limit Bext �! 0: Ĥ 00 only serves to identify the fundamental variablesof a RDFT s
heme for Bext = 0. On the basis of Ĥ 00 one 
an establish anexisten
e theorem, 
onne
ting the ground state with the ground state 
hargeand magnetization densities (Ma
Donald and Vosko 1979),j�i () (n;m) : (4.16)In other words: j�i is a unique and universal fun
tional of (n;m), j�[n;m℄i.Again the minimum prin
iple for the ground state energy provides a set ofvariational equations,ÆÆn(r)�Etot[n;m℄� � Z d3xn(x)� = 0 ; ÆÆm(r)Etot[n;m℄ = 0 : (4.17)RDFT in the form (4.16),(4.17) 
an be 
onsidered exa
t for Bext �! 0.Due to its universality j�[n;m℄i remains un
hanged in this limit. The samestatement then holds for all 
omponents of Etot[n;m℄ for whi
h the asso
iatedpart of the Hamiltonian does not depend on Bext. Thus, the only point atwhi
h the limit Bext �! 0 a
tually shows up is the expli
it 
oupling termR d3rm � Bext. However, these statements should be taken with a grain ofsalt: In view of the prominent role of Ward identities and gauge invarian
efor the su

ess of the QED renormalization s
heme it is obvious that thearguments leading to (4.16),(4.17) are build on somewhat less solid groundthan those underlying the four 
urrent version of RDFT, Eqs.(4.4),(4.5). Adetailed investigation of this issue is not yet available. It seems worthwhileto remark that for Bext 6= 0 the Hamiltonian (4.15) and thus the RDFTvariant (4.16),(4.17) represent approximations whose usefulness depends onthe absolute size of Bext.In the form (4.16),(4.17) RDFT is perfe
tly suited to deal with systemsin whi
h the dire
tion of m varies with r. On the other hand, if the non-
ollinearity ofm is not an important feature for the system, one may restri
tthe arti�
ial 
oupling between the ele
trons and the magneti
 �eld to itsz-
omponent,̂H 000ext = Z d3r �n̂(r)vext(r) + m̂z(r)Bext;z(r)� ;



CHAPTER 4. RELATIVISTIC DFT 11so that the one-to-one mapping redu
es toj�i () (n;mz) : (4.18)In this 
ase the ground state is uniquely determined by n and mz, j�[n;mz℄i,and the variational equations (4.17) redu
e a

ordingly.4.2.2 Single-parti
le equationsThe next task is to derive an alternative form of the fundamental variationalequations of Se
tion 4.2.1 whi
h is more useful in pra
ti
e. The basi
 idea isto represent the elementary density variables of RDFT in terms of auxiliarysingle-parti
le four spinors �k , (assuming that this is possible for arbitraryexternal �elds, i.e. assuming nonintera
ting v-representability). Su
h a repre-sentation in general also in
ludes all va
uum 
orre
tions to the ground statefour 
urrent and energy (Engel and Dreizler 1996, Engel et al. 1998a). Formost RDFT appli
ations, however, these �eld theoreti
al e�e
ts are irrele-vant. In the following we thus restri
t ourselves to summarizing the no-pairform for brevity.In the four 
urrent version of RDFT the auxiliary spinors are 
hosen toreprodu
e the 
omplete j�,j�(r) = 
Xk �k�yk(r)���k(r) ; (4.19)where �k =8<: 0 for �k � �m
21 for �m
2 < �k � �F0 for �F < �k (4.20)in the no-pair approximation and �F is the Fermi energy. Eq.(4.19) then in-du
es a de
omposition of Etot, in whi
h the manageable single-parti
le 
om-ponents are separated from the more 
ompli
ated many-body 
ontributions,Etot = Ts +Eext +EH +Ex
 : (4.21)Here Ts denotes the kineti
 energy of the 'auxiliary parti
les',Ts = Z d3rXk �k�yk(r)�� i
� �r+ (� � 1)m
2��k(r) ; (4.22)and Eext represents the 
oupling between the ele
trons and the external �elds,Eext = e
 Z d3r j�(r) V �(r) : (4.23)
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ovariant' form of the Hartree energy, whi
h 
an be split into theCoulomb 
ontribution ECH and a transverse part ETH ,EH = 12
2 Z d3x Z d4y D0��(x� y; y0) j�(x)j�(y) = ECH +ETH (4.24)ECH = e22 Z d3r Z d3r0 n(r) n(r0)jr � r0j (4.25)ETH = � e22
2 Z d3r Z d3r0 j(r) � j(r0)jr � r0j : (4.26)Finally, the x
-energy Ex
, in whi
h all many-body aspe
ts beyond the Pauliprin
iple are absorbed, is de�ned by (4.21) (the rest mass of the ele
trons hasbeen subtra
ted from Etot). As the existen
e theorem (4.4) is equally validfor nonintera
ting parti
les, not only Etot but also Ts is a unique fun
tionalof j�. Consequently, also Ex
 must be a unique fun
tional of j�, Ex
[j�℄.Minimization of Etot with respe
t to the �k rather than j� thus leads toe�e
tive single-parti
le equations (Rajagopal 1978, Ma
Donald and Vosko1979), �� i
��r+ (� � 1)m
2 + ��v�s (x)	�k(x) = �k�k(x) ; (4.27)with the multipli
ative KS potential v�s 
onsisting of the sum of V �, theHartree potential v�H and the x
-potential v�x
,v�s (r) = eV �(r) + v�H(r) + v�x
(r) (4.28)v�H(r) = e2
 Z d3r0 j�(r0)jr � r0j (4.29)v�x
(r) = 
ÆEx
[j℄Æj�(r) : (4.30)Eqs.(4.19,4.27-4.30) have to be solved self
onsistently. With the exa
t Ex
[j�℄their solution leads to the exa
t ground state four 
urrent, whi
h, upon inser-tion into (4.21), yields the exa
t ground state energy. On the other hand, nostatement is made about the true many-body ground state j�i. Moreover, asa matter of prin
iple, the eigenvalues �k have no physi
al meaning in the 
aseof intera
ting parti
les. The only ex
eption is the eigenvalue of the highesto

upied KS state, whi
h, in nonrelativisti
 DFT, 
an be shown to be iden-ti
al with the ionization potential (Almbladh and von Barth 1985) (for �nitesystems | no rigorous proof of this statement is known in the �eld theoreti
alsituation).At this point it is 
onvenient, though not required, to de�ne the ex
hange
omponent Ex of Ex
. As in the nonrelativisti
 
ontext (Sahni et al. 1982,Langreth and Mehl 1983, Sham 1985) one identi�es Ex with the �rst order
ontribution to Ex
 resulting from perturbation theory on the basis of the KS



CHAPTER 4. RELATIVISTIC DFT 13auxiliary Hamiltonian (Engel et al. 1998a). Within the no-pair approximationthis leads toEx = �e22 Xk;l �k�l Z d3r Z d3r0 
os(!kljr � r0j)jr � r0j� �yk(r)���l(r) �yl (r0)���k(r0) ; (4.31)(!kl = j�k � �lj=
) whi
h 
an be easily de
omposed into a Coulomb partECx = �e22 Xk;l �k�l Z d3r Z d3r0 �yk(r)�l(r) �yl (r0)�k(r0)jr � r0j ; (4.32)and a transverse remainder ETx = Ex�ECx . It is worthwhile emphasizing thatneither Ex nor ECx are identi
al with their Dira
-Fo
k (DF) 
ounterparts: TheKS spinors �k used for the evaluation of (4.31) or (4.32) are solutions of (4.27)with its multipli
ative total potential, in 
ontrast to the DF orbitals whi
h ex-perien
e the nonlo
al DF ex
hange potential. In fa
t, the multipli
ative natureof v�s also ensures the gauge invarian
e of (4.31) (Engel et al. 1998a), whi
his lost as soon as the �k 
orrespond to a nonlo
al single-parti
le potential.So, while (4.31) is most easily derived in Feynman gauge, the Coulomb gaugepropagator (4.11) �nally leads to the same Ex. The 
orrelation energy E
 ofRDFT is then given by E
 = Ex
 �Ex.Variants of the single-parti
le equations (4.27) are obtained for the otherversions of RDFT. Starting from the zeroth 
omponent of (4.19),n(r) =Xk �k�yk(r)�k(r) ; (4.33)the self
onsistent equations of the purely n-dependent formalism (4.14) havethe same form as the time-like 
omponent of Eq.(4.27),�� i
��r+ (� � 1)m
2 + vs(r)	�k(r) = �k�k(r) (4.34)vs(r) = vext(r) + vH(r) + ÆEx
[n℄Æn(r) + ÆETH [j[n℄℄Æn(r) ; (4.35)with vH � v0H (Ma
Donald and Vosko 1979). In Eqs.(4.34),(4.35) one has usedthe fa
t that j 
an be understood as a fun
tional of n, j[n℄ = h�[n℄jĵj�[n℄i.This not only allows the exa
t in
lusion of ETH , but also relates the j-depen-dent Ex
 of Eq.(4.20) to the purely n-dependent Ex
 of the present RDFTvariant, Ex
[n℄ � Ex
[n; j[n℄℄. In pra
ti
e, however, the fun
tional j[n℄ is notat all known, so that one usually simply negle
ts ETH at this point. Note thatfor the large 
lass of time-reversal invariant systems (
losed shells) j vanishes,so that ETH does not 
ontribute anyway.



CHAPTER 4. RELATIVISTIC DFT 14For the Hamiltonian (4.15) one starts with a single-parti
le representationof the 
harge and the magnetization density rather than of the full j�,n(r) =Xk �k�yk(r)�k(r) ; m(r) = ��BXk �k�yk(r)���k(r) : (4.36)The total energy 
an then be de
omposed as in (4.20) with Eext repla
ed byE0ext = Z d3r nn(r)vext(r) +m(r) �Bext(r)o : (4.37)In order to simplify the resulting single-parti
le equations, one next absorbsETH into Ex
 (Ma
Donald and Vosko 1979), relying on the fa
t that j isa unique fun
tional of n;m. However, as for Eqs.(4.34),(4.35) this usuallyimplies the negle
t of ETH . With this rede�nition/approximation Eq.(4.17)leads to (Ramana and Rajagopal 1981a) (Es
hrig et al. 1985, see also)�� i
��r+ (� � 1)m
2 + vs � �B�� �Bs	�k(r) = �k�k(r) (4.38)vs(r) = vext(r) + vH(r) + ÆEx
[n;m℄Æn(r) (4.39)Bs(r) = Bext(r) + ÆEx
[n;m℄Æm(r) : (4.40)One 
an now easily take the limit Bext = 0. Eqs.(4.36)-(4.40) provide theappropriate starting point for density fun
tional studies of magneti
 systems.They have nevertheless not yet found widespread use due to their rather 
om-plex stru
ture. Only re
ently the �rst 
al
ulations with truly non-
ollinearmhave been performed (Nordstr�om and Singh 1996, Es
hrig and Servedio 1999).While ground states with non-
ollinear m were found for a number of solids(Sandratskii 1998, see, e.g.,), non-
ollinearity turned out to be only of lim-ited importan
e for open-shell atoms (Es
hrig and Servedio 1999). Moreover,presently only the ex
hange 
ontribution to the RLDA for Ex
[n;m℄ is avail-able (Ramana and Rajagopal 1979, 1981a, Ma
Donald 1983, Xu et al. 1984).One is thus led to 
onsider the RDFT formalism for 
ollinearm, Eq.(4.18),whi
h serves as a standard tool for the dis
ussion of magneti
 systems. The
orresponding single-parti
le equations follow from Eqs.(4.36)-(4.40) by re-stri
tion to the z-
omponent ofm. A parti
ularly useful form of the equationsfor 
ollinear m is found in terms of the generalized spin-densities n�,n�(r) = 12�n(r)� 1�Bmz(r)� =Xk �k�yk(r)1� ��z2 �k(r) : (4.41)



CHAPTER 4. RELATIVISTIC DFT 15Setting Bext;z = 0, one obtains�� i
��r+ (� � 1)m
2 + 1 + ��z2 vs+ + 1� ��z2 vs���k = �k�k (4.42)vs;�(r) = vext(r) + vH(r) + vx
;�(r) (4.43)vx
;�(r) = ÆEx
[n+; n�℄Æn�(r) = ÆEx
[n;mz℄Æn(r) � sign(�)�B ÆEx
[n;mz℄Æmz(r) : (4.44)Given the expli
it form of the proje
tion matri
es in Eqs.(4.41),(4.42),1 + ��z2 = 0BB� 1 0 0 00 0 0 00 0 0 00 0 0 1 1CCA 1� ��z2 = 0BB� 0 0 0 00 1 0 00 0 1 00 0 0 0 1CCA ;Eqs.(4.41)-(4.44) are immediately identi�ed as the relativisti
 extension of thestandard form of nonrelativisti
 spin-density fun
tional theory.Clearly, the 
hoi
e of the appropriate variant of RDFT depends on thesystem under 
onsideration. As already indi
ated, however, the availabilityof suitable approximations for Ex
 is similarly important. Even within thepurely n-dependent form of RDFT the relativisti
 Ex
[n℄ is not identi
al withthe nonrelativisti
 x
-fun
tional. In Ex
[n℄ relativity not only enters via therelativisti
 form of n, but also shows up in the fun
tional dependen
e ofEx
 on n. In appli
ations, however, these 
orre
tions are often negle
ted, e.g.by use of nonrelativisti
 spin-density fun
tionals with the relativisti
 n� inEq.(4.44). Of 
ourse, the large variety of nonrelativisti
 forms for Ex
[n"; n#℄whi
h have been suggested in the literature 
annot be reviewed here | theinterested reader is referred to Dreizler and Gross (1990). An overview of thefew available relativisti
 forms for Ex
 is given in the next two Se
tions.4.3 Impli
it Density Fun
tionals4.3.1 Optimized Potential MethodThe exa
t ex
hange (4.31) immediately raises the question whether orbital-dependent x
-fun
tionals 
an be utilized in pra
ti
e. As in the 
ase of Ts,Eq.(4.22), one 
an use the fa
t that, via the relativisti
 HK theorem for non-intera
ting parti
les, the KS orbitals are unique fun
tionals of j�, �k[j�℄. Thisallows the repla
ement of the fun
tional derivative of Ex
 with respe
t to j�required for the evaluation of v�x
 by fun
tional derivatives to the �k and the
orresponding KS eigenvalues �k. This leads to the ROPM integral equationof RDFT (Engel et al. 1998a) (in the no-pair approximation),Z d3r0 ���0 (r; r0) vx
;�(r0) = ��x
(r) ; (4.45)



CHAPTER 4. RELATIVISTIC DFT 16with �0 denoting the stati
 response fun
tion of the KS system,���0 (r; r0) = �Xk �k�yk(r)��Gk(r; r0)���k(r0) + 
:
: (4.46)��x
(r) = �Xk Z d3r0��yk(r)��Gk(r; r0) ÆEx
Æ�yk(r0) + 
:
:�+Xk j�k (r)�Ex
��k (4.47)Gk(r; r0) = Xl6=k �l(r) �yl (r0)�l � �k ; j�k (r) = �yk(r)���k(r) : (4.48)Eqs.(4.45)-(4.48) are easily redu
ed to the purely density-dependent form ofRDFT (Shadwi
k et al. 1989, Engel et al. 1995a). Re
ently, the ROPM equa-tion for the (n;m)-version of RDFT has also been formulated (Auth 1999).The numeri
al solution of Eqs.(4.45)-(4.48) is rather involved, due to thefa
t that the evaluation of Gk requires a summation over the 
omplete KSspe
trum. In the nonrelativisti
 
ase the semi-analyti
al Krieger-Li-Iafrate(KLI) approximation (Krieger et al. 1990) for (4.45)-(4.48) proved to be verya

urate for atoms (Krieger et al. 1992), mole
ules (Engel et al. 2000b), andsolids (S
hmid 2000). The KLI approximation 
an be most easily extendedinto the relativisti
 domain by use of a 
losure approximation, �l � �k � ��,for Gk (Engel et al. 1998a),v�x
(r) = 12n(r)�� g�� + g�0g�0 + j�(r)j�(r)j�(r)j�(r)� (4.49)�(Xk ��yk(r)�� ÆEx
Æ�yk(r) � j�k (r)ek + 
:
:�+ 2Xk �kj�k (r)vk)ek = Z d3r �yk(r) ÆEx
Æ�yk(r) ; vk = Z d3r jk;�(r)v�x
(r) ; (4.50)where, 
onsistent with the 
losure approximation, the �Ex
=��k-
ontributionto (4.47) has been negle
ted. Alternatively, Eqs.(4.49),(4.50) may be derivedfrom a rearranged form of (4.45)-(4.48) (Kreibi
h et al. 1998).4.3.2 Results for the exa
t ex
hangeThe x-only ground state energies of noble gas atoms obtained by solutionof Eqs.(4.45)-(4.48) for di�erent forms of the ele
tron-ele
tron intera
tion arelisted in Table 4.1. In the Coulomb limit a dire
t 
omparison with fully numer-i
al RHF 
al
ulations is possible. Due to the multipli
ative nature of vOPMx theOPM energies are higher than the RHF data. The a
tual di�eren
es, however,are extremely small. As a 
onsequen
e, basis set limitations easily dominate



CHAPTER 4. RELATIVISTIC DFT 17Table 4.1: Ex
hange-only ground state energies from ROPM and RHF 
al
u-lations for noble gas atoms: Coulomb(C)- and Coulomb-Breit(C+B)-limit in
omparison with 
omplete transverse ex
hange (C+T) (Engel et al. 1998a).For the RHF approximation the energy di�eren
e with respe
t to the ROPMis given, �E = Etot(RHF)�Etot(ROPM), providing results from (a) �nite dif-feren
es 
al
ulations (Dyall et al. 1989) and (b) a basis set expansion (Ishikawaand Ko
 1994) (all energies in mHartree | vext and 
 as in (Ishikawa andKo
 1994)).Atom �ECtot �EC �EC �EC+Btot �EC+B �EC+TtotROPM RHFa RHFb ROPM RHFb ROPMHe 2862 0 0 2862 0 2862Ne 128690 �2 �2 128674 �2 128674Ar 528678 �5 �5 528546 �5 528546Kr 2788849 �13 �12 2787423 �12 2787431Xe 7446882 �19 �6 7441115 �3 7441179Rn 23601947 �35 �19 23572625 11 23573332over these 
on
eptual di�eren
es, as 
an be seen from the Coulomb-Breitenergies in Table 4.1. Finally, the 
omparison of the Coulomb-Breit valueswith those found by in
lusion of the 
omplete ETx , demonstrates the size ofthe retardation 
orre
tions to the Breit intera
tion. It is obvious that these
orre
tions are only relevant for truly heavy atoms.The importan
e of a self
onsistent treatment of the transverse intera
tionis examined in Table 4.2. The fully self
onsistent handling is 
ompared witha perturbative evaluation of only the beyond-Breit terms and a perturbativetreatment of the 
omplete ETx . Even for the heaviest atoms the perturba-tive evaluation of the retardation 
orre
tions to the Breit term seems to besuÆ
ient. On the other hand, use of �rst order perturbation theory for the
omplete ETx leads to errors of the order of 1 eV for heavy atoms. An a

uratedes
ription of inner shell transitions in these systems requires the in
lusion ofse
ond order Breit 
orre
tions.Table 4.2 also demonstrates the a

ura
y of the KLI approximation inthe relativisti
 situation. In fa
t, for heavy elements the di�eren
es betweenthe KLI and the full OPM energies are smaller than those resulting from aperturbative treatment of the transverse intera
tion.4.3.3 CorrelationGiven the possibility to use the exa
t ex
hange in a
tual appli
ations, oneneeds a 
orrelation fun
tional whi
h 
an be 
ombined with the exa
t Ex. The
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hange-only ground state energies from ROPM, RHF, RKLI,RLDA and RGGA(PW91) 
al
ulations for noble gas atoms: In the 
ase of theROPM the self
onsistent (s
) treatment of the 
omplete ETx (T) is 
omparedwith a self
onsistent in
lusion of only its Breit (B) limit (together with a �rstorder perturbative (pt) 
al
ulation of the beyond Breit 
ontributions (T�B))as well as a fully perturbative evaluation of ETx . The latter pro
edure has alsobeen used for the RHF 
al
ulations (Dyall et al. 1989) (Engel et al. 1998a, allenergies in mHartree).�EC+Ttot EC+Ttot �EC+Ttot [ROPM: s(C+T)℄ROPM ROPM RHF RKLI RLDA RGGA GGAs
: C+T C+B C C C+T C+T C+T Cpt: | T�B T T | | | |He 2862 0 0 0 0 138 6 6Ne 128674 0 0 �2 1 1080 �24 �43Ar 528546 0 0 �5 2 2458 41 �111Kr 2787429 0 2 �12 3 6543 �22 �1683Xe 7441173 1 10 �11 6 13161 83 �6705Rn 23573354 8 68 29 9 35207 �9 �35145most appropriate form of su
h an E
 is an open question even in the nonrel-ativisti
 
ase (G�orling and Levy 1994, Grabo and Gross 1995, Kotani 1998,Engel and Fa

o Bonetti 2000, Seidl et al. 2000, Fa

o Bonetti et al. 2001).In most appli
ations the exa
t Ex has thus been augmented by the LDA orGGA for 
orrelation (Kotani 1994, 1995, Kotani and Akai 1996, Bylander andKleinman 1995a,b, 1996, 1997, Chen et al. 1996, St�adele et al. 1997, Engeland Dreizler 1999, Kim et al. 1999). However, this strategy does not lead toa 
onsistent improvement over x-only results (Engel and Dreizler 1999, Kimet al. 1999). Error 
an
ellation between ex
hange and 
orrelation plays animportant role for the su

ess of the LDA and is also relevant in the 
aseof the GGA. Con
eptually, a fully nonlo
al, orbital-dependent approximationfor E
 appears to be most adequate. Presently, the most promising s
hemefor the derivation of su
h a fun
tional is perturbation theory on the basisof the auxiliary KS Hamiltonian (Sham 1985, G�orling and Levy 1994). Thisapproa
h 
an be dire
tly extended into the relativisti
 domain (Engel et al.1998a), in
luding all transverse and va
uum 
orre
tions. In prin
iple, not onlylow order perturbative E
 
an be obtained in this way, but also resummedforms like the RPA (Engel and Fa

o Bonetti 2000). In pra
ti
e, however, theresulting fun
tionals are 
omputationally mu
h more demanding than the ex-a
t Ex, so that until now only the lowest order 
ontribution has been applied.
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orrelation energies of the Helium isoele
troni
 series:E(2)
 (OPM) versus CS (Colle and Salvetti 1975), LDA (Vosko et al. 1980),GGA (Perdew et al. 1992), MP2 (Ishikawa and Ko
 1994) and exa
t results(Davidson et al. 1991). Both the nonrelativisti
 values ENR
 and the di�eren
ebetween the relativisti
 numbers and ENR
 are given (all energies in mHartree).Ion �ENR
 ENR
 �ER
LDA GGA CS OPM MP2 exa
t ROPM RMP2He 112.8 45.9 41.6 48.21 37.14 42.04 0.00 0.00Ne8+ 203.0 61.7 40.6 46.81 44.37 45.69 �0.07 �0.07Zn28+ 267.2 71.3 33.2 46.67 45.71 46.34 �0.19 �0.19Sn48+ 297.7 76.0 30.0 46.65 45.98 46.47 0.72 0.69Yb68+ 318.0 79.3 28.2 46.63 46.53 3.71Th88+ 333.2 81.7 27.0 46.62 46.56 11.00Within the no-pair approximation and negle
ting the transverse intera
tionthis se
ond order term readsE(2)
 = EMP2
 +E�HF
 (4.51)EMP2
 = 12 Xijkl;�F<�k;�l�i�j (ijjjkl) [(kljjij)� (kljjji)℄�i + �j � �k � �lE�HF
 = Xil;�F<�l �i�i � �l ����hij��v�x jli+ e2Xj �j(ijjjjl)����2(ijjjkl) = Z d3r1 Z d3r2 �yi (r1)�k(r1)�yj(r2)�l(r2)jr1 � r2j ;where hij��v�x jli = R d3r �yi (r)���l(r)vC;�x (r).Illustrative results obtained by a perturbative evaluation of this fun
tionalon the basis of a self
onsistent 
al
ulation with the exa
t ECx are given inTable 4.3 and Figs.4.1, 4.2. Table 4.3 lists the 
orrelation energies of theHelium isoele
troni
 series, separating the nonrelativisti
 from the relativisti

ontribution. As is well known, the LDA overestimates the exa
t E
 of neutralatoms by roughly a fa
tor of 2. This error in
reases to a fa
tor of 5 or morefor highly 
harged ions. Moreover, while the PW91-GGA is rather 
lose to theexa
t E
 for neutral Helium, the error in
reases to a fa
tor of 2 for Fm98+.Obviously, these expli
it density fun
tionals do not s
ale properly with Z. Thesame is true for the orbital-dependent Colle-Salvetti (CS) fun
tional, whi
h,however, underestimates E
 by far. On the other hand, Eq.(4.51) leads to very
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urate E
 for the highly 
harged ions, re
e
ting its systemati
 origin. Forneutral atoms E(2)
 and the 
onventional MP2 energies (also listed in Table4.3) bra
ket the exa
t values. Also, the relativisti
 
orre
tions in E
 obtainedwith E(2)
 are almost identi
al with their MP2 
ounterparts.Table 4.3 shows that E(2)
 is less a

urate for neutral atoms than for posi-tive ions. As an example for a negative ion, the most 
riti
al 
ase, we 
onsiderCs� . For Cs� E(2)
 amounts to 3625mHartree, whi
h may be 
ompared to thenonrelativisti
 value of 3593mHartree. La
king any information on the exa
tE
, we resort to an analysis of the 
orresponding ele
tron aÆnities (EA), forwhi
h one obtains 1.31 eV (rel.) and 1.17 eV (nonrel.). These values are mu
hlarger than the experimental EA of 0.47 eV, whi
h indi
ates the importan
eof higher order 
orrelation terms. In fa
t, the in
lusion of the Epstein-Nesbettype diagrams in (4.51) redu
es the EA to 0.46 eV. Nevertheless, even on thelevel of E(2)
 this example demonstrates (i) the mere existen
e of negative ionswithin the OPM (whi
h is due to the 
omplete elimination of the ele
troni
sel�ntera
tion by the exa
t Ex), and, (ii) the e�e
t of relativity on the EA.One 
an show that E(2)
 in
ludes the leading 
omponent of the dispersionfor
e between two atoms (Engel et al. 1998a). Thus, from a fundamental pointof view, E(2)
 is the �rst x
-fun
tional whi
h allows a seamless des
ription ofvan der Waals bond mole
ules. As an example we show the energy surfa
eof He2 in Fig.4.1 (Engel et al. 2000a). As is well known, the LDA is notable to reprodu
e the van der Waals intera
tion, due to its lo
al density-dependen
e. Fig.4.1 re
e
ts this fa
t: In the LDA the He dimer is 
ontra
teduntil the individual atomi
 densities overlap substantially. On the other hand,the x-only OPM predi
ts He2 to be unbound, 
onsistent with the HF result.As for the behavior of E
 for neutral atoms, the 
orrelated OPM and the
onventional MP2 results bra
ket the exa
t variational energy surfa
e. Thus,while the need for higher order 
orrelation is again obvious, Fig.4.1 veri�esthe basi
 ability of fun
tionals of the type (4.51) to des
ribe dispersion for
es.All E(2)
 -results dis
ussed so far have been obtained by a perturbativeevaluation of E(2)
 on the basis of an x-only OPM 
al
ulation. One may thusask to what extent e.g. the 
omparatively poor EA found for Cs� is due tothe la
k of the 
orrelation 
omponent in vs. A straightforward self
onsistentappli
ation of E(2)
 , however, is not only extremely involved, it also leads toa diverging v
 in the asymptoti
 regime (Fa

o Bonetti et al. 2001). Thisdivergen
e originates from the dependen
e of (4.51) on uno

upied states, sothat this problem 
an be avoided by use of a 
losure approximation in theOPM pro
ess (without a�e
ting E
) (Fa

o Bonetti et al. 2001). The resultingv
 for Ne is plotted in Fig.4.2. Fig.4.2 exhibits the 
omplete failure of the LDAand PW91-GGA for atomi
 v
. The CS potential has also little in 
ommonwith the exa
t v
. The 
losure approximated potential 
orresponding to (4.51)is the �rst DFT potential whi
h at least qualitatively follows the exa
t v
.
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exactx-only OPMFC2-OPMLDAHFMP2Eb[meV] R [Bohr]Figure 4.1: Energy surfa
e of He2: X-only and 
orrelated OPM data (FC2�Ex+E(2)
 ) versus LDA, HF (Silver 1980), MP2 (Woon 1994) and exa
t (Azizand Slaman 1991) results.The need for the in
lusion of higher order 
ontributions is apparent from theoverestimation of the 'shell stru
ture' of v
. In addition, the asymptoti
 1=r4-behavior of the exa
t v
 is not reprodu
ed. Clearly, perturbative 
orrelationfun
tionals like E(2)
 
annot be the �nal answer to the question whi
h E
should be 
ombined with the exa
t Ex.4.4 Expli
it Density Fun
tionals4.4.1 Lo
al density approximationIn view of the 
omputational demands of OPM 
al
ulations and the openquestion for a suitable orbital-dependent E
 expli
itly density-dependent x
-fun
tionals, i.e. the LDA or GGA, will remain the standard in RDFT ap-pli
ations in the nearer future. The RLDA is obtained from the x
-energydensity eRHEGx
 (n0) of the relativisti
 homogeneous ele
tron gas (Rajagopal1978, Ma
Donald and Vosko 1979, Ramana and Rajagopal 1981b) by sub-stitution of the gas density n0 by the lo
al n(r). De
omposing eRHEGx
 intoex
hange and 
orrelation one hasERLDAx
 [n℄ = Z d3r heHEGx (n(r))�x;0(�) + eHEG
 (n(r))�
;0(�)i ;(4.52)
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Figure 4.2: Correlation potential of Ne: Exa
t v
 (Umrigar and Gonze 1994)versus LDA, PW91-GGA (Perdew et al. 1992) and CS (Colle and Salvetti1975) results as well as 
losure approximation for v(2)
 (MP2/CA).where � is de�ned by � = [3�2n(r)℄1=3m
 ; (4.53)and both the ex
hange and 
orrelation energy densities of the RHEG havebeen fa
torized into their respe
tive nonrelativisti
 limits and relativisti
 
or-re
tions fa
tors �x=
;0(�). While �x;0 has been known for quite some time(Akhiezer and Peletminskii 1960),�x;0(�) = 1� 32�p1 + �2� � Arsh(�)�2 � ; (4.54)�
;0 has only been evaluated within the RPA (Ramana and Rajagopal 1981b,Engel et al. 1995a). The resulting 
orre
tion fa
tor 
an be a

urately param-eterized in the form (S
hmid et al. 1998)�RPA
;0 (�) = 1 + a1�3 ln(�) + a2�4 + a3(1 + �2)2�41 + b1�3 ln(�) + b2�4 + b3[A ln(�) +B℄�7 ; (4.55)whi
h in
orporates the analyti
ally known high-density limits of both the rel-ativisti
 RPA as well as its nonrelativisti
 limit. Both �x;0 and �RPA
;0 in
ludethe full transverse intera
tion, and, to some extent, va
uum 
orre
tions be-yond the no-pair approximation (Engel and Dreizler 1996). As the relativisti
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RLDARLYPRPW91%
ZFigure 4.3: Relativisti
 
ontribution to E
: Per
entage deviation of RLDA-and RGGA-results from relativisti
 MP2-data for Ne isoele
troni
 series.form of all non-RPA 
ontributions to eRHEG
 is not known, the 
orrespondingrelativisti
 
orre
tions must either be negle
ted (Engel et al. 1995a), usingERLDA
 = ERRPA
 �ERPA
 +ELDA
 , or be taken into a

ount in an empiri
alform, 
ombining �RPA
;0 with a parameterization for eHEG
 whi
h goes beyondthe RPA (S
hmid et al. 1998).Appli
ations of (4.52)-(4.55) to atoms, however, showed that the a

ura
yof the RLDA is not very satisfying (Das et al. 1980, Ramana et al. 1982, Engelet al. 1995a). This is illustrated in Table 4.2 and Fig.4.3. A rigorous refer-en
e standard for the analysis of the RLDA ex
hange is provided by x-onlyROPM results. For heavy atoms the x-only RLDA ground state energies areo� by more than 10Hartree, whi
h is mainly due to the in
omplete eliminationof the K-shell sel�ntera
tion (see Table 4.2, (Ma
Donald et al. 1981, 1982,
ompare also); for a relativisti
 version of the Perdew-Zunger sel�ntera
tion
orre
tion s
heme (Perdew and Zunger 1981) see Rieger and Vogl (1995)).The pi
ture is similar for the 
orrelation energy. As dis
ussed earlier the non-relativisti
 LDA overestimates atomi
 E
 by a fa
tor of 2. At this point onlythe relativisti
 
ontribution to E
, i.e. the performan
e of �RPA
;0 , is of interest.In Fig.4.3 we plot the deviation of the relativisti
 
orre
tion evaluated fromEqs.(4.52),(4.55) for the Ne isoele
troni
 series from the 
orresponding MP2data (Ishikawa and Ko
 1994) (whi
h 
an serve as referen
e values for thepresent purpose, in spite of the fa
t that they have been evaluated with theCoulomb-Breit intera
tion in Coulomb gauge and the no-pair approximation(Fa

o Bonetti et al. 1998, 
ompare)). As Fig.4.3 shows, the relativisti
 
or-re
tion in E
 is overestimated by the RLDA, the error being as large as 70%
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unpolarizedspin-dependent% ZFigure 4.4: Ionization potentials of neutral atoms: Per
entage deviation ofspin-dependent and unpolarized LDA from experiment (Lide 1996).for neutral atoms.While Eqs.(4.52)-(4.55) 
orrespond to a spin-saturated RHEG, the ex-
hange energy has also been evaluated for a polarized RHEG (Ramana andRajagopal 1979, 1981a, Ma
Donald 1983, Xu et al. 1984), whi
h yields theinput Ex[n;m℄ to Eqs.(4.39),(4.40) or (4.44). As itsm-dependen
e is only im-pli
itly given, this fun
tional has only rarely been used (Cortona et al. 1985,Cortona 1989, Es
hrig and Servedio 1999). For magneti
 systems usually thenonrelativisti
 LDA is utilized with (4.44) (Huhne et al. 1998, see, e.g.,). How-ever, even for open-subshell atoms the solution of (4.42) under the assumptionof spheri
al symmetry is nontrivial. Several variants for handling the resultingintri
ate set of four 
oupled radial di�erential equations have been suggestedin the literature (Cortona et al. 1985, Cortona 1989, Ebert 1989, Yamagamiet al. 1997, Forstreuter et al. 1997). Their solution is parti
ularly diÆ
ult forneutral atoms, so that mostly results for ions are available. A new, more stables
heme has been developed re
ently (Engel et al. 2001a). This s
heme relieson a 
areful analysis of the appropriate boundary 
onditions whi
h allowsthe identi�
ation of a suitable 
riterion ('quantum number') to distinguishthe 'spin-up' and 'spin-down' solutions. Its pra
ti
al su

ess is illustrated inFig.4.4 in whi
h the per
entage deviation of the resulting ionization potentials(IPs) of neutral atoms from experiment is shown for the 
omplete periodi
table. The spin-dependent treatment via (4.42) is 
ompared with the solutionof (4.34) (on the basis of the LDA). The error of the spin-dependent IP in
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onsiderably smaller than that of its unpolarized 
ounterpart, mostnotably for the light atoms and the lanthanides. On the other hand, the erroris still substantial for the 3d and 4d elements, so that the question of gradient
orre
tions has to be raised.4.4.2 Generalized gradient approximationFor a large variety of appli
ations in quantum 
hemistry and 
ondensed mat-ter theory the in
lusion of gradient 
orre
tions to the LDA in the form ofthe Generalized Gradient Approximation (GGA) (Be
ke 1988a, Perdew et al.1992) turned out to be advantageous (Bagno et al. 1989, Be
ke 1992, Johnsonet al. 1993). The dire
t use of nonrelativisti
 GGAs in RDFT 
al
ulations,however, leads to substantial errors in total energies as 
an be seen from Table4.2. Consequently, a relativisti
 extension of the GGA (RGGA) is required.The most appropriate form of a RGGA for Ex is given byERGGAx = Z d3r eHEGx (n) ��x;0(�) + g(�)�x;2(�)� ; (4.56)with � = [rn=(2(3�2n)1=3n)℄2 and g(�) being the gradient part of a nonrela-tivisti
 GGA (Engel et al. 1996). The 
orre
tion fa
tor �x;2 
an, in prin
iple,be 
al
ulated from the �rst order response fun
tion of the RHEG. However,as this approa
h proved to be very involved already in the nonrelativisti
limit (Antoniewi
z and Kleinman 1985, Engel and Vosko 1990, Chevary andVosko 1990) and as the gradient fun
tion g(�) 
ontains some semi-empiri
alinformation anyway, a semi-empiri
al approa
h to �x;2 should be suÆ
ient.Following the strategy behind the Be
ke GGA (Be
ke 1988a), a reasonablya

urate �x;2 may be obtained by making a suÆ
iently 
exible ansatz (in theform of a Pad�e approximant) and �tting its 
oeÆ
ients to the exa
t relativis-ti
 Ex of a number of 
losed-subshell atoms (keeping the form of g(�) �xed)(Engel et al. 1996, 1998b). Corresponding �ts have been performed for thetwo most frequently used forms of GGAs (Be
ke 1988a, Perdew et al. 1992),the resulting �x;2 being very similar. As is demonstrated in Table 4.2 for thePW91-version, the RGGA leads to mu
h more a

urate atomi
 Ex (and vx)than both the RLDA and the GGA.The 
orrelation fun
tional requires a slightly di�erent s
heme, as, on theone hand, the RLDA is not known 
ompletely, and, on the other, some GGAsfor E
 (Lee et al. 1988) are not based on the LDA. Therefore only one overall
orre
tion fa
tor for the 
omplete 
orrelation part of the GGA has been used,ERGGA
 [n℄ = Z d3r eGGA
 (n; (rn)2; :::) �GGA
 (�) ;keeping the nonrelativisti
 form eGGA
 (n; (rn)2; :::) �xed (Engel et al. 1998b).In view of the fa
t that the relativisti
 
orre
tions to atomi
 E
 are mu
h
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tros
opi
 
onstants of noble metal dimers: PP (Engel et al.2001b) versus AE results for both LDA and BP86-GGA (a: Mayer et al.(1996), b: Liu and van W�ullen (2000), 
: Varga et al. (2000b) | the De inparentheses 
orrespond to unpolarized atomi
 ground state energies).Cu2 Au2mode Ex
 Re De !e Re De !e[Bohr℄ [eV℄ [
m�1℄ [Bohr℄ [eV℄ [
m�1℄PP LDA 4.04 2.83 304 4.61 3.02 198AE LDAa;b 4.05 2.86 307 4.64 3.00 196PP GGA 4.72 2.38 179AE GGAa 4.16 2.28 287 4.75 2.30 179AE RGGAa 4.17 2.27 285 4.76 2.27 177AE GGA
 4.20 3.27 283 4.78 (3.19) 188AE RGGA
 4.21 3.27 282 4.79 (3.17) 187expt. 4.20 2.05 265 4.67 2.30 191smaller than those to atomi
 Ex this less sophisti
ated approa
h should besuÆ
ient. Again a Pad�e approximant has been used as ansatz for �GGA
 .Its 
oeÆ
ients have been �tted to the most systemati
 set of relativisti
 E
available (MP2 results for the Ne isoele
troni
 series on the basis of the DCBHamiltonian (Ishikawa and Ko
 1994)), starting from two di�erent eGGA
 (Leeet al. 1988, Perdew et al. 1992). As Fig.4.3 shows, atomi
 E
 are 
learlyimproved by this RGGA.In 
ontrast to the rather ina

urate RLDA, the RGGA allows an exami-nation the importan
e of relativisti
 
orre
tions to Ex
[n℄ for the properties ofmole
ules and solids. This question has been investigated both for noble metal
ompounds (Mayer et al. 1996, Varga et al. 1999) and for metalli
 Gold andPlatinum (S
hmid et al. 1998) within the framework of LAPW 
al
ulations(Blaha et al. 1995). Prototype results for Cu2 and Au2 are given in Table 4.4.It turns out that even for Au, whi
h usually exhibits the e�e
ts of relativitymost 
learly (Pyykk�o 1988), the impa
t of the 
orre
tion fa
tors �x=
 on themole
ular binding properties is marginal, i.e. smaller than usual di�eren
esbetween two basis sets. It seems worthwhile to point out that in the 
ase ofthe disso
iation energy the similarity of GGA and RGGA results is due tothe 
an
ellation of the large relativisti
 
orre
tions to the individual groundstate energies of the mole
ule and its 
onstituents. The same observation ismade for solids, as 
an be gleaned from Table 4.5.On the other hand, a 
omparison of the (R)GGA results in Tables 4.4,4.5 with experiment reveals the limitations of GGAs for heavy elements: For



CHAPTER 4. RELATIVISTIC DFT 27Table 4.5: Latti
e 
onstant a0 and 
ohesive energy E
oh of Au and Pt ob-tained from LAPW 
al
ulations with various x
-fun
tionals in 
omparison toexperiment (Brewer 1977, Khein et al. 1995).Au Pta0 �E
oh a0 �E
oh[Bohr℄ [eV℄ [Bohr℄ [eV℄LDA 7.68 4.12 7.36 6.76RLDA 7.68 4.09 7.37 6.73GGA 7.87 2.91 7.51 5.34RGGA 7.88 2.89 7.52 5.30expt. 7.67 3.78 7.40 5.85both Au2 and the Au metal the gradient terms over
orre
t the errors of theLDA. It seems worth to note that the parti
ularly large deviations in the 
aseof the metal are not due to the usual negle
t of the spin-orbit 
oupling for thevalen
e ele
trons within the LAPW approa
h. Table 4.6 provides a 
omparisonof LAPW results with and without spin-orbit 
oupling for some 5d metals (onthe basis of the LDA). While spin-orbit 
oupling 
ontributes signi�
antly tothe 
ohesive energy, its e�e
t is too small to explain the di�eren
es betweenGGA and experimental data in Table 4.5. Thus, on the one hand, the resultsin Table 4.4, 4.5 illustrate the role of error 
an
ellation, in parti
ular forthe LDA. On the other hand, they indi
ate the need for fundamentally new
on
epts for Ex
[n℄ (su
h as impli
it fun
tionals) in the relativisti
 regime.4.5 Norm
onserving PseudopotentialsA parti
ularly eÆ
ient method for the in
lusion of relativity in ele
troni
stru
ture 
al
ulations is the pseudopotential (PP) approa
h. In the frameworkof DFT usually norm
onserving PPs (Hamann et al. 1979, Ba
helet et al. 1982,Troullier and Martins 1991) are applied for this purpose. The standard formof norm
onserving PPs is given byhrjv̂psjr0i = vlo
(r)Æ(3)(r � r0) + Æ(r � r0)r2 (4.57)� LXl=0 Xj=l�1=2 �2j + 14l + 2 vps;lj(r) � vlo
(r)� lXm=�lYlm(
)Y �lm(
0) ;where the individual 
omponents vps;lj 
orrespond to the various relevantvalen
e states of the atom (and, as usual, a lo
al 
omponent vlo
 has been ex-



CHAPTER 4. RELATIVISTIC DFT 28Table 4.6: Cohesive properties of 5d metals from LDA-LAPW 
al
ulationswith (+SO) and without (�SO) spin-orbit 
oupling of the valen
e ele
trons.a0 �E
oh B0[Bohr℄ [eV℄ [GPa℄�SO 5.93 10.47 335W +SO 5.94 10.72 316expt. 5.98 8.90 310�SO 7.22 9.45 419Ir +SO 7.22 9.58 377expt. 7.26 6.93 355�SO 7.67 4.29 214Au +SO 7.65 4.23 217expt. 7.67 3.78 171tra
ted from the vps;lj). In (4.57) a j-average is used to generate j-independentPPs as DFT PP 
al
ulations are typi
ally based on nonrelativisti
 (spin-)density fun
tional theory. However, the vps;lj 
ould equally well be utilizedin relativisti
 PP 
al
ulations, similar to energy-adjusted PPs (Seth et al.1996). The 
onstru
tion of the vps;lj pro
eeds in three steps. First an all-ele
tron (AE) 
al
ulation is performed for the atom of interest, utilizing then-dependent version of RDFT. Next, a s
reened PP vs
ps;lj is generated fromthe results of the AE 
al
ulation, requiring the lowest eigenstate obtainedfrom vs
ps;lj , the pseudoorbital (PO), to be identi
al with the 
orrespondingAE orbital for r larger than a suitably 
hosen 
uto� radius r
;l. Finally, theintera
tion among the valen
e ele
trons is eliminated from vs
ps;lj . The mostsimple form for this uns
reening readsvps;lj(r) = vs
ps;lj(r) � vH([nv;ps℄; r) � vx
([nv;ps℄; r) ; (4.58)where nv;ps is the valen
e density obtained from the POs. In (4.58) the non-linear 
ontributions to the 
ore-valen
e intera
tion, resulting from the non-linearity of Ex
[n℄, are negle
ted. While this is an a

eptable approximationfor �rst and se
ond row atoms, the nonlinearity of the 
ore-valen
e intera
-tion 
annot be ignored in LDA or GGA 
al
ulations for many others, mostnotably the transition metal elements. In this 
ase the in
lusion of nonlinear
ore 
orre
tions (nl

s) is ne
essary (Louie et al. 1982).Among the various s
hemes for the 
onstru
tion of vs
ps;lj presently theTroullier-Martins (TM) form (Troullier and Martins 1991) seems to be mostwidely used. However, in 
ontrast to the original approa
h (Hamann et al.
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helet et al. 1982) the TM s
heme has been formulated for nonrel-ativisti
 situations. A 
onsistent relativisti
 extension (Engel et al. 2001b) ispresented in the next Se
tion.4.5.1 Relativisti
 Troullier-Martins s
hemeFor atoms Eq.(4.34) redu
es to two 
oupled radial equations for the large andsmall 
omponents of the orbitals,
��r + �r�anlj(r) = �2m
2 � vs(r) + �nlj�bnlj(r) (4.59)
��r � �r�bnlj(r) = �vs(r) � �nlj�anlj(r) (4.60)(Eqs.(4.59),(4.60) imply a spheri
al average in the 
ase of open subshells,� = �2(j � l)(j + 1=2)). The 
orresponding 
omponents of the PO sat-isfy Eqs.(4.59),(4.60) with vs repla
ed by vs
ps;lj . Given the AE solutions ofEqs.(4.59),(4.60) the expli
it 
onstru
tion of vs
ps;lj starts with an ansatz forthe large 
omponent of the PO,aps;lj(r) = � anlj(r) for r > r
;lrl+1 exp[p(r)℄ for r � r
;l ; p(r) = 6Xi=0 
2ir2i :For valen
e states, for whi
h the asso
iated s
reened PP has a depth of nomore than 100Hartree, vs
ps;lj 
an then be extra
ted from (4.59),(4.60), usinga weakly relativisti
 expansion,vs
ps;lj = � vs for r > r
;lvs
;nrps;lj + Ævlj for r � r
;lvs
;nrps;lj = �nlj + l + 1r p0m + p00 + (p0)22mÆvlj = (vs
;nrps;lj � �nlj)22m
2 + (vs
;nrps;lj )04m2
2 �a0ps;ljaps;lj + �r� ;where the primes denote derivatives with respe
t to r. The 
orrespondingsmall 
omponent bps;lj of the PO then follows from (4.59). Finally, the 
oef-�
ients 
2i are determined by requiring 
ontinuity of aps;lj and its �rst fourderivatives at r
;l, proper normalization as well as a smooth PP at the origin,(vs
;nrps;lj )00(0) = 0.Prototype LDA and GGA results obtained with these PPs are given inTables 4.4, 4.7. As Table 4.4 demonstrates, the PP 
al
ulations reprodu
e theAE results for both Cu2 (Mayer et al. 1996) and Au2 (Liu and van W�ullen2000) very a

urately, both on the LDA and on the GGA level. Similar agree-ment is found for the transition metal 
ompounds listed in Table 4.7, for



CHAPTER 4. RELATIVISTIC DFT 30Table 4.7: Spe
tros
opi
 
onstants of transition metal 
ompounds: PP versusAE (Castro and Salahub 1994, Engel et al. 2001b) results and experimentaldata (Purdum et al. 1982, Moskovits et al. 1984, Moskovits and DiLella 1980,Murad 1980, Cheung et al. 1981). For 3d elements the valen
e spa
e in
ludesthe 
omplete M shell. nl

s have been used.nonrelativisti
 relativisti
Mode Ex
 Re De !e Re De !e[Bohr℄ [eV℄ [
m�1℄ [Bohr℄ [eV℄ [
m�1℄Fe2 AE LDA 3.68 4.38 4977� PP LDA 3.68 4.31 440 3.66 3.95 451PP GGA 3.77 2.67 414expt. 3.82 1.30 300FeO AE LDA 3.01 7.06 9575� PP LDA 2.99 7.00 968 2.97 6.80 984PP GGA 3.04 5.36 913expt. 3.06 4.06 881FeO AE LDA 3.06 6.70 9425� PP LDA 3.04 6.60 947 3.01 6.59 969whi
h, however, only nonrelativisti
 AE referen
e values (Castro and Salahub1994, Engel et al. 2001b) are available. Nevertheless, the relativisti
 
orre
-tions are not negligible even for these 3d elements. In fa
t, in the 
ase of FeOrelativity redu
es the ex
itation energy from the 5� ground state to the �rstex
ited state (5�) from the nonrelativisti
 value of 0.4 eV to 0.2 eV. On theother hand, the 
omparison of the LDA results with experiment 
learly showsthe need for nonlo
al 
orre
tions. The GGA results are 
onsistently 
loserto the experimental data, in parti
ular for Re. The GGA values for De arenonetheless not 
ompletely satisfying, whi
h underlines the importan
e of thetruly nonlo
al 
ontributions to Ex
.4.5.2 Results for the exa
t ex
hangeThe use of PPs is parti
ularly attra
tive in the 
ase of impli
it x
-fun
tionals:Even an x-only 
al
ulation within the KLI approximation (4.49),(4.50) is 
om-putationally more demanding than 
orresponding LDA or GGA 
al
ulationsas an evaluation of the Slater integrals in (4.31) or (4.32) is required. PPsfor the exa
t Ex have been introdu
ed both on the KLI level (Bylander andKleinman 1995a) and for the full OPM (H�o
k and Engel 1998, Moukara et al.2000). However, it has been noted very early that standard norm
onserving
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e 
onstant a, 
ohesive energy E
oh and bulk mod-ulus B of f

 Al: Exa
t ex
hange in 
omparison with LDA results.Ex
 mode a E
oh Bx 
 [Bohr℄ [eV/atom℄ [GPa℄exa
t | OPM-PP 7.10 3.98 135exa
t | SC-OPM-PP 7.79 1.37 71LDA LDA LDA-PP+nl

 7.48 4.05 88expt. 7.65 3.39 77PPs for the exa
t Ex su�er from a spurious long-range ex
hange 
omponentin the ioni
 PP (Bylander and Kleinman 1995a). This x
-tail originates fromthe nonlo
ality of Ex whi
h leads to a 
ontribution of the 
ore states to theex
hange potential in the valen
e regime. This feature of the 
ore-valen
e in-tera
tion 
annot be eliminated by (4.58). In appli
ations to mole
ules or solidsthe x
-tail leads to a spurious ioni
 for
e whi
h prevents a

urate stru
turaloptimizations, in parti
ular for solids. As an example we show f

 Aluminumin Table 4.8. The original OPM-PP for the exa
t Ex yields a latti
e 
onstantwhi
h is mu
h too small, although the bond length of Al2 is overestimated byan AE-OPM 
al
ulation (Engel et al. 2001
).In order to eliminate the spurious x
-tail a self
onsistent s
heme for thegeneration of norm
onserving PP has been developed (Engel et al. 2001
). Inthis parameter-free s
heme the s
reened PP is iterated until its asymptoti
stru
ture mat
hes that of vx
([nv;ps℄; r) in (4.58), so that the �nal uns
reenedPP vps;lj has the 
orre
t ioni
 behavior. The resulting PPs (SC-OPM-PP)substantially improve OPM results for mole
ules and solids, as 
an be seenfrom Table 4.8. While the 
ohesive energy re
e
ts the missing 
orrelationenergy, both the latti
e 
onstant and the bulk modulus are 
learly 
loser tothe experimental values than the original OPM-PP data.It seems worthwhile to emphasize that, apart from the fa
t that theylead to the spurious x
-tail, the nonlinear 
ontributions to the 
ore-valen
eintera
tion seem to be less important for the exa
t Ex than for the LDA. Thisis illustrated in Table 4.9 whi
h lists atomi
 ex
itation energies asso
iated withthe transfer of an ele
tron from one spin 
hannel into the other. While in the
ase of the LDA nl

s are required for the a

urate reprodu
tion of thesetransfer energies, linear uns
reening is suÆ
ient for the exa
t Ex.As already noted in Se
tion 4.4, the exa
t Ex provides a standard that
an be used to analyze 
onventional density fun
tionals. As an example weshow in Fig.4.5 the vx of bulk Aluminum obtained within the PP approa
h.The solution of (4.45) (in a plane-wave basis) is 
ompared with the KLI



CHAPTER 4. RELATIVISTIC DFT 32Table 4.9: s� p and p� p transfer energies of �rst row atoms: PP versus AEx-only OPM results versus LDA data (all energies in eV).2s# �! 2p" 2p" �! 2p#mode LDA OPM mode LDA OPMBe AE 2.47 1.67 C AE 1.20 1.35PP 2.37 1.67 PP 1.34 1.35PP+nl

 2.46 PP+nl

 1.21B AE 3.23 2.13 N AE 2.70 3.24PP 3.00 2.16 PP 2.98 3.26PP+nl

 3.21 PP+nl

 2.73C AE 4.05 2.46 O AE 1.48 1.93PP 3.68 2.50 PP 1.62 1.95PP+nl

 4.01 PP+nl

 1.49approximation as well as the 
orresponding LDA and PW91-GGA potentials(S
hmid 2000). While the LDA is reasonably 
lose to the exa
t vx (at least, ifone ex
ludes the vi
inity of the atomi
 
ore), the GGA is mu
h less a

urate,in spite of the improved 
ohesive properties found with the GGA (Fu
hs etal. 1998). Even in the interstitial regime the gradient 
ontributions to theGGA potential have the wrong sign. This demonstrates on
e more that theperforman
e of GGAs is to some extent based on the 
an
ellation of lo
alerrors (Engel and Vosko 1993). The KLI approximation, on the other hand,just underestimates the shell stru
ture in the exa
t vx.As a �nal example for the appli
ation of the exa
t Ex, the band stru
tureof FeO in AFM-II stru
ture is plotted in Fig.4.6. For this PP 
al
ulation theexa
t Ex has been 
ombined with the LDA for E
. In spite of the use ofthe exa
t ex
hange fun
tional, FeO is predi
ted to be a metal, in 
ontrastto experiment. At present, it is not 
lear whether this failure to reprodu
ethe insulating ground state of FeO originates from the use of the LDA for E
or from the te
hni
al limitations of the PP 
al
ulation (KLI-approximationfor vx, only 3 spe
ial k-points for the integration over the Brillouin zone, 3sele
trons in 
ore). It must be emphasized, however, that the band stru
tureshown in Fig.4.6 is rather di�erent from its LDA 
ounterpart (Dufek et al.1994), whi
h emphasizes the importan
e of the exa
t vx for this system.
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hange potential of f

 Al in [110℄ dire
tion: Full OPM versusKLI approximation, LDA and PW91-GGA (E
ut =100Ryd, 44 spe
ial k-points, 750 states (per k-point) in Gk, � = the position of atom).4.6 Appli
ations of RDFT using theRelativisti
 Dis
rete Variational MethodIn this Se
tion a summary of four 
omponent mole
ular density fun
tional
al
ulations within the RDVM (Ros�en and Ellis 1975) is given. In the RDVMone restri
ts oneself to the no-pair limit of RDFT, sin
e QED e�e
ts are irrel-evant for 
hemi
al bonding. On the other hand, all relevant relativisti
 e�e
tsare fully in
luded a priori. The starting point for the mole
ular 
al
ulationsis the purely n-dependent version of RDFT, Eqs.(4.33)-(4.35), with negle
tof ETH . A

ordingly, the total energy 
onsists of the kineti
 energy (4.22),the external energy (4.13) with in
lusion of the asso
iated ioni
 intera
tionenergy, Eext[n℄ = Z d3r n(r)vext(r) + 12X� X� 6=� Z�Z�e2j R� �R� j (4.61)vext(r) = �X� Z�e2j R� � r j ;the Coulomb 
ontribution to the Hartree energy (4.25) and the x
-energy.The mole
ular wavefun
tions �k in the RDVM are linear 
ombinations of
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Figure 4.6: Band stru
ture of FeO from OPM-PP 
al
ulation with exa
t Exand LDA 
orrelation. The dashed line represents �F (KLI-approximation, 3p,3d, 4s states of Fe in valen
e spa
e, E
ut =250Ryd, 3 spe
ial k-points)numeri
al atom-
entered Dira
-spinors ��,�k(r) =X� 
k���(r) ; ��(r) = 1r � fn�i (r)Ym� (
)ign�i (r)Ym��(
) � ;(� � (in�m)). An important 
omputational simpli�
ation is obtained by thede
omposition of the mole
ular orbital basis into a symmetry adapted basisa

ording to the irredu
ible representations of the mole
ular point (double)group (Meyer et al. 1996). Eq.(4.34) is thus re
ast as an algebrai
 eigenvalueproblem. The 
orresponding matrix elements are evaluated with the highlya

urate multi
enter integration s
heme of Boerrigter et al. (1988). It is basedon a 
lever partitioning of the whole spa
e into so-
alled Voronoi 
ells aroundea
h atom. These 
ells have the shape of Wigner-Seitz-type 
ells. The singu-larities 
aused by the 
usps of relativisti
 wavefun
tions at the nu
lear sitesare eliminated by suitable transformations of the sample points, whi
h leads



CHAPTER 4. RELATIVISTIC DFT 35to an improved numeri
al representation of the wavefun
tions (Bastug et al.1995). With this method, a total number of approximately 1400 sample pointsis needed to a
hieve a relative a

ura
y of 10�8 in 
al
ulations for diatomi
mole
ules.The most diÆ
ult step in this mole
ular approa
h is the evaluation of theHartree potential vH = v0H , Eq.(4.29), and the Hartree energy (4.25). In thepresent version of the RDVM vH is obtained by utilizing an auxiliary 
hargedensity ~n(r), whi
h is related to the full density (4.33) byn(r) = ~n(r) +4n(r) :~n(r) is expanded as~n(r) = NatomXi MiXj LjXl=0 m=lXm=�lQiljm jf ji (ri)j2 Ylm(
i) ; (4.62)where i runs over all atoms (symmetry equivalent 
enters), f ji represents thej-th basis fun
tion at 
enter i and j runs over all orbitals of interest. The
oeÆ
ients Qiljm are determined by a least square �t of ~n to the 
omplete nin su
h a way, that the total ele
troni
 
harge is 
onserved. In (4.35) vH isthen approximated by the ele
trostati
 potential 
orresponding to (4.62),~vH(r) = e2XijlmQiljm 4�2l + 1 1rl+1i Ylm(
i)��Z ri0 dr0 r0l jf ij(r0i)j2 + r2l+1i Z 1ri dr0 1r0l+1 jf ij(r0)j2� ; (4.63)while EH is approximated byEH � Z d3r n(r)~vH (r)� 12 Z d3r ~n(r)~vH (r) ;so that only terms of se
ond order in �n are negle
ted. It has been shown,that this pro
edure not only provides an eÆ
ient 
omputational s
heme, butalso yields a variationally 
onsistent total energy (Bastug et al. 1995).4.6.1 ResultsIn this se
tion we give some exemplary results from RDVM 
al
ulations usingthe Slater expression for Ex
 (with X� = 0:7). In Table 4.10 the spe
tros
opi

onstants of some heavy diatomi
 mole
ules obtained by the RDVM (Bastuget al. 1997a) are 
ompared to relativisti
 
on�guration intera
tion (RCI) dataon the basis of relativisti
 e�e
tive 
ore potentials (RECP). An interestingresult of this investigation is the observation that the binding energies from
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tros
opi
 
onstants of some heavy dimers: Relativisti
 andnonrelativisti
 DVM results versus RECP-RCI data. a: Christiansen (1983),b: Balasubramanian and Pitzer (1983), 
: Christiansen (1984), d: Froben etal. (1983), e: Stranz and Khanna (1981), f: Huber and Herzberg (1950).mole
ule method Re [Bohr℄ De [eV℄ !e [
m�1℄Tl2 RECP-RCIa 6.69 0.16 39AE-RDVM 6.13 0.63 66AE-DVM 6.24 1.41 76exptd 5.67 0.43 80Pb2 RECP-RCIb 5.61 0.88 103AE-RDVM 5.68 1.33 110AE-DVM 5.72 3.35 119expte 1.02 108Bi2 RECP-RCI
 5.27 2.30 170AE-RDVM 5.16 2.88 175AE-DVM 5.23 5.51 189exptf 5.03 2.04 173relativisti
 
al
ulations are smaller than their non-relativisti
 
ounterparts(AE-DVM). This 
an be understood by an analysis of the mole
ular valen
eorbitals: For Tl2 and Pb2 they are of 1=2(�)-type, for Bi2 there are four1=2(�)-type and two 3=2(�)-type orbitals. These orbitals are mainly linear
ombinations of atomi
 6p( 12 ) and 6p( 32 ) wave fun
tions of the 
onstituentatoms. As a result of spin-orbit splitting, the 6p( 32 ) state is less bound whi
hleads to a weaker bonding in the relativisti
 
ase.In another study the geometri
 and ele
troni
 stru
tures of highly symmet-ri
 neutral and multiply 
harged Cx+60 (x = 0� 7) fullerenes were investigated(Bastug et al. 1997b). From these 
al
ulations one 
an estimate that stableCx+60 
lusters should exist up to x = 13. This value 
an be 
ompared with avalue of at least x = 9 obtained from slow ion impa
t experiments (Jin et al.1996). Another theoreti
al investigation predi
ted a 
riti
al 
harge of x = 16(Seifert et al. 1996).The binding energies for the mole
ules 
al
ulated so far systemati
allyoverestimate the experimental data, whi
h is a hint that a better des
ription ofthe x
-energy is required. For that purpose, the RDVM was extended using thex
-fun
tionals dis
ussed in Se
tion 4.4. Results for some diatomi
 mole
uleshave already been presented in Table 4.4.



CHAPTER 4. RELATIVISTIC DFT 374.6.2 Geometry optimizationTo obtain equilibrium geometries for small mole
ules and 
lusters we haveimplemented a variable metri
 method whi
h is based on a quasi-Newtons
heme and widely used in optimization theory (S
hlegel 1987, Lipkowitz andBoyd 1993). In this method the energy surfa
e E(R) is expanded around thepresent set of internu
lear distan
es Rk up to se
ond order. An improvedgeometry Rk+1 
an then be obtained byRk+1 = Rk � �kH�1k gk ; (4.64)where H denotes the matrix of the se
ond derivatives (Hessian), g = dE=dRand � is a step-length parameter. Due to the huge 
omputational e�ort re-quired, H 
annot be 
al
ulated dire
tly. It 
an, however, be approximated bythe displa
ements and the gradients of previous steps. Iterative use of (4.64)�nally leads to the equilibrium geometry.For the 
al
ulation of the energy gradient we follow the 
omputationals
heme applied in non-relativisti
 
odes (Satoko 1981, 1984, Versluis andZiegler 1988, Fournier et al. 1989). The only 
ontribution to the total en-ergy whi
h expli
itly depends on the nu
lear 
oordinates is the energy (4.61).The for
e on nu
leus � 
an thus be obtained by 
al
ulating the �rst derivativeof (4.61) with respe
t to the nu
lear 
oordinates R�,� dEdR��HFF = Z d3rZ�e2 n(r)jR� � rj3 (R� � r)�X� 6=� Z�Z�e2j R� �R� j3 (R� �R�) :(4.65)This so-
alled Hellmann-Feynman for
e (HFF) represents the ele
trostati
intera
tion between the negatively 
harged ele
trons and the nu
lei as well asthe intera
tion among the nu
lei. Eq.(4.65) would des
ribe the for
es 
orre
tlyfor an exa
t solution of the Dira
 equation. However, in pra
ti
al 
al
ulationsone has to introdu
e approximations whi
h have a rather large in
uen
e onthe for
es. There are two su
h 'arti�
ial' for
es resulting from:A. Finite basis sets: The mole
ular wavefun
tions are represented as a�nite sum of atom-
entered four-
omponent basis fun
tions, whi
h 
auses aspurious for
e often 
alled orbital basis 
orre
tion (OBC) (also known asPulay for
e (Pulay 1983)). For an atom 
entered at R� it reads� dEdR��OBC = Xi �iX�� 
�i�
i� Z d3r ��y��R��[�i
� �r+ (� � 1)m
2℄+vext + ~vH + vx
 � �i��� + 
:
: :Here, � runs over the basis fun
tions 
entered at position R�, while � runsover all basis fun
tions.
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al versus numeri
al gradient for Au2.for
e [Hartree/Bohr℄R [Bohr℄ De [eV℄ numeri
al analyti
al HFF OBC DFC4.5 -2.977 -0.038 -0.037 1.954 -1.905 -0.0874.6 -3.051 -0.018 -0.018 2.091 -2.028 -0.0814.65 -3.069 -0.009 -0.009 2.147 -2.078 -0.0784.7 -3.076 -0.001 -0.001 2.194 -2.122 -0.0754.75 -3.074 0.005 0.004 2.236 -2.159 -0.0724.8 -3.064 0.011 0.011 2.270 -2.190 -0.0694.9 -3.023 0.020 0.020 2.320 -2.237 -0.063B. Charge density �t: The approximation of vH by (4.63) leads to thedensity �t 
orre
tion (DFC) (again for an atom at R�),� dEdR��DFC = Z d3r �n(r)� ~n(r)� �~vH�R� :The total energy gradient used in (4.64) is thus given bydEdR� = � dEdR��HFF +� dEdR��OBC +� dEdR��DFC : (4.66)To 
he
k the a

ura
y of the analyti
al energy gradient (4.66) we have
al
ulated both (4.66) and the numeri
al gradient for Au2 (using the RLDA).In this 
ase, the numeri
al for
e 
an be obtained easily by numeri
al di�er-entiation of E(R) via a two-point formula. As 
an be seen from Table 4.11,the analyti
al gradient is in very good agreement with the numeri
al gradi-ent. Moreover, the for
e vanishes at the minimum of the binding energy atabout 4:71Bohr. It is worth noting that the arti�
ial gradient terms are ofthe same order of magnitude as the physi
al Hellmann-Feynman for
e. Theyexa
tly 
ompensate the errors introdu
ed by the use of �nite atom-
enteredbasis sets and the approximate treatment of vH .In Table 4.12 our results of geometry optimizations for the hexa
uoridea
tinide 
ompounds UF6, NpF6 and PuF6 are 
ompared with results of RECP
al
ulations, using di�erent x
-fun
tionals. The optimized bond lengths ob-tained with the RDVM on the level of the RLDA are in very good agreementwith the experimental data. Moreover, the RLDA result for UF6 is very 
loseto the value of 3.77Bohr obtained by a DCB 
al
ulation (Jong and Nieuw-poort 1996). The RECP values, on the other hand, overestimate the bondlengths substantially. In addition, the bond length redu
tion from UF6 toNpF6 is not reprodu
ed by the RECP 
al
ulations.



CHAPTER 4. RELATIVISTIC DFT 39Table 4.12: Estimated M{F bond lengths (in Bohr) of MF6 
ompounds (M =U, Np, Pu). The 
al
ulations were performed in Oh-symmetry. In the RECP-
al
ulations the Be
ke-Lee-Yang-Parr GGA has been applied. a: Gagliardi etal. (1998), b: Hay and Martin (1998), 
: Weinsto
k and Goodman (1965)method UF6 NpF6 PuF6AE-RLDA 3.79 3.76 3.76RECP-LDAa 3.87 3.81RECP-GGAa 3.97RECP-GGAb 3.86 3.87 3.82expt.
 3.77 3.74 3.724.6.3 Adsorption on surfa
esAnother investigation was dedi
ated to the question whether the RDVM isable to des
ribe adsorption pro
esses on surfa
es. In a �rst 
on
eptual studywe have 
al
ulated the binding energy of a single Barium adatom on a Bar-ium(110) surfa
e, varying the distan
e perpendi
ular to the surfa
e (Ges
hkeet al. 2000) (within the Slater-X� approximation for Ex
). A �rst investiga-tion showed that the adatom is preferably adsorbed at a hollow position, asshown in Fig.4.7. The Ba surfa
e was modeled by an atomi
 
luster, 
onsist-ing of four �rst and �ve se
ond layer atoms in the most restri
ted 
ase. Theinternu
lear distan
es in the 
luster were kept �xed at the bulk values, i.e.relaxation e�e
ts were not 
onsidered. In order to 
he
k the sensitivity of theresults to the size of the 
luster the number of atoms in the �rst layer wasfurther in
reased laterally up to 12 atoms. As 
an be seen from Figure 4.7,whi
h shows the binding energy of the adatom as a fun
tion of the distan
eto the surfa
e, the 
luster approa
h is justi�ed at least for the system 
hosenhere. The di�eren
es of the potential energy 
urves around the equilibriumdistan
e between the simulation of the surfa
e by a 13-atom 
luster and thatby a 17-atom 
luster are marginal.We have also investigated the adsorption of a 
arbon oxide mole
ule ona Platinum (111)-surfa
e, 
omparing di�erent adsorption sites. Due to its
atalyti
 properties there exists an enormous interest in the 
hemistry of Ptsurfa
es. In parti
ular, the adsorption of CO on Pt(111) has been extensivelystudied both experimentally (Ertl et al. 1977, Froitzheim et al. 1977, Seebaueret al. 1982) and theoreti
ally (Hammer et al. 1996, Kopalj and Caus�a 1999,Brako and S�ok�
evi�
 1998, Lyn
h and Hu 2000). Our results are 
onsistent withthe experimental observation that the CO mole
ule is preferably adsorbed inan on-top position, in whi
h the internu
lear axis of CO is perpendi
ularto the surfa
e and the Carbon atom sits dire
tly above a Pt surfa
e atom(Seebauer et al. 1982). This result emphasizes the importan
e of relativity,
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Figure 4.7: Potential energy 
urves of an adsorbed Ba atom in the hollowposition on a Ba(110) surfa
e for di�erent 
luster sizes.as a 
orresponding nonrelativisti
 
al
ulation predi
ts a bridge position tobe energeti
ally preferred (Philipsen et al. 1997). Detailed data are given forthe on-top position in Table 4.13. In our 
al
ulations for this geometry thesurfa
e was modeled by an atomi
 
luster with 7 atoms in a �rst layer and 6atoms representing a se
ond layer. The RLDA value for the distan
e betweenthe C atom and the 
losest Pt atom in the surfa
e is in very good agreementwith experiment. On the other hand, the binding energy is overestimatedby the RLDA, even though, in view of the in
uen
e of the 
overage, there
ent experimental value of 1:89� 0:20 eV (Yeo et al. 1997) obtained for low
overages has to be taken with a grain of salt. This deviation is signi�
antlyredu
ed by use of the RGGA (employing the relativisti
 form (4.56) of theBe
ke GGA (Be
ke 1988a) for Ex and the Perdew GGA for E
 (Perdew1986)). From the results given in this paragraph one 
an 
on
lude that theRDVM gives realisti
 data within a reasonable 
omputing time even for su
h
omplex systems.4.6.4 Improved numeri
al integration s
hemeThe most time 
onsuming step in RDVM 
al
ulations is the numeri
al eval-uation of multi
enter matrix elements. Although the Baerends integrations
heme used so far (te Velde and Baerends 1992) is rather a

urate and ef-
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e of C atom to 
losest Pt atom in the surfa
e (RPt�C) andbinding energy (Eb) for CO adsorbed on Pt(111) in on-top position: RDVMresults versus 
omplete a
tive spa
e self-
onsistent-�eld data (CASSCF)(Roszak and Balasubramanian 1995) and GGA results within the zeroth or-der regular approximation (ZORA) (Philipsen et al. 1997). expt.: Ogletree etal. (1986).method RPt�C [Bohr℄ Eb [eV℄ modelRDVM RLDA 3.50 3.25 2 layers 
lusterRDVM RGGA 3.57 2.30 2 layers 
lusterCASSCF 3.84 1.44ZORA GGA 3.59 1.41 2 layers slabexpt. 3.49�0:19 1:89� 0:20�
ient due to the partitioning of the 
omplete integration area into smallersubregions, this s
heme still su�ers from the dis
ontinuities between di�erentsubregions. In order to avoid numeri
al ina

ura
ies a large number of samplepoints is ne
essary in these 
riti
al regions. Hen
e, for very large systems orfor mole
ules of low symmetry too many sample points are required.We have implemented a new integration s
heme whi
h requires fewer gridpoints (Heitmann et al. 2001). We followed the basi
 
on
ept of de
omposingthe whole spa
e into smaller subregions via overlapping 
ell fun
tions zA(r)(Be
ke 1988b, Be
ke and Di
kinson 1988, Perez-Jorda et al. 1994) in order toredu
e the multi
enter integrals to integrals of lower dimensions (Ishikawa etal. 1999),Z F (r)d3r =XA Z d3rF (r)zA(r) =XA IA ; XA zA(r) = 1 :The zA(r) are 
hosen so that they tend to 1 in the vi
inity of atom A butdrop to zero in the dire
tion of all other nu
lei. Thus, even for integralsinvolving atomi
 basis fun
tions of two di�erent atoms the integrand of ea
h
ontribution IA has no more than one singular point. The integration 
anbe further simpli�ed by suitable transformations to intrinsi
 
oordinates, e.g.ellipti
-hyperboli
 
oordinates for diatomi
 mole
ules or spheri
al 
oordinatesfor polyatomi
 systems.In Table 4.14 the performan
e of this new integration s
heme is 
omparedto that of the Baerends method for the 
ase of RfCl4 (for �xed Td symmetry),fo
using on the most basi
 properties, the total 
harge and energy. Sin
e Rf isthe �rst transa
tinide element with nu
lear 
harge Z = 104, this 'test system'o�ers the possibility to study the performan
e of the integration s
heme in the



CHAPTER 4. RELATIVISTIC DFT 42Table 4.14: Comparison of the Baerends integration s
heme with new method:Total 
harge and energy of neutral RfCl4 (172 ele
trons) for di�erent numbersof sample points ntot (ÆB : relative a

ura
y in the Baerends method, Æ
:relative a

ura
y in the angular integration of new s
heme). The values inparentheses denote the number of radial points used in the new s
heme.Æ ntot Q �Etot [Hartree℄1.0�10�6 4442 172.00076 40491.4ÆB 1.0�10�8 8753 172.0000024 40490.9911.0�10�10 15716 172.00000047 40490.930521.0�10�11 25934 172.00000040 40490.9304971.0�10�3 589 (42) 171.99910 40490.881.0�10�5 2646 (80) 172.000016 40490.9294Æ
 0.3�10�6 8776 (109) 172.0000011 40490.9304351.0�10�7 14125 (119) 172.00000038 40490.9304330.3�10�7 22247 (128) 172.000000019 40490.930414high-Z regime. It 
an be seen that with the new method the same a

ura
yis rea
hed for both Q and Etot with half as many grid points as in the 
aseof the Baerends s
heme.A
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ounterterms6Hamiltonian, Dira
-Coulomb6no-pair approximation6gauge dependen
e7no-pair approximation7Breit intera
tion7photon propagator7

transverse intera
tion7Feynman gauge7Coulomb gauge8gauge invarian
e8negative 
ontinuum8no-pair approximation8gauge dependen
e8relativisti
 homogeneous ele
tron gas8relativisti
 density fun
tional the-ory, density-only form9variational equation, density-onlyform9relativisti
 density fun
tional the-ory, magnetization-dependentform9Gordon de
omposition9paramagneti
 
urrent9s
alar density9magnetization density9relativisti
 density fun
tional the-ory, magnetization-dependentform10variational equation, magnetization-dependent form10non-
ollinearity10relativisti
 density fun
tional the-ory, spin-dependent form11auxiliary spinors11no-pair approximation11auxiliary spinors11ground state energy fun
tional11Kohn-Sham kineti
 energy11
ovariant Hartree energy12transverse intera
tion1243



INDEX 44relativisti
 ex
hange-
orrelation en-ergy fun
tional12relativisti
 Kohn-Sham equations,four 
urrent form12relativisti
 ex
hange-
orrelation po-tential12Kohn-Sham single-parti
le energies12ex
hange energy fun
tional12Kohn-Sham perturbation theory12no-pair approximation12gauge invarian
e, of ex
hange en-ergy13
orrelation energy fun
tional13relativisti
 Kohn-Sham equations,density-only form13transverse intera
tion13relativisti
 Kohn-Sham equations,magnetization-dependentform14non-
ollinearity14relativisti
 Kohn-Sham equations,spin-dependent form14nonrelativisti
 spin-density fun
tionaltheory15relativisti
 ex
hange-
orrelation en-ergy fun
tional15impli
it density fun
tionals15optimized potential method15orbital-dependent fun
tionals15Kohn-Sham response fun
tion16relativisti
 Krieger-Li-Iafrate approx-imation16
losure approximation16exa
t ex
hange16atomi
 ground state energies16transverse intera
tion16Breit intera
tion17transverse intera
tion17relativisti
 Krieger-Li-Iafrate approx-imation17relativisti
 
orrelation energy fun
-tional17lo
al density approximation18generalized gradient approximation18

Kohn-Sham perturbation theory18no-pair approximation19relativisti
 
orrelation energy fun
-tional, se
ond order19atomi
 
orrelation energies19lo
al density approximation19generalized gradient approximation19orbital-dependent fun
tionals19Colle-Salvetti fun
tional19negative ions20dispersion for
es20Helium dimer20
orrelation energy fun
tional, se
-ond order20
orrelation potential20optimized potential method20lo
al density approximation21lo
al density approximation, rela-tivisti
 form21relativisti
 homogeneous ele
tron gas21relativisti
 ex
hange energy fun
-tional21relativisti
 
orrelation energy fun
-tional21transverse intera
tion23relativisti
 density fun
tional the-ory, spin-dependent form24atomi
 ionization potentials24generalized gradient approximation25generalized gradient approximation,relativisti
 form25ex
hange energy fun
tional25
orrelation energy fun
tional25spe
tros
opi
 
onstants, noble metaldimers26generalized gradient approximation,relativisti
 form26generalized gradient approximation26
ohesive properties, 5d metals27norm
onserving pseudopotentials27
ohesive properties, 5d metals28spin-orbit 
oupling28nonrelativisti
 spin-density fun
tionaltheory28
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reening28nonlinear 
ore 
orre
tions28pseudoorbital29pseudopotential, s
reened29weakly relativisti
 expansion29spe
tros
opi
 
onstants, transitionmetal 
ompounds30exa
t ex
hange30pseudopotentials, for exa
t ex
hange30
ohesive properties, aluminum31pseudopotential, for exa
t ex
hange31inter
on�gurational energies32Krieger-Li-Iafrate approximation32lo
al density approximation32generalized gradient approximation32band stru
ture, antiferromagneti
FeO32exa
t ex
hange32dis
rete variational method33no-pair approximation33relativisti
 Kohn-Sham equations,density-only form33linear 
ombination of atomi
 orbitals34Voronoi 
ell34
usp, of relativisti
 wavefun
tion34Hartree potential35spe
tros
opi
 
onstants, heavy dimers36fullerenes36geometry optimization37energy gradient37Pulay for
e37a
tinide 
ompounds38adsorption on surfa
es39numeri
al integration41
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