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Abstract

Perturbation theory based on the auxiliary noninteracting Kohn—Sham Hamiltonian allows a systematic study of the exchange-
correlation (xc) energy functional of nonrelativistic density functional theory. In particular, it serves as the starting point for the
derivation of implicit (orbital-dependent) density functionals for the xc-functional. Within the framework of quantum electrody-
namics, a relativistic variant of Kohn—Sham perturbation theory has been formulated in Phys. Rev. A 58 (1998) 964. In this
approach, a coupling constant integration technique is used for the exact representation of the relativistic xc-functional.

In the present contribution an alternative systematic approach to this functional is put forward, which is based on a density func-
tional version of Sucher’s level shift formula. As in the case of the coupling constant integration form, an exact relation for the xc-
functional can be established. This relation provides the basis for a perturbation expansion to second order, including all inherent
radiative corrections. A detailed comparison with the coupling constant integration result verifies the equivalence of both
approaches. Finally, the first order level shift is analyzed in order to identify the Lamb shift within the Kohn-Sham scheme.
© 2004 Elsevier B.V. All rights reserved.

PACS: 31.10.+z; 31.30.Jv; 71.15.Mb

1. Introduction

Today density functional theory (DFT) is successfully applied to an enormous variety of many-particle problems.
Clearly, DFT represents the method of choice for the study of particularly large or complex many-electron systems.
There exists a long record of applications in condensed matter theory, ranging from early calculations for semiconduc-
tors and metals [1] to more recent work on minerals (see, e.g. [2]) and quasicrystals [3]. Similarly, the structure and
dynamics of clusters [4-8], surfaces [9-11] and quantum dots [12] have been studied extensively on the basis of
DFT. By now, DFT is also accepted as a standard method in quantum chemistry, as DFT results were shown to
be competitive with those obtained with the more traditional quantum chemical ab initio techniques even for rather
small molecules [13,14]. In fact, DFT proved to be useful even in atomic physics, for example for the description of
atoms subject to laser fields [15] and of atomic scattering processes [16]. Moreover, the advances in computer power
and the refinement of computational techniques (e.g., linear scaling) in recent years opened up yet another field for
DFT applications, theoretical biophysics [17-19].
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In all these areas it is routine to resort to relativistic DFT (RDFT) [20-23] whenever the nature of the system re-
quires that (for the importance of relativity see Refs. [24,25]). For instance, a relativistic treatment has become the
standard in linearized-augmented-plane-wave calculations for solids [26-28]. In the context of quantum chemistry also
a number of implementations of RDFT are now available, both on the weakly relativistic [29-31] and on the fully rel-
ativistic level. In the latter case the ground state four current j* = (n,j/c) plays the role of the density n as fundamental
variable of DFT [20,23]. Unfortunately, the standard approximations for the crucial quantity of RDFT, the exchange-
correlation (xc) energy functional E,.[j], do not depend on the spatial current j, as they are based on the homogeneous
electron gas (in one way or another). For that reason most implementations of RDFT utilize purely density-dependent
approximations for E,[j] [32-34], either in their standard nonrelativistic or in a relativistic form [35-38].

However, whenever magnetic moments are present this approach is inadequate. One way to circumvent this prob-
lem is to resort to the magnetization-dependent form of RDFT [23]. In this formalism the ground state magnetization
density m replaces the complete current j. Depending on the system, either the full, noncollinear m is employed or only
its z-component (collinear approximation). The latter scheme represents the relativistic analog of spin-density func-
tional theory. First applications indicate that a very accurate description of spin-polarized systems can be achieved
with this approach [39-44].

An alternative route to j-dependent xc-functionals is provided by the concept of implicit density functionals (for an
overview see [45]). In this scheme the xc-functional is represented in terms of the Kohn-Sham (KS) single-particle
orbitals, rather than explicitly in terms of #n and j (or m). An orbital-dependent representation is most natural for
the exchange energy E,, which, within nonrelativistic DFT, is defined as the usual Fock expression evaluated with
the KS orbitals [46,47]. The corresponding multiplicative potential v(r) = dE,/dn(r) is obtained via the optimized
potential method (OPM) [48,49]. In contrast to the standard xc-functionals, i.e. the local density approximation
(LDA) and the generalized gradient approximation (GGA), the exact exchange guarantees the complete cancellation
of the self-interaction in the Hartree energy, which automatically resolves some of the well-known deficiencies of the
LDA and GGA (as, for instance, their inability to describe negative ions). A fully relativistic extension of this ap-
proach, including the complete transverse interaction, has been put forward recently [50].

By now, the application of the exact exchange by means of the OPM is well established in the nonrelativistic frame-
work [51-59]. An appropriate correlation energy functional for use with the exact exchange, however, still remains to
be found. Presently, the efforts towards such an E. focus on first-principles approaches. In particular, many-body
theory with the KS Hamiltonian as noninteracting reference Hamiltonian allows a systematic study of the xc-energy
functional [60,61]. A perturbative evaluation of the resulting exact expression for E. to lowest order leads to a Moller—
Plesset-type functional [61], in agreement with a perturbation expansion of the celebrated adiabatic connection
formula [62]. This implicit functional is the first density functional which reproduces van-der-Waals forces [59]. KS
perturbation theory also forms the basis for the derivation of an RPA-type functional [63,64] and the interaction
strength interpolation [65].

The question for a relativistic generalization of these concepts arises quite naturally. A fully relativistic description
of atoms, molecules and solids necessarily must be based on quantum electrodynamics (QED). Within this framework,
a relativistic variant of KS perturbation theory has been established in [50]. Relying on a coupling-constant integration
technique, an exact expression for E,. has been obtained, which, as a matter of principle, not only contains all corre-
lation effects, but also all radiative corrections. However, the standard approach for the calculation of correlation and
radiative corrections in high-Z systems is a perturbation expansion based on Sucher’s level shift formula [66-68], usu-
ally relying on the hydrogenic Hamiltonian as noninteracting reference Hamiltonian. The equivalence of these two ap-
proaches, though inevitable in principle, is not immediately obvious.

In this paper, we explicitly demonstrate this equivalence. We first formulate Sucher’s level shift within the
framework of RDFT. Using the relativistic KS Hamiltonian as reference Hamiltonian the resulting level shift is
essentially identical with the xc-functional (up to well-known terms). Sucher’s technique thus allows us to derive
an exact relation for the relativistic E., which represents an ideal starting point for the discussion of approxima-
tions. In particular, this relation provides the basis for a perturbation expansion, which is then used to verify the
identity of the level shift with the coupling-constant integration results. In addition, it is demonstrated how the
perturbation series can be simplified with the help of a relativistic form of the Sham-Schliiter equation [69]. Fi-
nally, we discuss the first order level shift in detail, in order to explicitly extract the radiative corrections, i.e. the
KS Lamb shift.

The paper is organized as follows: In Section 2 a summary of the pertinent QED background is given, emphasizing
the renormalization procedure required for the KS system. Section 3 outlines the essentials of RDFT. In Section 4 the
level shift expression for E, is derived, which is then expanded to the order ¢* in Section 5. In Section 5 we also estab-
lish a relativistic variant of the Sham—Schliiter equation. Section 6 is devoted to a detailed discussion of the exchange
energy functional. A brief summary concludes this paper. # =1 is used throughout.
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2. Quantum electrodynamics for atomic systems

A fully relativistic description of atoms, molecules and solids necessarily must be based on quantum electrodynam-
ics (QED). At this fundamental level the interaction between all charged particles, i.e. electrons and nuclei, is mediated
by the exchange of photons. However, on the atomic energy scale, the large mass difference between electrons and nu-
clei allows the application of the Born—Oppenheimer approximation in its nonrelativistic form, which implies the exist-
ence of a common rest frame for all nuclei. In the electronic problem the nuclei are then treated as static external
sources which can be represented either as a classical charge distribution interacting with the quantized photon field
or in the form of a classical potential experienced by the quantized electron field. In this work the second of these two
equivalent viewpoints is chosen. In order to keep the discussion as general as possible the static external potential rep-
resenting the nuclei is assumed to be of four vector form, V*.

The starting point of our discussion thus is the Hamiltonian

H=H,+H,+ Hiy + Hey, (2.1)
i, = % / &l (), (—ica- V + ()], (2.2)
i, = —é / Ere{ (04, (][4 ()] + VAL(x) - VA" ()} (2.3)
Hiw=e / ) ()4, (x), (2.4)
He=e / dxf ()7 (x), (2.5)

where V(x) and 4 .(x) denote the fermion and photon field operators and j"(x) is the fermion current operator,

A 1= )

J %) =5 W), " ()] (2.6)

@ = Wyo with the Dirac matrices Ay"). For the photons we have chosen to work in the covariant Feynman gauge [70].
The commutator form of A, and ;" guarantees the correct behavior under charge conjugation [71]. The Hamiltonian
(2.1) can be obtained from the standard Lagrangian for electrons subject to external fields [71] via Noether’s theorem
[70].

The ground state corresponding to (2.1) will be denoted by |¥y),

H|¥o) = E|¥0), (2.7)

where |Py) is assumed to be nondegenerate in the following.

Unfortunately, Eq. (2.7) is not well-defined without some suitable renormalization procedure. Two types of diver-
gences have to be considered, which show up in the Green’s functions of the theory as well as in expectation values for
physical observables like ground state energies and four currents. The first class of divergences, the infrared diver-
gences, is irrelevant for the present discussion and thus omitted in the following. However, the second class, the ultra-
violet divergences, needs some attention.

Let us first consider a noninteracting system with the Hamiltonian

H,=H,+ / d3x]'“(x)v’;(x), (2.8)

where, at this point, v/ denotes some arbitrary stationary potential — the same renormalization scheme applies to all
systems of type (2.8). The ground state of this system is denoted by |®;), the ground state energy by E;. As it stands, the
ground state expectation value (&|H|®,) diverges due to the presence of the negative energy states. This divergence is
usually eliminated by explicit subtraction of the vacuum expectation value of the Hamiltonian (or, equivalently, by
normal-ordering of the corresponding creation/annihilation operators).

The renormalized Hamiltonian

Hyg = Hy — (0)]05) (2.9)
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with |0;) representing the noninteracting vacuum in the presence of the potential v*, leads to a finite expectation value.
However, with the definition (2.9) different reference energies (0|H|0,) are introduced for different potentials v*. As a
consequence, the comparison of ground state energies resulting from different v¥ is not directly possible, as the energy
differences between different vacua, the so-called Casimir energy [72], are ignored. The definition (2.9) can thus not be
used to establish a Hohenberg—Kohn-type existence theorem for relativistic DFT. For this purpose the ground state
energy must be defined on an absolute scale, so that a unique reference energy for all external potentials is required.
This can be achieved by subtracting the vacuum energy of the unperturbed vacuum [0y) (obtained for v* = 0), rather
than <OS\HS|OS>,
Hsr = Hg — (0g|H|0). (2.10)
The price one has to pay for this universal energy standard is the reintroduction of a divergence into the expectation
values of H sr. This singularity is proportional to v* and has exactly the same form as the most simple ultraviolet (UV)
divergence in standard QED without external potential. The same problem exists for the ground state four current

(@) (x)|y).
The origin and form of this UV divergence can be understood on the basis of a perturbative approach to the energy
and current of the perturbed vacuum |0g). To this aim let us consider the electron propagator of the perturbed vacuum,

Ganl,7) = —i{04[ T, ()1, ()0,),
where fps(x) denotes the Heisenberg field operator of the system (2.8),
Uy (x) = Y (0 = 0)] e e,
G, can be expressed in terms of single-particle states ¢ and eigenvalues ¢, corresponding to v¥,

Gon(1:2) =1 31O =))(Ous = 1)+ 00" =2)Ouslh(ifilr)e ) (2.11)

where 0, is the vacuum occupation number,

1 for ¢ < —mc?,
O, = (2.12)
’ 0 for —mc? < ¢.

In addition to G;, one needs the propagator of QED without external potential (referred to as free QED in the
following)

Go(%,) = =i{00[ Ty (x) iy ()] 00) = lim G (x,)- (2.13)
With these functions one can express the energy and current of the perturbed vacuum as [73]
(04|Hr|0,) = —i/d3xlvi£1ftr[(—icy -V +mc® +9,0%(x)) Gy (x, )] /d3th tr[(—icy - V 4+ mc?) Gy (x, )],
/ (2.14)
(07" (x)105) = —ilim" tr[Gy . (x, »)7"] (2.15)
with the symmetric limit

1
1im855(y lim + lim )|<”)z20 (2.16)

y—=x —>x,y‘-’>x0 y—»x,y0<x0

being a consequence of the commutator form of A, and ;. A perturbative expansion of G,y in powers of v¥ yields the
following diagrammatic contributions,

W n t::.‘ o (2.17)

Here the solid line represents Gy, the wavy line the external potential and the dot denotes the vertex, i.e. in real space
one has

GO,V,ab(‘xay) = Z/b z,a (218)
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vi(x) = x,pu soux (2.19)
4 4 B2
bz —2) Wy —2) = }b\y (2.20)

where a, b are the spinor indices and in (2.20) x, y and z represent the coordinates of the three field operators linked at
the vertex. While G, is finite as it stands, the evaluation of (2.14),(2.15) introduces one loop integration (in momentum
space), for instance

H0 @0 =€ ) + QM Gﬂmﬂg (2.21)

The fermion loops in Eq. (2.21) are identical with the standard noninteracting N-point functions of free QED: It does
not make any difference whether the external potential or the quantized photon field creates virtual electron—positron
pairs. As a consequence, all corresponding results of free QED apply. The renormalization procedures for
(0,|H g |05) and (0,];"(x)|05) are thus completely determined by the renormalization scheme of QED without external
potential. In particular, the Furry theorem guarantees the first and third diagram in (2.21) to vanish. Only the second
diagram is UV-divergent, all higher order diagrams (not displayed here) are UV finite. Moreover, the counterterm
which is required for renormalization of the second diagram is a textbook matter. On the basis of dimensional regu-
larization with space-time dimension d one finds as final counterterm for the current (2.21)

AjOH(x) = _1217_52]“(4 5 d> V2oh(x), (2.22)

where the divergence shows up as the pole of the I'-function in the physical limit d = 4. For the renormalized vacuum
current ;4 one thus obtains from (2.15), (2.11) and (2.21),

=3 <@V4k - %) DL (x)o" by (x) + AFOH(x) (2.23)

(«* = y°"). The noninteracting 2-point function is also responsible for the UV divergence of the total energy. The
corresponding counterterm reads (for details see [23]),

inhom 1 4-d

AEinhom.(0) _ _WF(T> / dxv,, (x) V20! (x). (2.24)

It can be split into a counterterm for the external potential energy,
1 4—d

AEE?J =— 121_[2['(2) /d3xUs,#(x)V21)£(X), (2.25)
which makes

/d* (047" ()]0 (x) + AEY) — /d3xjv e (2.26)
a finite expression, and a counterterm for the kinetic energy contribution,

1 4—d
AT, = WF<T> / dxug, (x) V20" (x), (2.27)

which keeps the kinetic energy finite,

Toy = Zk: (@V"k - %) / d’xp) (x) [—ica - V + pmc*] gy (x) — (00| He|00) + AT, (2.28)

Eo =Tt [ Eat(i(x) (2.29)

At this point all noninteracting quantities relevant for relativistic DFT are well-defined.

Let us thus now consider the interacting inhomogeneous vacuum. The basic argument which allows to identify and,
at the same time, to renormalize the UV divergences of the interacting vacuum again relies on perturbation theory: As
soon as a perturbation expansion of all Green’s functions and relevant expectation values with respect to both the elec-
tron-electron coupling constant ¢* and the external potential 7 is utilized, all divergent expressions correspond to the
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usual divergent (sub)diagrams of QED without external potential. Their renormalization is thus uniquely determined
by the standard renormalization procedure of free QED. The resulting counterterms ensure that all renormalized N-
point functions of the theory are UV-finite.

Finally, the actual ground state has to be discussed. From a formal point of view this is most easily done for an
extended system which approaches a homogeneous electron gas in the limit of vanishing external potential. In the case
of finite systems this situation can be artificially generated by periodic repetition of the atom or molecule of interest,
relying on the supercell geometry. Once the limit V¥ — 0 is well-defined, one can again apply perturbation theory with
respect to both ¢® and V%, In this way all ground state expectation values are expressed in terms of the same diagrams
as in the case of the vacuum state, with the vacuum propagator of the electrons now being replaced by the propagator
of the noninteracting relativistic electron gas. One can then split any given fermion loop into its vacuum limit (obtained
for vanishing gas density) and a remainder. For the vacuum part the standard prescription of free QED applies. The
remainder, on the other hand, is UV finite by itself, as is clear from the power counting argument which allows the
distinction of divergent and finite diagrams (see chapter 8 of [70]): The difference between the noninteracting electron
gas propagator and the vacuum propagator requires an on-shell dispersion relation, so that the energy integration of
the fermion loop integral breaks down, leading to a finite result. This is not only true for single loops, but also for
overlapping divergences. Due to the Ward identities all diagrams of QED are exactly renormalizable, so that any prop-
agator in a complex graph which decays faster than the free QED propagator, i.e. any break-down of an energy inte-
gration in one of the subdiagrams, makes the diagram overall superrenormalizable (of course, this does not exclude
that some subdiagrams still require renormalization).

On this basis the renormalized ground state energy E and the ground state four current j*(x) can be written as

— (WolH|Wo) — (O, + H, + Hin|0) + AE, (2.30)

JH(x) = (Wolf" ()1 ¥o) + A" (x), (2.31)

where |0) denotes the vacuum of interacting QED without external potential, (0|H, + H, + Hiy|0) defines the universal
energy zero and AE and Aj" are the counterterms resulting from the procedure sketched above (for a more detailed
discussion of AE and A", see [23]).

Equations (2.30) and (2.31) together with (2.28) and (2.29) provide the solid ground for a discussion of relativistic
DFT as one is now dealing with finite quantities only.

3. Basics of relativistic density functional theory

A relativistic generalization of the Hohenberg-Kohn-theorem [74] has first been put forward by Rajagopal and
Callaway [20] and later by Rajagopal [21] and MacDonald and Vosko [22]. Starting from a QED-based Hamiltonian
and four current, these authors demonstrated that the ground state energy is a unique functional of the ground state
four current. A detailed discussion of the inherent questions of renormalization has been given in [23,75]. The two main
statements of the existence theorem are:

1. There exists a one-to-one correspondence between the class of all those ground states which just differ by gauge
transformations and the associated ground state four current. After the gauge has been fixed, the ground state
|Po) is a unique functional of the four current j* and every ground state observable, in particular the ground state
energy, can be understood as unique functional of j*,

ELj) = (Woljl[H| o). (3.1)

2. Minimization of E[j] under the subsidiary condition of charge conservation leads to

/ &’y (v (3.2)

The practical implementation of this variational principle relies on the relativistic variant [21,22] of the Kohn—-Sham
(KS) scheme [76]. In the following the field theoretical form of the KS scheme [23,75] is summarized.

The starting point is the assumption that there exists a noninteracting system with the same ground state four cur-
rent j* as obtained from (2.31) for the interacting system. As this so-called KS system represents a relativistic many-
particle problem, all remarks of Section 2 concerning renormalization apply. The current of the KS system thus has the
form
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Z@dk¢k )y (x) + /i (x), (3.3)

0 for ¢ < —mc?,
Our =<1 for —mc® < ¢ < ex, (3.4)
0 for ep < ¢

with ;4 given by (2.23). The total ground state energy (2.30) of the interacting system is then decomposed as

E= Ts +Eext+EH +Exca (35)
where the individual energy components are defined as follows: Ty is the kinetic energy of the KS system,
T, = Z Ous / d’xpp(x)[ica - V + pmc?] i (x) + Ty (3.6)

with T, given by (2.28). Ey[j] represents the Hartree energy,

Eulj] = /d‘ /d4y]” )D0,(x — /d‘ /d‘ ’”‘x y| (3.7)

defined via the noninteracting photon propagator,
2

, .e ~ U AV
D (x — ) = — i — (00| T4y (x) 4y () 00) (38)
4
:/ d q4 efiq(xfy)DO,;w(q> (39)
(2m)
D\ (q) =DV (¢)gr DVlq?) = 2 (3.10)
uv g,uw q - q2 4 1;7 .

(in Feynman gauge). By definition Ey contains both a Casimir contribution (E},") and a radiative correction (E}°),
which can be specified after insertion of (3.3) into (3.7),

EW = —/d3 /d* FuDRG) (3.11)
Ix yI

B = [ @3 oudlma ) [ar Ll (.12)

[x =y

In view of the expansion (2.21) for the vacuum current, £} is readily identified as the vacuum polarization contribu-
tion to the Lamb shift (within the present context of RDFT). The external potential term has the form

Eulil = e [ &), ()7 (x) (3.13)

Finally, the exchange-correlation (xc) energy E,. absorbs all many-body effects not contained in one of the other
terms.
The variational principle (3.2) then leads to the relativistic Kohn—Sham equations

{—ica -V + pmc* + o, 0" (x) } i (x) = by (x), (3.14)

with the multiplicative KS potential v* consisting of the sum of the nuclear potential V*, the Hartree potential v}; and
the xc-potential v¥_,

vl (x) = eV (x) + viy(x) + vie (%), (3.15)
v (%) =e2/d3y Jiyi', (3.16)
o X :5EXC[]]

Ve (%) 5, (3.17)

Egs. (3.3), (3.14)—(3.17) have to be solved selfconsistently for given xc-functional.
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4. Exchange-correlation energy: exact representation via Sucher’s level shift approach

The core quantity of DFT is the xc-energy functional E,. defined by Eq. (3.5). The representation chosen for E,.
essentially determines the many-body content of a DFT calculation and thus its predictive power. In this Section
we will derive an exact expression for E,, utilizing Sucher’s level shift approach [66]. As this approach represents
the standard framework for QED-based perturbation theory [68,77], the resulting expression for E,. is particularly
helpful for the discussion of radiative effects within RDFT.

The starting point for the derivation of the level shift formula is a suitable decomposition of the interacting Ham-
iltonian (2.1). While in QED usually a hydrogenic Hamiltonian is employed as noninteracting reference Hamiltonian,
in the context of DFT it is much more useful to work with the KS Hamiltonian, i.e. the Hamiltonian (2.8) with v¥
denoting the KS potential (3.15). The electron—electron interaction and the difference between v* and the actual nuclear
potential V* are then contained in the perturbation H, for which, as usual, a dimensionless coupling constant g and an
adiabatic switching function are introduced. As the adiabatic switching leads to an explicitly time-dependent Hamil-
tonian it is most conveniently formulated in the Schrédinger (S) representation,

Hs o (t) = Ho+ gl e™ (e >0), (4.1)
Hy=H,(x"=0)+H,(x"=0), (4.2)
ﬁf:mﬂfzoyi/&ﬁngaxmwuy 43)
Av'(x) = vl (x) — eV*(x) (4.4)

with H, fly and Hi, given by (2.8), (2.3) and (2.4), respectively. At 1 = x°/c = 0 the Hamiltonian (4.1) agrees with the
actually interesting Hamiltonian (2.1) (for g = 1), while for 1 — Foo it reduces to H, which represents the KS system
plus noninteracting photons. Note that the expressions resulting from the decomposition (4.1) contain the standard
QED scheme for v(x) — eV*(x), as in this limit A, is identical with the hydrogenic Hamiltonian (as long as one
has not already used specific properties of the KS Hamiltonian).

With the decomposition (4.1) one can now go through the usual steps which lead to the Gell-Mann-Low theorem
(for details see e.g., [78]). Here we only summarize the relevant definitions and results. Let us denote the time-depend-
ent S-state corresponding to Hs.,(t) by |®s.. 4(1)),

0| @s (1)) = Hs.e (1) | D50 (1)) (4.5)

As for t — Foo the interaction Hamiltonian H; is completely switched off, |Ps. 4(7)) approaches some S-state corre-
sponding to H in these limits,

| s (1)) = e 75| dy)  for t — Foo, (4.6)
where |@) is an eigenstate of H,,
Ho|®o) = Eo|®y). (4.7)

In the following we consider the ground state, assuming that the adiabatic switching procedure preserves this state. In
this case |®,) factorizes into the noninteracting photon vacuum |0,) (no free photons are present in the ground state)
and the KS Slater determinant |®y),

|@o) = |®) x |0,) with <07|‘Zlg(x)|0v> =0, (4.8)
)= [ &0, (4.9)
—mc2<e/;§ep

where IA),TC denotes the creation operator for positive energy single-particle KS states.
Accordingly, the eigenvalue E, is simply identical with the ground state energy of the noninteracting KS
system,

%Ea=n+/&wuwu) (4.10)

with T, given by (3.6) and j* by (3.3). E, includes the vacuum energy of the KS system, explicitly specified in (2.29).
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Next one introduces the interaction (I) representation with respect to the decomposition (4.1),

@14 (1)) = |5 4 (1)), (4.11)
Hyy(t) = i e (4.12)
The time-evolution of the I-picture state | ,(7)) is controlled by the I-picture time-evolution operator
00 (s ! t t A .
Ul,s,g(t7 /) = Z ( :'g) / dey - / dt, e=c(lnl++u) T[HLI(,]) . 'Hl,I(ln)], (4.13)
=0 . ¢ 7
[P (1) = Ureg (1,0) |1 (1)) (4.14)

Urg(t,) allows to relate the S-state of interest, |®s 4(0)), to the asymptotic S-state,
[B5.0(0)) = [@14(0)) = limysoc Ut (0,4) €| @5 (1)) = Un (0, F00) o), (4.15)

where (4.6) has been utilized. The statement of the Gell-Mann-Low theorem applied to the present decomposition of
the system then is: If

lim 1 Psee O Ute(0, %00)|%0) (4.16)
=0 (Do|Ps.cg(0)) =0 (Do|Uy (0, Foo)|Po)

exists, it is an eigenstate (assumed to be nondegenerate) of the full Hamiltonian,

f : @
[HS,e,g(t = 0) —FE UI~5ag(O7 q:OO)| 0>

F = = (4.17)
0 (Dg|Ut,c4(0, F00)| Do)

with E, denoting the eigenvalue, i.e. the g-dependent ground state energy of the interacting system. Properly normal-
ized to 1, the interacting ground state is given by

Ul,e,g (07 :FOO) | ¢0>

|®,) = A, lim . ) (4.18)

TS0 (| Use (0, Foo) | o)
. . 1/2
4, — lim (Po|Utcig (00, 0)[ o) (| Ut (0, —00)|Po) (4.19)
=0 <¢0|UL54g<+OO7 _OO)|¢0>
In the proof of the Gell-Mann-Low theorem one also verifies that

. . .0 4

[Hs ot = 0) = Eg| Uy (0, Fo0)|®g) = :I:leg@ Utc¢(0, F00)|®y). (4.20)

Multiplication of the — form of (4.20) with the + form of (4.16) as well as the hermitian conjugate of the + form
of (4.20) with the — form of (4.16) finally leads to

. _1le 0 -
E,—Ey)= lgllr(% Egg In{®y| Uy ¢ o(+00, —00)| Py). (4.21)
Eq. (4.21) together with Egs. (4.1)—(4.4) represents the DFT analog of Sucher’s level shift formula [66] (in symmetric
form).

It remains to relate the level shift (4.21) to the xc-energy functional. One first notes that the Hamiltonian of actual
interest is obtained for g = 1. In the following this limit is thus implicitly understood whenever required (without ex-
plicit notice). With this convention Egs. (3.5), (3.7), (3.15), (3.16), (4.10) and (4.21) yield

e o
B = lim 5 5 In(@ |01 (00, ~o)|00) = Fua + [ (6)A0, (). (422)

Eq. (4.22) provides an exact representation for E,. in terms of the elements of the many-body approach defined by the
decomposition (4.1). Within a perturbative picture there are three such elements. The first is the propagator of the KS
system,
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G, ) = = (O[T, (), )] 2., (4.23)
_/ i;o TG (x. ), (4.24)
Gi(x,,0) = zk: {(1 o) ‘M_ Zj’i( 1’3 + 6 f)"(_ zj’k(lzl} (4.25)
with
O = Oy + Ouy (4.26)

and ¢y, ¢, being solutions of the KS equations (3.14). The second element is the photon propagator (3.8). Finally, the
Av'-contribution to A, Eq. (4.3), leads to an external vertex, conceptually equivalent to some external nuclear poten-
tial. It is this last element of the many-body scheme induced by (4.1) which makes the evaluation of the crucial ampli-
tude (®g|U (400, —00)|®,) different from the standard QED perturbation expansion. Moreover, in view of Egs.
(4.4) and (3.17) it is obvious that (4.22) is not a simple assignment, providing some well-defined expression for E,.
Rather it represents a nonlinear relation for the xc-functional. Nevertheless, (4.22) allows a straightforward perturba-
tion expansion in powers of ¢?, as will be demonstrated below.

Within the same overall framework a somewhat different exact expression for E,. has been derived in [50]. The ap-
proach of [50]is based on the coupling-constant integration technique, frequently applied within DFT. The final result
reads

Bu= [ atxoet) [ abof, (=) (@17 70100 — )7 0))

+ lim

0 n=1

. -/Oo dt, (o TW (0 (1,) - - - W (1,)| Do), (4.27)

with J. = [, y"x}s] /2 and the interaction operator

/ d*x / dtye W3 D0 (x — y / dPxe 1 (x) Av, (x). (4.28)

In (4.27) it is implicitly understood that the time-ordering has to be established after insertion of all W(t,,), i.e. the time-
ordering also applies within VAV(tn). Moreover, the index ¢ at the ground state expectation value indicates that the
linked-cluster theorem has already been used to eliminate all (diagrammatic) contributions disconnected from the
external vertex characterized by (0).

While the ingredients of (4.22) and (4.27) are the same, the identity of both expressions is not immediately obvious.
Clearly, within QED perturbation theory the level shift formula (4.22) is exclusively applied, while the approach (4.27)
is less familiar. In the next section we will thus explicitly demonstrate that the two representations are in fact equiv-
alent. This discussion will also show how one obtains a well-defined perturbation series from the nonlinear relation
(4.22).

5. DFT level shift to second order in ¢

In this section the perturbation expansion of the level shift formula (4.22) will be considered in detail. In VleW of the
choice for the reference Hamiltonian A, and the perturbation #, an expansion of the level shift in powers of ¢? is not
as straightforward as in the case of the standard QED perturbation series. While the KS system is noninteracting, its
particular nature implies that both the energy E; and the potential v* depend on the electron—electron interaction. This
is immediately obvious for the Hartree potential (3.16), which explicitly shows a linear dependence on the coupling-
constant ¢>. As a consequence, the KS spinors ¢, and eigenvalues ¢, also depend on ¢ (by virtue of the KS equations),
which, in turn, leads to an implicit dependence of vf; on ¢* via j*. In the present situation one can thus distinguish two
types of e>-dependences: First, there is an implicit dependence of all quantities involved, which results from the choice
for H,. In a perturbative framework this implicit dependence manifests itself in the propagator G; of the reference sys-
tem, which completely absorbs the dependence on ¢ and ¢,. The explicit ¢*~dependence is introduced via the photon
propagator Dﬁ‘,, which results from the perturbative treatment of the actual interaction e [ d*xj"4,. Moreover, both
dependences are mixed in the third element of the perturbation expansion, the ‘pseudo-external’ vertex which couples
the KS system to Av* = vjj + vL.
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This latter mixture can be decoupled by an expansion of E,. with respect to the factor of ¢* introduced by the pho-
ton propagator,

o0

iEyc, (5.1)

i=1 i=1

Ex =

which automatically induces a corresponding expansion of vk,

=3 e =Y v (). (52)
i=1 i=1

E)(:C) and Eﬁ(‘é(” still carry the full implicit e>-dependence via G,. Nevertheless, insertion of (5.1) and (5.2) into (4.22) unam-
bigously defines a perturbation series, which is often called KS perturbation series. In the following this expansion is
considered to the order ¢*.

One starts by noting that for an expansion to second order in e
(@0 Uy, g(+00, —00)| @) in powers of A, is required,

% a fourth order expansion of the amplitude

<¢0|Ul,fyg(+oo, 7OO)|§D0> =1 +gU1 +g2U2 + g3U3 +g4U4 =+ ... (53)
Insertion into (4.22) yields

Ey = lim, o~ > {Ul F2U, — (UL 4+ 3Us — 305U, + (U)) +4Uy — 4UU, — 2(U,)* +4U>(UL) — (UL + .. }

—FEy+ /d3xj“(x)Avﬂ(x).
The next step is the evaluation of the individual Uy. Use of (4.3) and (4.8) leads to
U =i / dxe 0 71 (x) Avy (x), (5.5)
20— () = = [ dix [ diye O fiDf (6= ) (") ) + G307 Gulr )
v (x)Av, ()t G (v, )7 G (v, )], (5.6)

3Us =302V + (U1 = [ [ty [ dfze 000 A0, ) 300, (6 3) (7o) ey Gul,2)77 G

Htr[y* Gy(x,3)7" Gs(v,2)7" Gs(2,x)]) +Av,t(x)Avv(wtr[V“Gs(xvy)"/"Gs(y7Z)VAGs(z,x)]} , (5.7

AU, —4UsU, = 2(U,)* +4U,(U)) = (U))* / d*x / d* / d*z / dHye D )

{Dﬂ\(x V)5, (z = u) [ 27" (x)/ (2) e[y G (v, 1)y Gy (1, )] — 4" (x) tr[y" Gi(v,2)7" Gis (2, )" G (u, )]

—tr[)" Gs(x,2)" Gy (2, 2)]trly Gy (v, 1)y G, )] + 2ty Gy (x,0)7" Gy (v,2)7" Gy (2,u) )" G (1, )]

[ G (x,2)y" Gu(2,)7" Go ()" Gy (u,x)]] + 2D}, (x — ) Av; (2) Av, (u )[+2ij"(X)tr[“/"Gs(%Z)v;th(Zvu)”/”Gs(uvy)]
+Hry Gy (x,2)7" G (2,2)] trly Gy (v, 1)y G (u, )] = 24y Gy (x,9)y" G (v,2)7* G (z,u))” G (1, )]

—tr[)" Gs(x,2)7" G (2,9)7" Gs (v,u)y” G (,x)]] = Av,(x) Av, (9) Av; (2) Av, () try" G (x,)7" G (v,2)7" Gs(2,1)7” G (u X)]}

(5.8)

Taking into account Egs. (3.15), (3.16), (4.4) and (5.2), it is obvious that the ordering of Egs. (5.5)—(5.8) with respect
to H, does not directly lead to a clean powers series for Ey. with respect to ¢*. In order to obtain such a series Eqs.
(5.5)—(5.8) have to be inserted into (5.4), followed by a reordering of the various contributions. In the same step
the limit ¢ — 0 can be taken, using the effective replacement

—€ \x0| 2
limee ,Z: =5(xy), (5.9)
T

e—0

where x! can be any of the n vertices of the diagram — Eq. (5.9) is explicitly verified in Appendix A. In this way one finds
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Ey = EV +EQ + 0(eb), (5.10)
/d4 /d4y5 DO (x — y)tr[" Gs(x, )y Gs (v, x)], (5.11)
B = —3 [ ate [ @@l (e, 00wl Gty Gl — [ [ty [t @n) -
x tr[p"Gy(x, )" Gs(v,2)y*G /d4 /d4 /d4 /d4u5 DO (x — y)Dgp(z—u)
[UWG@d*G@@MWGm)WwaHJHW (x,)7"G(v,2)7 Gs(z, u)y" Gy (u, x)
e[ Gy(x, 2)7" Gz, ¥)y" Gs (v, 1)y Gy (u, x)] ], (5.12)

where Egs. (3.15), (3.16), and (4.4) have been used to eliminate all contributions containing v{;. The results (5.11) and
(5.12) exactly agree with the corresponding expansion of (4.27) to second order in ¢ [50]. By definition (5.11) is iden-
tified with the exact exchange of RDFT, E\) = E,. E?) thus represents the lowest order correlation term.

Equation (5.12) can be slightly simplified by use of the particular nature of the reference Hamiltonian. By construc-
tion the KS system has the same ground state current as the interacting system,

J*(x) = —1lim® tr[G(x, y)y"] = —ilim® tr[Gg(x, y) "] (5.13)
y—x y—x

(the counterterms have been dropped for brevity). This fact has already been used in Egs. (5.5)—(5.8). It can be further
exploited if one expresses the interacting propagator via the reference state |®,) and the time-evolution operator (4.13),

(PIT()0,0) Vs (00, ~00) B}

G(x,y) = — (@0 Uy e (00, —00) | Do)

(5.14)

Insertion of Egs. (5.14) and (4.23) into (5.13) yields a relativistic extension of the Sham—Schliiter equation [69],

_ (PT (x) Urg (00, —00)| Bo)
0= (@0 Uy 4 (00, —00) | D) J(x). (5.15)

For the present discussion an expansion of (5.15) to second order in ), is sufficient,
0=7(x)+/50x)+.... (5.16)
Use of (4.13) leads to

Ji(x) = i/d4ztr[y"Gs(x,z)y}'Gs(z,x)]Av;v(z), (5.17)

Jh(x) = fi/d4z/d4utr["/“Gs(x,z)ins(z,x)]Dgp(zfu)j"(u)
—|—/d4z/d4utr[y“Gs(x,z)ins(z, u)y’ Gs(u,x)] x (Dgp(z— u) — iAv;_(z)Av,,(u)). (5.18)
Utilizing Av* = v}; + v/, and restricting to lowest order in €%, Eq. (5.16) reduces to
i/ﬂ%ﬂWQ@@f@@Jmﬁﬂd:—/ﬂ%/dmﬂW@@@f@@@W@WJW&@—W, (5.19)

which is nothing but the relativistic OPM integral equation for the exact exchange potential vy ;=vyc, ;M [50]. Insertion
of (5.19) into (5.12) finally leads to a simplified form of EXC ,

B = [ dt [ o6l (el )b Gvr G+ [ o' [ty [tz [ st -3l -

x [—tr[)" Gy(x,2)y" ( Xty G (v,u)y” Gs(u, )] + 2t Gs (x,9)7" Gs (v,2) 7 G (2,u) 7’ G (1, x))
e[y Gy(x,2)7" Gs(2,9)7" Gs (v,u)y” G (u,x)] .. (5.20)

It seems worthwhile to emphasize that E}((? is a well-defined functional of the KS orbitals and eigenvalues, as, by
definition of the power series (5.2), vy " is the functional derivative of E(!),
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SEW
Uilc)t(x) =<
! oj*(x)

and Ef(lg is a functional of the ¢, and ¢, only (see Eq. (5.11)). The specific expansion in powers of ¢* chosen for KS
perturbation theory thus resolves the nonlinearity of the level shift formula (4.22).

(5.21)

6. Explicit evaluation of first order DFT level shift: exact exchange of RDFT

In this section we further evaluate the first order DFT level shift (5.11) in order to highlight its quantum electrody-
namical content. One starts by insertion of the photon propagator (3.9) and the KS propagator (4.24) into (5.11). After
performing the y° and frequency integrations one obtains

_6_2 3 3 ﬂ ig-(x—y T 1 T
573 /d x/d y/ (2n) Iql Z o + Iql PIEIEPLD 0] ol

with
Wy = (Gk — 61)/6'. (62)

It seems worthwhile to emphasize that the frequency integrations which lead to the expression (6.1) are well-defined
even if the photon propagator is replaced by the instantaneous Coulomb interaction, i.e. if both the ¢°-dependence and
the spatial components of g"" are dropped in D .(9), Eq. (3.10). In this Coulomb limit Eq. (6.1) is obtained with w;; =0
and o replaced by «° = 1. However, as it stands the expression (6.1) with these replacements diverges,

(6.3)

(the completeness of the ¢, has been used in the last term). This divergence reflects the operator ordering in the inter-
action Hamiltonian: While QED inevitably leads to a j"(x); ()-type interaction between two vertices x and y, nonrel-
ativistic many-body theory with its instantaneous interaction already starts with a properly ordered
v (x)fp (y){p(y)fp(x)-type Hamiltonian. As a consequence, self-interaction terms as the divergent contribution to
(6.3) are avoided from the very outset. In a field theoretical framework, on the other hand, the elimination of these
terms is the task of the renormalization scheme.

In order to discuss E, in more detail it is most convenient to decompose (6.1) by use of (4.26),

E =EY +E°" +EX", (6.4)
n T
EZV — 62 / d3x/d3y/ dq sin q|x y| Z @v[ @ qsl( )OC d)k(x)d)k(y.)aﬂqs](y) , (65)
T |x—yl O +q —

E'P :e29¥/d3x/d3y/ dg sin(g|x — y|) Z@d‘l{ 1 - @v,k. n Oy 4 . }

o T |x — y| - O +q—1ie oy —q+ie
X 1 (x)a" by (X)L ()1, (). (6:6)
e cos|my|x — .

52— =% [t [ @Y 0000, 0 g 2 (518l 0). (67)

7

In the last contribution, the exchange energy of the occupied discrete KS states, the integration over ¢ has been per-
formed in order to obtain a more familiar form. Using

/ d (jli‘rq"' — ci(o|x|) sin(w]x]) — si(o]¥]) cos(w]x|) (6.8)

analogous expressions can be given for the other two terms. The decomposition (6.4) can also be obtained from a split-
ting of the two KS propagators (4.25) in (5.11) into their vacuum limit (2.11) and a remainder comprising the occupied
discrete KS levels



222 E. Engel, U. Lechner | Chemical Physics 311 (2005) 209-226
Gs(an’) = GS,V(x7y) +Gs,d(an’)a (69)

Gsa(x,p, @ _2mz@dk5 o — &) ¢ (x) P (v). (6.10)

In this picture E)" results from the product of two G, while EY° corresponds to the product of G, with G 4.

Equations (6.5)—(6.7) allow both the interpretation of E, and the identification of the counterterms required to keep
E, finite: E, approaches E\" in the limit e — —mc?, i.e. for the vacuum state of the system with the external potential
v, EYY can thus be understood as the exchange contribution to the Casimir energy of the KS vacuum. Combined with
(3.11) it yields the KS Casimir energy to the order ¢*. As discussed in Section 2, the renormalization of EYV is com-
pletely determined by free QED, once the expansion (2.17) of G, is utilized. The most divergent contribution is
the exchange energy of the homogeneous vacuum,

; @ (6.11)

which has been extensively studied in the context of the relativistic homogeneous electron gas. The counterterms re-
quired are obtained from the 1-loop contributions to the self-energy and vacuum polarization of free QED (for details
see Appendices B and C of [23]). Moreover, the energy (6.11) is finally subtracted from the total energy as defined by
(2.30), as (6.11) is one part of the energy of the universal reference system.

In the present, inhomogeneous situation the expansion (2.17) leads to one further subdiagram which needs to be
renormalized. This subdiagram first appears in the second order contribution (the first order term vanishes due to Fur-
ry’s theorem),

:

; @ (6.12)
S

The upper and lower subdiagrams are nothing but the standard vertex correction of free QED. Its renormalization
follows the usual procedure [70], so that (6.12) is also well-defined.
All higher order terms of the expansion, as

(6.13)

do not lead to additional divergent subdiagrams as the 4-point functions of free QED are already convergent. Thus all
counterterms required for EY" can be explicitly formulated, using e.g. dimensional regularization (which might not be
the optimum choice for practical work, though). As a sideremark we note that in the no-pair limit, in which the neg-
ative energy KS states are completely omitted from all sums over states, EY " vanishes identically (as the factor O, in
(6.5) is zero for all positive energy states).

EYP results from the interaction of the discretely bound KS particles with the KS vacuum and thus represents a
radiative correction. It can be identified as the vertex-correction contribution to the Lamb shift, within the framework
of the KS scheme. The total KS Lamb shift is then obtained by adding E)° to E}}°, Eq. (3.12). Note that both terms are
of first order in the electron—electron coupling constant ¢ but include all orders of v¥, i.e. all orders of Ze*. The KS
Lamb shift differs from the standard Lamb shift by the higher order contributions in ¢* which are implicitly contained
in the KS orbitals and v/.

The renormalization of EY° can again be discussed on the basis of the expansion (2.17). One finds that the lowest
order contribution, i.e. the electron gas limit vanishes identically [23] (due to the on-shell condition in the electron gas
G;.4, Eq. (6.10)). Renormalization is thus only required for the vertex correction subdiagram displayed in (6.12), so that
the counterterms are again clear.

Finally, £PP is finite as it stands. It represents the usual no-pair exchange energy, including, however, all corrections
resulting from the retarded interaction via the exchange of photons. It seems worthwhile to point out that EPP does not
depend on the gauge of the photon propagator. While the form (6.9) reflects the Feynman gauge chosen in (3.10), one
can show that EPP is gauge invariant as long as the ¢, experience a multiplicative potential [50]. In contrast to Hartree-
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Fock orbitals, the KS orbitals thus yield a gauge invariant EPP. The more familiar Coulomb and Breit exchange can be
obtained from (6.7) by expansion of cos[wy,|x — y|] in powers of 1 /¢* and subsequent use of the KS equation (in order
to eliminate ¢, in favor of the operator a - V).

7. Concluding remarks

With the level shift formula (4.22) an exact representation of the xc-energy functional of RDFT is available which is
formulated on equal footing with the standard QED perturbation series. The level shift expression is an implicit density
functional, as it depends on the KS orbitals and eigenvalues. As such its self-consistent application requires the solu-
tion of the relativistic OPM integral equation [50]. While this solution is straightforward for the no-pair exchange, the
interplay between vacuum corrections and the OPM integral equation remains to be investigated. In particular, it is not
clear whether the required summations over positive and negative energy continuum states lead to similar problems as
the summation over unoccupied KS states in the case of the nonrelativistic correlation functional [79]. In any case, the
inclusion of the appropriate counterterms in the integral equation represents a serious technical problem.

On the other hand, a perturbative evaluation of radiative corrections within the framework of RDFT could directly
start from the expressions provided in Sections 5 and 6. In fact, one could hope that the implicit partial resummation of
the QED perturbation series inherent in the KS reference Hamiltonian leads to an improved convergence as compared
to the standard procedure starting from a hydrogenic reference Hamiltonian.

In the present work the (unknown) exact KS Hamiltonian has been employed as noninteracting reference Hamil-
tonian. Clearly, the many-body approach chosen can equally well be based on some approximate KS Hamiltonian, for
instance resulting from a (no-pair) LDA or an exchange-only calculation. In this case, however, all relations specific to
the exact KS Hamiltonian, as the identity of the KS current with the interacting current and thus the relativistic Sham—
Schliiter equation, can no longer be used to simplify the perturbation series.

Although not pursued here, it is obvious that the level shift formula can also be utilized for a partial resummation of
the KS series. Such a resummation is only of limited interest in the context of radiative corrections, but could be quite
useful for the construction of approximate relativistic xc-functionals. In this case efficiency requires the level shift for-
mula to be exploited within the no-(virtual-)pair approximation. While the no-pair approximation can only be defined
for given noninteracting reference Hamiltonian and thus depends on the approximation for E,. one finally comes up
with, this subtlety is not expected to play a role in standard electronic structure calculations.
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Appendix A. Time integration

In this appendix the time integration involved in the level shift formula (4.22) is analyzed in some detail. In partic-
ular, this analysis addresses the interrelation of the time integration with the limit € — 0.

Let us first consider a single vertex. At each interaction vertex the time integration has the structure

+00
W= / dx? e_g‘xleﬁv(xi = x7) Gs (i, i) Gs (xi, 1) (A1)

where x;, x; and x; represent the neighboring vertices (on which no information is required at this point). W; can be
evaluated by use of the Lehmann representation for G, Eq. (4.24), and D,,, Eq. (3.9),

21

q q° (J /dwl e_mlv /d(m elwzxo 1 + 1
o 2n 2n e+i(qg? —w;+wy)  e—1i(q" — w1+ )

XD/H( xj7q0)GS(xk7xf7wl)yﬂGs(xi>xlyw2)~

d d d
W, = / dx 0 —ex /Zq —1q vc—v / 1 ef1w1(v x)/ Za;zeflwv)(fx ng( xjaqO)GS(xlﬁxiawl)quS(xiaxl7a)2)7
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In the limit ¢ — 0 the Dirac identity can then be used to obtain

d .
W / _lq / 2w e_lw(xg_x?)ng(xl - xja qO)Gs(xkv Xi, (,O)'})’MGS(XI-, X, — qo) (AZ)
T

The situation is even more simple for a vertex with the external potential,

dw

+0o0
Vi = / d’x? eifIX?‘AUH(xi)GS(xhxi)yHGS(xi7xl) = / eilw % AUH(xI)GS(xk7xi7 w)y“GS(xia xla CO) (A3)

~ 2n

The first point to note thus is that at each individual vertex of a given contribution to (4.22) the limit e — 0 could be
taken before integration over the corresponding time coordinate. The result is a d-function in frequency space for both
orderings of limit and integration.

Let us now turn to a complete diagram resulting from (4.22). It consists of an even number of 2z interaction vertices,
connected by 2n dressed KS propagators and n photon propagators D°. Each dressed KS propagator consists of k sim-
ple KS propagators G and k—1 external vertices Av,. However, Eq. (A.3) demonstrates that the structure of these
products of Gs and Av, with respect to time is the same as that of a single G;. In the following the discussion can thus
be restricted to diagrams which do not contain any external vertex without loss of generality.

The time integration of such a diagram has the general form

2n 2n
© d *1(}) ’C*‘( d *l 0
=] e [T [ e H [ S e P, ol ), (A4)
i=1 - k=1

with P and P’ denoting permutations of the time variables. P and P’ are characteristic for the diagram under
consideration. If one could take the limit ¢ — 0 in this expression rightaway, the integrations over the time
variables would directly lead to J-functions in frequency space. However, for ¢ =0 the integrand of (A.4) only
depends on time differences, rather than the absolute times x!. Consequently, after 2z—1 of the integrations
have been performed the resulting expression does no longer depend on the remaining 2n-th time variable
(by virtue of the relations between the w; and ¢’ enforced by the 2n—1 J-functions obtained from the first
2n — 1 integrations). The final time integral thus diverges, if ¢ — 0 is applied before performing any of the time
integrations.

On the other hand, /* is multiplied by an overall prefactor of ¢ in Eq. (4.22), so that only the product e/*" has to
exist for e — 0. Obviously, the limit ¢ — 0 can not be interchanged with the time integrations.

Let us thus consider /2" for € > 0. In order to evaluate (A.4) one chooses one of the x}, say x{, to rescale all remaining
times,

n=x)-x" i=1,...,2n (A.5)

As a consequence, the variable x! does no longer occur in the Fourier exponentials of the propagators,

762\\4)7‘5/\ 2n
’2":/ dX"H / dre 7 / e H &= UL et (. 20l 61)
€
2n

762 \x -5

. dO —ig%(t,—1 -
xﬂ/zin’e Y P’<"+/>)F(w1,...,wgn,q?w..,qg)/ioodx e ! (A.6)

The crucial integral to be examined in the following is the x{-integral of the last line.
Let ¢; be that permutation of the t; for which

ti < ti+l Vl (A7)

Then evaluate
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2n 2n

00 —e [x—14] o0 —€ et
J2n:/ dxe ; E/ dxe ; ) (AS)

€

Jj=1

2n+1 EZX 4 ,ez(,ﬁ,{)
= lim Iim / dxe = e

1)——00 Ipp4]—00

2n 2n
2] 1 —ey Myl ey it
= lim Iim Z —{ e = —e =
ly——00 lyp11—00 =l nt] 26(7’1 —Jj+ 1)
7€Z(tn+i*ti)
+e =l (tn-H - tn)v

2n 2n
_eZ\ti—t,\ 2n+1 1 —EZ\U—IFH
i=1 — - i=1
Z 26n— 2 2e(n—j+1)°

Jj=lj#n+1 1) J=2j#n+1

2 2
—eY lti—typi] —e Y lti—t]
+tqe L t,e i1 . (Ag)

Equation (A.9) clearly exhibits the divergence of the 2nth time integration. Nevertheless, after the first time integra-
tion has been performed the appropriate limit ¢ — 0 is well-defined,

2
lim eJ? m__= A.10
25T 2n) (A-10)
An analogous result is obtained for an odd number of time variables (i.e., vertices), so that one has quite generally
2
lim eJ” . (A.11)
e—0 n

One can finally use this result in Eq. (A.6) and transform back all time variables to their initial form,

W=t M=1-7 i=2,....2n (A.12)
to obtain
hm€]2n _ / dxo dwk 71«),(()5 —x A))
e—0 2
dg? _ Ny
/ q, igy ( 'P’<n+1>)F(a)1,...,a)zn,q?,...,qg). (A.13)

For an arbitrary Feynman diagram with n vertices (nth order in /) one thus finds the effective replacement (5.9).
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