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Abstract

Perturbation theory based on the auxiliary noninteracting Kohn–Sham Hamiltonian allows a systematic study of the exchange-
correlation (xc) energy functional of nonrelativistic density functional theory. In particular, it serves as the starting point for the
derivation of implicit (orbital-dependent) density functionals for the xc-functional. Within the framework of quantum electrody-
namics, a relativistic variant of Kohn–Sham perturbation theory has been formulated in Phys. Rev. A 58 (1998) 964. In this
approach, a coupling constant integration technique is used for the exact representation of the relativistic xc-functional.

In the present contribution an alternative systematic approach to this functional is put forward, which is based on a density func-
tional version of Sucher�s level shift formula. As in the case of the coupling constant integration form, an exact relation for the xc-
functional can be established. This relation provides the basis for a perturbation expansion to second order, including all inherent
radiative corrections. A detailed comparison with the coupling constant integration result verifies the equivalence of both
approaches. Finally, the first order level shift is analyzed in order to identify the Lamb shift within the Kohn–Sham scheme.
� 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Today density functional theory (DFT) is successfully applied to an enormous variety of many-particle problems.
Clearly, DFT represents the method of choice for the study of particularly large or complex many-electron systems.
There exists a long record of applications in condensed matter theory, ranging from early calculations for semiconduc-
tors and metals [1] to more recent work on minerals (see, e.g. [2]) and quasicrystals [3]. Similarly, the structure and
dynamics of clusters [4–8], surfaces [9–11] and quantum dots [12] have been studied extensively on the basis of
DFT. By now, DFT is also accepted as a standard method in quantum chemistry, as DFT results were shown to
be competitive with those obtained with the more traditional quantum chemical ab initio techniques even for rather
small molecules [13,14]. In fact, DFT proved to be useful even in atomic physics, for example for the description of
atoms subject to laser fields [15] and of atomic scattering processes [16]. Moreover, the advances in computer power
and the refinement of computational techniques (e.g., linear scaling) in recent years opened up yet another field for
DFT applications, theoretical biophysics [17–19].
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In all these areas it is routine to resort to relativistic DFT (RDFT) [20–23] whenever the nature of the system re-
quires that (for the importance of relativity see Refs. [24,25]). For instance, a relativistic treatment has become the
standard in linearized-augmented-plane-wave calculations for solids [26–28]. In the context of quantum chemistry also
a number of implementations of RDFT are now available, both on the weakly relativistic [29–31] and on the fully rel-
ativistic level. In the latter case the ground state four current jl = (n,j/c) plays the role of the density n as fundamental
variable of DFT [20,23]. Unfortunately, the standard approximations for the crucial quantity of RDFT, the exchange-
correlation (xc) energy functional Exc[j], do not depend on the spatial current j, as they are based on the homogeneous
electron gas (in one way or another). For that reason most implementations of RDFT utilize purely density-dependent
approximations for Exc[j] [32–34], either in their standard nonrelativistic or in a relativistic form [35–38].

However, whenever magnetic moments are present this approach is inadequate. One way to circumvent this prob-
lem is to resort to the magnetization-dependent form of RDFT [23]. In this formalism the ground state magnetization
density m replaces the complete current j. Depending on the system, either the full, noncollinear m is employed or only
its z-component (collinear approximation). The latter scheme represents the relativistic analog of spin-density func-
tional theory. First applications indicate that a very accurate description of spin-polarized systems can be achieved
with this approach [39–44].

An alternative route to j-dependent xc-functionals is provided by the concept of implicit density functionals (for an
overview see [45]). In this scheme the xc-functional is represented in terms of the Kohn–Sham (KS) single-particle
orbitals, rather than explicitly in terms of n and j (or m). An orbital-dependent representation is most natural for
the exchange energy Ex, which, within nonrelativistic DFT, is defined as the usual Fock expression evaluated with
the KS orbitals [46,47]. The corresponding multiplicative potential vx(r) = dEx/dn(r) is obtained via the optimized
potential method (OPM) [48,49]. In contrast to the standard xc-functionals, i.e. the local density approximation
(LDA) and the generalized gradient approximation (GGA), the exact exchange guarantees the complete cancellation
of the self-interaction in the Hartree energy, which automatically resolves some of the well-known deficiencies of the
LDA and GGA (as, for instance, their inability to describe negative ions). A fully relativistic extension of this ap-
proach, including the complete transverse interaction, has been put forward recently [50].

By now, the application of the exact exchange by means of the OPM is well established in the nonrelativistic frame-
work [51–59]. An appropriate correlation energy functional for use with the exact exchange, however, still remains to
be found. Presently, the efforts towards such an Ec focus on first-principles approaches. In particular, many-body
theory with the KS Hamiltonian as noninteracting reference Hamiltonian allows a systematic study of the xc-energy
functional [60,61]. A perturbative evaluation of the resulting exact expression for Ec to lowest order leads to a Møller–
Plesset-type functional [61], in agreement with a perturbation expansion of the celebrated adiabatic connection
formula [62]. This implicit functional is the first density functional which reproduces van-der-Waals forces [59]. KS
perturbation theory also forms the basis for the derivation of an RPA-type functional [63,64] and the interaction
strength interpolation [65].

The question for a relativistic generalization of these concepts arises quite naturally. A fully relativistic description
of atoms, molecules and solids necessarily must be based on quantum electrodynamics (QED). Within this framework,
a relativistic variant of KS perturbation theory has been established in [50]. Relying on a coupling-constant integration
technique, an exact expression for Exc has been obtained, which, as a matter of principle, not only contains all corre-
lation effects, but also all radiative corrections. However, the standard approach for the calculation of correlation and
radiative corrections in high-Z systems is a perturbation expansion based on Sucher�s level shift formula [66–68], usu-
ally relying on the hydrogenic Hamiltonian as noninteracting reference Hamiltonian. The equivalence of these two ap-
proaches, though inevitable in principle, is not immediately obvious.

In this paper, we explicitly demonstrate this equivalence. We first formulate Sucher�s level shift within the
framework of RDFT. Using the relativistic KS Hamiltonian as reference Hamiltonian the resulting level shift is
essentially identical with the xc-functional (up to well-known terms). Sucher�s technique thus allows us to derive
an exact relation for the relativistic Exc, which represents an ideal starting point for the discussion of approxima-
tions. In particular, this relation provides the basis for a perturbation expansion, which is then used to verify the
identity of the level shift with the coupling-constant integration results. In addition, it is demonstrated how the
perturbation series can be simplified with the help of a relativistic form of the Sham–Schlüter equation [69]. Fi-
nally, we discuss the first order level shift in detail, in order to explicitly extract the radiative corrections, i.e. the
KS Lamb shift.

The paper is organized as follows: In Section 2 a summary of the pertinent QED background is given, emphasizing
the renormalization procedure required for the KS system. Section 3 outlines the essentials of RDFT. In Section 4 the
level shift expression for Exc is derived, which is then expanded to the order e4 in Section 5. In Section 5 we also estab-
lish a relativistic variant of the Sham–Schlüter equation. Section 6 is devoted to a detailed discussion of the exchange
energy functional. A brief summary concludes this paper. �h = 1 is used throughout.
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2. Quantum electrodynamics for atomic systems

A fully relativistic description of atoms, molecules and solids necessarily must be based on quantum electrodynam-
ics (QED). At this fundamental level the interaction between all charged particles, i.e. electrons and nuclei, is mediated
by the exchange of photons. However, on the atomic energy scale, the large mass difference between electrons and nu-
clei allows the application of the Born–Oppenheimer approximation in its nonrelativistic form, which implies the exist-
ence of a common rest frame for all nuclei. In the electronic problem the nuclei are then treated as static external
sources which can be represented either as a classical charge distribution interacting with the quantized photon field
or in the form of a classical potential experienced by the quantized electron field. In this work the second of these two
equivalent viewpoints is chosen. In order to keep the discussion as general as possible the static external potential rep-
resenting the nuclei is assumed to be of four vector form, Vl.

The starting point of our discussion thus is the Hamiltonian
Ĥ ¼ Ĥ e þ Ĥ c þ Ĥ int þ Ĥ ext; ð2:1Þ

Ĥ e ¼
1

2

Z
d3x½ŵyðxÞ; ð�ica � r þ bmc2ÞŵðxÞ�; ð2:2Þ

Ĥ c ¼ � 1

8p

Z
d3xf½o0ÂlðxÞ�½o0Â

lðxÞ� þ rÂlðxÞ � rÂ
lðxÞg; ð2:3Þ

Ĥ int ¼ e
Z

d3xĵ
lðxÞÂlðxÞ; ð2:4Þ

Ĥ ext ¼ e
Z

d3xĵ
lðxÞV lðxÞ; ð2:5Þ
where ŵðxÞ and ÂlðxÞ denote the fermion and photon field operators and ĵ
lðxÞ is the fermion current operator,
ĵ
lðxÞ ¼ 1

2
½ŵðxÞ; clŵðxÞ� ð2:6Þ
(ŵ ¼ ŵ
y
c0 with the Dirac matrices cl). For the photons we have chosen to work in the covariant Feynman gauge [70].

The commutator form of Ĥ e and ĵ
l
guarantees the correct behavior under charge conjugation [71]. The Hamiltonian

(2.1) can be obtained from the standard Lagrangian for electrons subject to external fields [71] via Noether�s theorem
[70].

The ground state corresponding to (2.1) will be denoted by |W0i,
Ĥ jW0i ¼ EjW0i; ð2:7Þ

where |W0i is assumed to be nondegenerate in the following.

Unfortunately, Eq. (2.7) is not well-defined without some suitable renormalization procedure. Two types of diver-
gences have to be considered, which show up in the Green�s functions of the theory as well as in expectation values for
physical observables like ground state energies and four currents. The first class of divergences, the infrared diver-
gences, is irrelevant for the present discussion and thus omitted in the following. However, the second class, the ultra-
violet divergences, needs some attention.

Let us first consider a noninteracting system with the Hamiltonian
Ĥ s ¼ Ĥ e þ
Z

d3xĵlðxÞvls ðxÞ; ð2:8Þ
where, at this point, vls denotes some arbitrary stationary potential – the same renormalization scheme applies to all
systems of type (2.8). The ground state of this system is denoted by |Usi, the ground state energy by Es. As it stands, the
ground state expectation value hUsjĤ sjUsi diverges due to the presence of the negative energy states. This divergence is
usually eliminated by explicit subtraction of the vacuum expectation value of the Hamiltonian (or, equivalently, by
normal-ordering of the corresponding creation/annihilation operators).

The renormalized Hamiltonian
Ĥ
0
s;R ¼ Ĥ s � h0sjĤ sj0si ð2:9Þ
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with |0si representing the noninteracting vacuum in the presence of the potential vls , leads to a finite expectation value.
However, with the definition (2.9) different reference energies h0sjĤ sj0si are introduced for different potentials vls . As a
consequence, the comparison of ground state energies resulting from different vls is not directly possible, as the energy
differences between different vacua, the so-called Casimir energy [72], are ignored. The definition (2.9) can thus not be
used to establish a Hohenberg–Kohn-type existence theorem for relativistic DFT. For this purpose the ground state
energy must be defined on an absolute scale, so that a unique reference energy for all external potentials is required.
This can be achieved by subtracting the vacuum energy of the unperturbed vacuum |00i (obtained for vls ¼ 0), rather
than h0sjĤ sj0si,
Ĥ s;R ¼ Ĥ s � h00jĤ ej00i: ð2:10Þ

The price one has to pay for this universal energy standard is the reintroduction of a divergence into the expectation

values of Ĥ s;R. This singularity is proportional to vls and has exactly the same form as the most simple ultraviolet (UV)
divergence in standard QED without external potential. The same problem exists for the ground state four current
hUs ĵj

lðxÞjUsi.
The origin and form of this UV divergence can be understood on the basis of a perturbative approach to the energy

and current of the perturbed vacuum |0si. To this aim let us consider the electron propagator of the perturbed vacuum,
Gs;vðx; yÞ ¼ �ih0sjTŵsðxÞŵsðyÞj0si;

where ŵsðxÞ denotes the Heisenberg field operator of the system (2.8),
ŵsðxÞ ¼ eiĤ sx0=cŵðx; x0 ¼ 0Þ�e�iĤ sx0=c:
Gs,v can be expressed in terms of single-particle states /k and eigenvalues �k corresponding to vls ,
Gs;vðx; yÞ ¼ i
X
k

½Hðx0 � y0ÞðHv;k � 1Þ þHðy0 � x0ÞHv;k�/kðxÞ/kðyÞe�i�kðx0�y0Þ=c; ð2:11Þ
where Hv,k is the vacuum occupation number,
Hv;k ¼
1 for �k 6 �mc2;

0 for � mc2 < �k:

�
ð2:12Þ
In addition to Gs,v one needs the propagator of QED without external potential (referred to as free QED in the
following)
G0;vðx; yÞ ¼ �ih00jTŵ0ðxÞŵ0ðyÞj00i ¼ lim
vls!0

Gs;vðx; yÞ: ð2:13Þ
With these functions one can express the energy and current of the perturbed vacuum as [73]
h0sjĤ s;Rj0si ¼ �i

Z
d3x lim

y!x

s tr½ð�icc � r þ mc2 þ clv
l
s ðxÞÞGs;vðx; yÞ� þ i

Z
d3x lim

y!x

s tr½ð�icc � r þ mc2ÞG0;vðx; yÞ�;

ð2:14Þ

h0s ĵj
lðxÞj0si ¼ �i lim

y!x

s tr½Gs;vðx; yÞcl� ð2:15Þ
with the symmetric limit
lim
y!x

s � 1

2
lim

y!x;y0>x0
þ lim

y!x;y0<x0

� �
jðx�yÞ2P0 ð2:16Þ
being a consequence of the commutator form of Ĥ e and ĵ
l
. A perturbative expansion of Gs,v in powers of vls yields the

following diagrammatic contributions,
ð2:17Þ
Here the solid line represents G0,v, the wavy line the external potential and the dot denotes the vertex, i.e. in real space
one has
ð2:18Þ
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ð2:19Þ

ð2:20Þ
where a, b are the spinor indices and in (2.20) x, y and z represent the coordinates of the three field operators linked at
the vertex. While Gs,v is finite as it stands, the evaluation of (2.14),(2.15) introduces one loop integration (in momentum
space), for instance
ð2:21Þ
The fermion loops in Eq. (2.21) are identical with the standard noninteracting N-point functions of free QED: It does
not make any difference whether the external potential or the quantized photon field creates virtual electron–positron
pairs. As a consequence, all corresponding results of free QED apply. The renormalization procedures for
h0sjĤ s;Rj0si and h0s ĵj

lðxÞj0si are thus completely determined by the renormalization scheme of QED without external
potential. In particular, the Furry theorem guarantees the first and third diagram in (2.21) to vanish. Only the second
diagram is UV-divergent, all higher order diagrams (not displayed here) are UV finite. Moreover, the counterterm
which is required for renormalization of the second diagram is a textbook matter. On the basis of dimensional regu-
larization with space–time dimension d one finds as final counterterm for the current (2.21)
Djð0Þ;lðxÞ ¼ � 1

12p2
C

4� d
2

� �
r2vls ðxÞ; ð2:22Þ
where the divergence shows up as the pole of the C-function in the physical limit d = 4. For the renormalized vacuum
current jlv one thus obtains from (2.15), (2.11) and (2.21),
jlvðxÞ ¼
X
k

Hv;k �
1

2

� �
/y

kðxÞal/kðxÞ þ Djð0Þ;lðxÞ ð2:23Þ
(al = c0cl). The noninteracting 2-point function is also responsible for the UV divergence of the total energy. The
corresponding counterterm reads (for details see [23]),
DEinhom;ð0Þ ¼ � 1

24p2
C

4� d
2

� �Z
d3xvs;lðxÞr2vls ðxÞ: ð2:24Þ
It can be split into a counterterm for the external potential energy,
DEð0Þ
ext ¼ � 1

12p2
C

4� d
2

� �Z
d3xvs;lðxÞr2vls ðxÞ; ð2:25Þ
which makes
Z
d3xh0s ĵj

lðxÞj0sivls ðxÞ þ DEð0Þ
ext ¼

Z
d3xjlvðxÞvls ðxÞ ð2:26Þ
a finite expression, and a counterterm for the kinetic energy contribution,
DT s ¼
1

24p2
C

4� d
2

� �Z
d3xvs;lðxÞr2vls ðxÞ; ð2:27Þ
which keeps the kinetic energy finite,
T s;v ¼
X
k

Hv;k �
1

2

� �Z
d3x/y

kðxÞ �ica � r þ bmc2
� �

/kðxÞ � h00jĤ ej00i þ DT s; ð2:28Þ

Es;v ¼ T s;v þ
Z

d3xjlvðxÞvls ðxÞ: ð2:29Þ
At this point all noninteracting quantities relevant for relativistic DFT are well-defined.
Let us thus now consider the interacting inhomogeneous vacuum. The basic argument which allows to identify and,

at the same time, to renormalize the UV divergences of the interacting vacuum again relies on perturbation theory: As
soon as a perturbation expansion of all Green�s functions and relevant expectation values with respect to both the elec-
tron-electron coupling constant e2 and the external potential Vl is utilized, all divergent expressions correspond to the
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usual divergent (sub)diagrams of QED without external potential. Their renormalization is thus uniquely determined
by the standard renormalization procedure of free QED. The resulting counterterms ensure that all renormalized N-
point functions of the theory are UV-finite.

Finally, the actual ground state has to be discussed. From a formal point of view this is most easily done for an
extended system which approaches a homogeneous electron gas in the limit of vanishing external potential. In the case
of finite systems this situation can be artificially generated by periodic repetition of the atom or molecule of interest,
relying on the supercell geometry. Once the limit Vl ! 0 is well-defined, one can again apply perturbation theory with
respect to both e2 and Vl. In this way all ground state expectation values are expressed in terms of the same diagrams
as in the case of the vacuum state, with the vacuum propagator of the electrons now being replaced by the propagator
of the noninteracting relativistic electron gas. One can then split any given fermion loop into its vacuum limit (obtained
for vanishing gas density) and a remainder. For the vacuum part the standard prescription of free QED applies. The
remainder, on the other hand, is UV finite by itself, as is clear from the power counting argument which allows the
distinction of divergent and finite diagrams (see chapter 8 of [70]): The difference between the noninteracting electron
gas propagator and the vacuum propagator requires an on-shell dispersion relation, so that the energy integration of
the fermion loop integral breaks down, leading to a finite result. This is not only true for single loops, but also for
overlapping divergences. Due to the Ward identities all diagrams of QED are exactly renormalizable, so that any prop-
agator in a complex graph which decays faster than the free QED propagator, i.e. any break-down of an energy inte-
gration in one of the subdiagrams, makes the diagram overall superrenormalizable (of course, this does not exclude
that some subdiagrams still require renormalization).

On this basis the renormalized ground state energy E and the ground state four current jl(x) can be written as
E ¼ hW0jĤ jW0i � h0jĤ e þ Ĥ c þ Ĥ intj0i þ DE; ð2:30Þ

jlðxÞ ¼ hW0 ĵj
lðxÞjW0i þ DjlðxÞ; ð2:31Þ
where |0i denotes the vacuum of interacting QED without external potential, h0jĤ e þ Ĥ c þ Ĥ intj0i defines the universal
energy zero and DE and Djl are the counterterms resulting from the procedure sketched above (for a more detailed
discussion of DE and Djl, see [23]).

Equations (2.30) and (2.31) together with (2.28) and (2.29) provide the solid ground for a discussion of relativistic
DFT as one is now dealing with finite quantities only.
3. Basics of relativistic density functional theory

A relativistic generalization of the Hohenberg–Kohn-theorem [74] has first been put forward by Rajagopal and
Callaway [20] and later by Rajagopal [21] and MacDonald and Vosko [22]. Starting from a QED-based Hamiltonian
and four current, these authors demonstrated that the ground state energy is a unique functional of the ground state
four current. A detailed discussion of the inherent questions of renormalization has been given in [23,75]. The two main
statements of the existence theorem are:

1. There exists a one-to-one correspondence between the class of all those ground states which just differ by gauge
transformations and the associated ground state four current. After the gauge has been fixed, the ground state
|W0i is a unique functional of the four current jl and every ground state observable, in particular the ground state
energy, can be understood as unique functional of jl,
E½j� ¼ hW0½j�jĤ jW0½j�i: ð3:1Þ

2. Minimization of E[j] under the subsidiary condition of charge conservation leads to
d
djmðxÞ fE½j� � l

Z
d3y j0ðyÞg ¼ 0: ð3:2Þ
The practical implementation of this variational principle relies on the relativistic variant [21,22] of the Kohn–Sham
(KS) scheme [76]. In the following the field theoretical form of the KS scheme [23,75] is summarized.

The starting point is the assumption that there exists a noninteracting system with the same ground state four cur-
rent jl as obtained from (2.31) for the interacting system. As this so-called KS system represents a relativistic many-
particle problem, all remarks of Section 2 concerning renormalization apply. The current of the KS system thus has the
form
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jlðxÞ ¼
X
k

Hd;k/
y
kðxÞal/kðxÞ þ jlvðxÞ; ð3:3Þ

Hd;k ¼
0 for �k 6 �mc2;

1 for � mc2 < �k 6 �F;

0 for �F < �k

8><
>: ð3:4Þ
with jlv given by (2.23). The total ground state energy (2.30) of the interacting system is then decomposed as
E ¼ T s þ Eext þ EH þ Exc; ð3:5Þ

where the individual energy components are defined as follows: Ts is the kinetic energy of the KS system,
T s ¼
X
k

Hd;k

Z
d3x/y

kðxÞ �ica � r þ bmc2
� �

/kðxÞ þ T s;v ð3:6Þ
with Ts,v given by (2.28). EH[j] represents the Hartree energy,
EH½j� ¼
1

2

Z
d3x

Z
d4yjlðxÞD0

lmðx� yÞjmðyÞ ¼ e2

2

Z
d3x

Z
d3y

jlðxÞjlðyÞ
jx� yj ð3:7Þ
defined via the noninteracting photon propagator,
D0;lmðx� yÞ ¼ � i
e2

c
h00jTÂ

l

0ðxÞÂ
m

0ðyÞj00i ð3:8Þ

¼
Z

d4q

ð2pÞ4
e�iqðx�yÞD0;lmðqÞ ð3:9Þ

D0
lmðqÞ ¼D0ðq2Þglm; D0ðq2Þ ¼ �4pe2

q2 þ ig
ð3:10Þ
(in Feynman gauge). By definition EH contains both a Casimir contribution ðEVV
H Þ and a radiative correction ðEVD

H Þ,
which can be specified after insertion of (3.3) into (3.7),
EVV
H ¼ e2

2

Z
d3x

Z
d3y

jv;lðxÞjlvðyÞ
jx� yj ; ð3:11Þ

EVD
H ¼ e2

Z
d3x

X
k

Hd;k/
y
kðxÞal/kðxÞ

Z
d3y

jlvðyÞ
jx� yj : ð3:12Þ
In view of the expansion (2.21) for the vacuum current, EVD
H is readily identified as the vacuum polarization contribu-

tion to the Lamb shift (within the present context of RDFT). The external potential term has the form
Eext½j� ¼ e
Z

d3xjlðxÞV lðxÞ: ð3:13Þ
Finally, the exchange-correlation (xc) energy Exc absorbs all many-body effects not contained in one of the other
terms.

The variational principle (3.2) then leads to the relativistic Kohn–Sham equations
�ica � r þ bmc2 þ alvls ðxÞ
� �

/kðxÞ ¼ �k/kðxÞ; ð3:14Þ
with the multiplicative KS potential vls consisting of the sum of the nuclear potential Vl, the Hartree potential vlH and
the xc-potential vlxc,
vls ðxÞ ¼ eV lðxÞ þ vlHðxÞ þ vlxcðxÞ; ð3:15Þ

vlHðxÞ ¼ e2
Z

d3y
jlðyÞ
jx� yj ; ð3:16Þ

vlxcðxÞ ¼
dExc½j�
djlðxÞ

: ð3:17Þ
Eqs. (3.3), (3.14)–(3.17) have to be solved selfconsistently for given xc-functional.
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4. Exchange-correlation energy: exact representation via Sucher�s level shift approach

The core quantity of DFT is the xc-energy functional Exc defined by Eq. (3.5). The representation chosen for Exc

essentially determines the many-body content of a DFT calculation and thus its predictive power. In this Section
we will derive an exact expression for Exc, utilizing Sucher�s level shift approach [66]. As this approach represents
the standard framework for QED-based perturbation theory [68,77], the resulting expression for Exc is particularly
helpful for the discussion of radiative effects within RDFT.

The starting point for the derivation of the level shift formula is a suitable decomposition of the interacting Ham-
iltonian (2.1). While in QED usually a hydrogenic Hamiltonian is employed as noninteracting reference Hamiltonian,
in the context of DFT it is much more useful to work with the KS Hamiltonian, i.e. the Hamiltonian (2.8) with vls
denoting the KS potential (3.15). The electron–electron interaction and the difference between vls and the actual nuclear
potential Vl are then contained in the perturbation Ĥ 1, for which, as usual, a dimensionless coupling constant g and an
adiabatic switching function are introduced. As the adiabatic switching leads to an explicitly time-dependent Hamil-
tonian it is most conveniently formulated in the Schrödinger (S) representation,
ĤS;�;gðtÞ ¼ Ĥ 0 þ gĤ 1 e
��jtj ð� > 0Þ; ð4:1Þ

Ĥ 0 ¼ Ĥ sðx0 ¼ 0Þ þ Ĥ cðx0 ¼ 0Þ; ð4:2Þ

Ĥ 1 ¼ Ĥ intðx0 ¼ 0Þ �
Z

d3xĵlðx0 ¼ 0; xÞDvlðxÞ; ð4:3Þ

DvlðxÞ ¼ vls ðxÞ � eV lðxÞ ð4:4Þ
with Ĥ s; Ĥ c and Ĥ int given by (2.8), (2.3) and (2.4), respectively. At t = x0/c = 0 the Hamiltonian (4.1) agrees with the
actually interesting Hamiltonian (2.1) (for g = 1), while for t ! �1 it reduces to Ĥ 0 which represents the KS system
plus noninteracting photons. Note that the expressions resulting from the decomposition (4.1) contain the standard
QED scheme for vls ðxÞ ! eV lðxÞ, as in this limit Ĥ 0 is identical with the hydrogenic Hamiltonian (as long as one
has not already used specific properties of the KS Hamiltonian).

With the decomposition (4.1) one can now go through the usual steps which lead to the Gell–Mann–Low theorem
(for details see e.g., [78]). Here we only summarize the relevant definitions and results. Let us denote the time-depend-
ent S-state corresponding to ĤS;�;gðtÞ by |US,�,g(t)i,
iotjUS;�;gðtÞi ¼ ĤS;�;gðtÞ jUS;�;gðtÞi: ð4:5Þ
As for t ! �1 the interaction Hamiltonian Ĥ 1 is completely switched off, |US,�,g(t)i approaches some S-state corre-
sponding to Ĥ 0 in these limits,
jUS;�;gðtÞi ¼ e�iE0tjU0i for t ! �1; ð4:6Þ

where |U0i is an eigenstate of Ĥ 0,
Ĥ 0jU0i ¼ E0jU0i: ð4:7Þ

In the following we consider the ground state, assuming that the adiabatic switching procedure preserves this state. In
this case |U0i factorizes into the noninteracting photon vacuum |0ci (no free photons are present in the ground state)
and the KS Slater determinant |Usi,
jU0i ¼ jUsi � j0ci with h0cjÂ
l

0ðxÞj0ci ¼ 0; ð4:8Þ

jUsi ¼
Y

�mc2<�k��F

b̂
y
kj0si; ð4:9Þ
where b̂
y
k denotes the creation operator for positive energy single-particle KS states.

Accordingly, the eigenvalue E0 is simply identical with the ground state energy of the noninteracting KS
system,
E0 � Es ¼ T s þ
Z

d3xjlðxÞvls ðxÞ ð4:10Þ
with Ts given by (3.6) and jl by (3.3). E0 includes the vacuum energy of the KS system, explicitly specified in (2.29).
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Next one introduces the interaction (I) representation with respect to the decomposition (4.1),
jUI;�;gðtÞi ¼ eiĤ0tjUS;�;gðtÞi; ð4:11Þ

Ĥ 1;IðtÞ ¼ eiĤ0tĤ 1 e
�iĤ0t: ð4:12Þ
The time-evolution of the I-picture state |UI,�,g(t)i is controlled by the I-picture time-evolution operator
Û I;�;gðt; t0Þ ¼
X1
n¼0

ð�igÞn

n!

Z t

t0
dt1 � � �

Z t

t0
dtn e��ðjt1jþ���þjtnjÞT Ĥ 1;Iðt1Þ � � � Ĥ 1;IðtnÞ

� �
; ð4:13Þ

jUI;�;gðtÞi ¼ Û I;�;gðt; t0Þ jUI;�;gðt0Þi: ð4:14Þ

Û I;�;gðt; t0Þ allows to relate the S-state of interest, |US,�,g(0)i, to the asymptotic S-state,
jUS;�;gð0Þi ¼ jUI;�;gð0Þi ¼ limt0!�1Û I;�;gð0; t0ÞeiĤ0t0 jUS;�;gðt0Þi ¼ Û I;�;gð0;�1ÞjU0i; ð4:15Þ
where (4.6) has been utilized. The statement of the Gell–Mann–Low theorem applied to the present decomposition of
the system then is: If
lim
�!0

jUS;�;gð0Þi
hU0jUS;�;gð0Þi

¼ lim
�!0

Û I;�;gð0;�1ÞjU0i
hU0jÛ I;�;gð0;�1ÞjU0i

ð4:16Þ
exists, it is an eigenstate (assumed to be nondegenerate) of the full Hamiltonian,
ĤS;�;gðt ¼ 0Þ � Eg

� �
lim
�!0

Û I;�;gð0;�1ÞjU0i
hU0jÛ I;�;gð0;�1ÞjU0i

¼ 0 ð4:17Þ
with Eg denoting the eigenvalue, i.e. the g-dependent ground state energy of the interacting system. Properly normal-
ized to 1, the interacting ground state is given by
jUgi ¼ Ag lim
�!0

Û I;�;gð0;�1ÞjU0i
hU0jÛ I;�;gð0;�1ÞjU0i

; ð4:18Þ

Ag ¼ lim
�!0

hU0jÛ I;�;gðþ1; 0ÞjU0ihU0jÛ I;�;gð0;�1ÞjU0i
hU0jÛ I;�;gðþ1;�1ÞjU0i

" #1=2

: ð4:19Þ
In the proof of the Gell–Mann–Low theorem one also verifies that
ĤS;�;gðt ¼ 0Þ � E0

� �
Û I;�;gð0;�1ÞjU0i ¼ �i�g

o

og
Û I;�;gð0;�1ÞjU0i: ð4:20Þ
Multiplication of the � form of (4.20) with the + form of (4.16) as well as the hermitian conjugate of the + form
of (4.20) with the � form of (4.16) finally leads to
Eg � E0 ¼ lim
�!0

i�

2
g
o

og
lnhU0jÛ I;�;gðþ1;�1ÞjU0i: ð4:21Þ
Eq. (4.21) together with Eqs. (4.1)–(4.4) represents the DFT analog of Sucher�s level shift formula [66] (in symmetric
form).

It remains to relate the level shift (4.21) to the xc-energy functional. One first notes that the Hamiltonian of actual
interest is obtained for g = 1. In the following this limit is thus implicitly understood whenever required (without ex-
plicit notice). With this convention Eqs. (3.5), (3.7), (3.15), (3.16), (4.10) and (4.21) yield
Exc ¼ lim
�!0

i�

2
g
o

og
lnhU0jÛ I;�;gðþ1;�1ÞjU0i � EH þ

Z
d3xjlðxÞDvlðxÞ: ð4:22Þ
Eq. (4.22) provides an exact representation for Exc in terms of the elements of the many-body approach defined by the
decomposition (4.1). Within a perturbative picture there are three such elements. The first is the propagator of the KS
system,
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Gsðx; yÞ ¼ � ihUsjTŵsðxÞŵsðyÞjUsi; ð4:23Þ

¼
Z

dx
2p

e�ixðx0�y0Þ=c Gsðx; y;xÞ; ð4:24Þ

Gsðx; y;xÞ ¼
X
k

ð1�HkÞ
/kðxÞ/kðyÞ
x� �k þ ig

þHk
/kðxÞ/kðyÞ
x� �k � ig

� �
ð4:25Þ
with
Hk ¼ Hv;k þHd;k ð4:26Þ

and /k, �k being solutions of the KS equations (3.14). The second element is the photon propagator (3.8). Finally, the
Dvl-contribution to Ĥ 1, Eq. (4.3), leads to an external vertex, conceptually equivalent to some external nuclear poten-
tial. It is this last element of the many-body scheme induced by (4.1) which makes the evaluation of the crucial ampli-
tude hU0jÛ I;�;gðþ1;�1ÞjU0i different from the standard QED perturbation expansion. Moreover, in view of Eqs.
(4.4) and (3.17) it is obvious that (4.22) is not a simple assignment, providing some well-defined expression for Exc.
Rather it represents a nonlinear relation for the xc-functional. Nevertheless, (4.22) allows a straightforward perturba-
tion expansion in powers of e2, as will be demonstrated below.

Within the same overall framework a somewhat different exact expression for Exc has been derived in [50]. The ap-
proach of [50] is based on the coupling-constant integration technique, frequently applied within DFT. The final result
reads
Exc ¼
1

2

Z
d4xdðx0Þ

Z
d4yD0

lmðx� yÞ hU0jTĵ
l

s ðxÞ̂j
m

sðyÞjU0i � jlðxÞjmðyÞ
� �

þ lim
�!0

X1
n¼1

ð�iÞn

ðnþ 1Þ!

Z 1

�1
dt1 � � �

Z 1

�1
dtnhU0jTŴ ð0ÞŴ ðt1Þ � � � Ŵ ðtnÞjU0ic ð4:27Þ
with ĵ
l

s ¼ ½ŵs; c
lŵs�=2 and the interaction operator
Ŵ ðx0Þ ¼ 1

2

Z
d3x

Z
d4y e��ðjx0jþjy0jÞĵ

l

s ðxÞD0
lmðx� yÞ̂jmsðyÞ �

Z
d3xe��jx0jĵ

l

s ðxÞDvlðxÞ: ð4:28Þ
In (4.27) it is implicitly understood that the time-ordering has to be established after insertion of all Ŵ ðtnÞ, i.e. the time-
ordering also applies within Ŵ ðtnÞ. Moreover, the index c at the ground state expectation value indicates that the
linked-cluster theorem has already been used to eliminate all (diagrammatic) contributions disconnected from the
external vertex characterized by Ŵ ð0Þ.

While the ingredients of (4.22) and (4.27) are the same, the identity of both expressions is not immediately obvious.
Clearly, within QED perturbation theory the level shift formula (4.22) is exclusively applied, while the approach (4.27)
is less familiar. In the next section we will thus explicitly demonstrate that the two representations are in fact equiv-
alent. This discussion will also show how one obtains a well-defined perturbation series from the nonlinear relation
(4.22).
5. DFT level shift to second order in e2

In this section the perturbation expansion of the level shift formula (4.22) will be considered in detail. In view of the
choice for the reference Hamiltonian Ĥ 0 and the perturbation Ĥ 1 an expansion of the level shift in powers of e2 is not
as straightforward as in the case of the standard QED perturbation series. While the KS system is noninteracting, its
particular nature implies that both the energy Es and the potential vls depend on the electron–electron interaction. This
is immediately obvious for the Hartree potential (3.16), which explicitly shows a linear dependence on the coupling-
constant e2. As a consequence, the KS spinors /k and eigenvalues �k also depend on e2 (by virtue of the KS equations),
which, in turn, leads to an implicit dependence of vlH on e2 via jl. In the present situation one can thus distinguish two
types of e2-dependences: First, there is an implicit dependence of all quantities involved, which results from the choice
for Ĥ 0. In a perturbative framework this implicit dependence manifests itself in the propagator Gs of the reference sys-
tem, which completely absorbs the dependence on /k and �k. The explicit e

2-dependence is introduced via the photon
propagator D0

lm, which results from the perturbative treatment of the actual interaction e
R
d3xĵ

l
Âl. Moreover, both

dependences are mixed in the third element of the perturbation expansion, the �pseudo-external� vertex which couples
the KS system to Dvl ¼ vlH þ vlxc.
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This latter mixture can be decoupled by an expansion of Exc with respect to the factor of e2 introduced by the pho-
ton propagator,
Exc ¼
X1
i¼1

e2iE
ðiÞ
xc �

X1
i¼1

EðiÞ
xc ; ð5:1Þ
which automatically induces a corresponding expansion of vlxc,
vlxcðxÞ ¼
X1
i¼1

e2ivl;ðiÞxc ðxÞ �
X1
i¼1

vl;ðiÞxc ðxÞ: ð5:2Þ
E
ðiÞ
xc and vl;ðiÞxc still carry the full implicit e2-dependence via Gs. Nevertheless, insertion of (5.1) and (5.2) into (4.22) unam-

bigously defines a perturbation series, which is often called KS perturbation series. In the following this expansion is
considered to the order e4.

One starts by noting that for an expansion to second order in e2 a fourth order expansion of the amplitude
hU0jÛ I;�;gðþ1;�1ÞjU0i in powers of Ĥ 1 is required,
hU0jÛ I;�;gðþ1;�1ÞjU0i ¼ 1þ gU 1 þ g2U 2 þ g3U 3 þ g4U 4 þ . . . ð5:3Þ

Insertion into (4.22) yields
Exc ¼ lim�!0

i�

2
U 1 þ 2U 2 � ðU 1Þ2 þ 3U 3 � 3U 2U 1 þ ðU 1Þ3 þ 4U 4 � 4U 3U 1 � 2ðU 2Þ2 þ 4U 2ðU 1Þ2 � ðU 1Þ4 þ . . .

n o
� EH þ

Z
d3xjlðxÞDvlðxÞ:
The next step is the evaluation of the individual Uk. Use of (4.3) and (4.8) leads to
U 1 ¼ i

Z
d4xe��ðjx0jÞjlðxÞDvlðxÞ; ð5:5Þ

2U 2 � ðU 1Þ2 ¼ �
Z

d4x
Z

d4y e��ðjx0jþjy0jÞ iD0
lmðx� yÞ jlðxÞjmðyÞ þ tr½clGsðx; yÞcmGsðy; xÞ�ð Þ

h
þDvlðxÞDvmðyÞ tr½clGsðx; yÞcmGsðy; xÞ�

i
; ð5:6Þ

3U 3�3U 2U 1þðU 1Þ3 ¼
Z

d4x
Z

d4y
Z

d4ze��ðjx0jþjy0jþjz0jÞDvkðzÞ 3D0
lmðx� yÞ jlðxÞtr½cmGsðy;zÞckGsðz;yÞ

�	h
þitr½clGsðx;yÞcmGsðy;zÞckGsðz;xÞ�



þDvlðxÞDvmðyÞtr½clGsðx;yÞcmGsðy;zÞckGsðz;xÞ�

i
; ð5:7Þ

4U 4�4U 3U 1�2ðU 2Þ2þ4U 2ðU 1Þ2�ðU 1Þ4 ¼
Z

d4x
Z

d4y
Z

d4z
Z

d4ue��ðjx0 jþjy0jþjz0jþju0jÞ

� D0
lmðx� yÞD0

kqðz�uÞ �2jlðxÞjkðzÞtr½cmGsðy;uÞcqGsðu;yÞ��4ijlðxÞtr½cmGsðy;zÞckGsðz;uÞcqGsðu;yÞ�
�n

�tr½clGsðx;zÞckGsðz;xÞ�tr½cmGsðy;uÞcqGsðu;yÞ�þ2tr½clGsðx;yÞcmGsðy;zÞckGsðz;uÞcqGsðu;xÞ�
þtr½clGsðx;zÞckGsðz;yÞcmGsðy;uÞcqGsðu;xÞ�

�
þ2iD0

lmðx� yÞDvkðzÞDvqðuÞ þ2ijlðxÞtr½cmGsðy;zÞckGsðz;uÞcqGsðu;yÞ�
�

þtr½clGsðx;zÞckGsðz;xÞ�tr½cmGsðy;uÞcqGsðu;yÞ��2tr½clGsðx;yÞcmGsðy;zÞckGsðz;uÞcqGsðu;xÞ�

�tr½clGsðx;zÞckGsðz;yÞcmGsðy;uÞcqGsðu;xÞ�
�
�DvlðxÞDvmðyÞDvkðzÞDvqðuÞtr½clGsðx;yÞcmGsðy;zÞckGsðz;uÞcqGsðu;xÞ�

o
:

ð5:8Þ
Taking into account Eqs. (3.15), (3.16), (4.4) and (5.2), it is obvious that the ordering of Eqs. (5.5)–(5.8) with respect
to Ĥ 1 does not directly lead to a clean powers series for Exc with respect to e2. In order to obtain such a series Eqs.
(5.5)–(5.8) have to be inserted into (5.4), followed by a reordering of the various contributions. In the same step
the limit �! 0 can be taken, using the effective replacement
lim
�!0

�e
��
Pn
i¼1

jx0i j
! 2

n
dðx0kÞ; ð5:9Þ
where x0k can be any of the n vertices of the diagram – Eq. (5.9) is explicitly verified in Appendix A. In this way one finds
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Exc ¼ Eð1Þ
xc þ Eð2Þ

xc þ Oðe6Þ; ð5:10Þ

Eð1Þ
xc ¼ 1

2

Z
d4x

Z
d4ydðx0ÞD0

lmðx� yÞ tr½clGsðx; yÞcmGsðy; xÞ�; ð5:11Þ

Eð2Þ
xc ¼ � i

2

Z
d4x

Z
d4ydðx0Þvð1Þxc;lðxÞvð1Þxc;mðyÞ tr½clGsðx; yÞcmGsðy; xÞ� �

Z
d4x

Z
d4y

Z
d4zdðz0Þvð1Þxc;kðzÞD0

lmðx� yÞ

� tr½clGsðx; yÞcmGsðy; zÞckGsðz; xÞ� þ
i

4

Z
d4x

Z
d4y

Z
d4z

Z
d4udðx0ÞD0

lmðx� yÞD0
kqðz� uÞ

� �tr½clGsðx; zÞckGsðz; xÞ�tr½cmGsðy; uÞcqGsðu; yÞ� þ 2tr½clGsðx; yÞcmGsðy; zÞckGsðz; uÞcqGsðu; xÞ�
�

þtr½clGsðx; zÞckGsðz; yÞcmGsðy; uÞcqGsðu; xÞ�
�
; ð5:12Þ
where Eqs. (3.15), (3.16), and (4.4) have been used to eliminate all contributions containing vlH. The results (5.11) and
(5.12) exactly agree with the corresponding expansion of (4.27) to second order in e2 [50]. By definition (5.11) is iden-
tified with the exact exchange of RDFT, Eð1Þ

xc � Ex. Eð2Þ
xc thus represents the lowest order correlation term.

Equation (5.12) can be slightly simplified by use of the particular nature of the reference Hamiltonian. By construc-
tion the KS system has the same ground state current as the interacting system,
jlðxÞ ¼ �i lim
y!x

s tr Gðx; yÞcl½ � � �i lim
y!x

s tr Gsðx; yÞcl½ � ð5:13Þ
(the counterterms have been dropped for brevity). This fact has already been used in Eqs. (5.5)–(5.8). It can be further
exploited if one expresses the interacting propagator via the reference state |U0i and the time-evolution operator (4.13),
Gðx; yÞ ¼ �i
hU0jTŵsðxÞwsðyÞÛ I;�;gð1;�1ÞjU0i

hU0jÛ I;�;gð1;�1ÞjU0i
: ð5:14Þ
Insertion of Eqs. (5.14) and (4.23) into (5.13) yields a relativistic extension of the Sham–Schlüter equation [69],
0 ¼ hU0jTĵ
l

s ðxÞÛ I;�;gð1;�1ÞjU0i
hU0jÛ I;�;gð1;�1ÞjU0i

� jðxÞ: ð5:15Þ
For the present discussion an expansion of (5.15) to second order in Ĥ 1 is sufficient,
0 ¼ jl1ðxÞ þ jl2ðxÞ þ . . . : ð5:16Þ

Use of (4.13) leads to
jl1ðxÞ ¼ i

Z
d4z tr½clGsðx; zÞckGsðz; xÞ�DvkðzÞ; ð5:17Þ

jl2ðxÞ ¼ � i

Z
d4z

Z
d4u tr½clGsðx; zÞckGsðz; xÞ�D0

kqðz� uÞjqðuÞ

þ
Z

d4z
Z

d4u tr½clGsðx; zÞckGsðz; uÞcqGsðu; xÞ� � D0
kqðz� uÞ � iDvkðzÞDvqðuÞ

� �
: ð5:18Þ
Utilizing Dvl ¼ vlH þ vlxc and restricting to lowest order in e2, Eq. (5.16) reduces to
i
Z

d4z tr½clGsðx; zÞckGsðz; xÞ�vð1Þxc;kðzÞ ¼ �
Z

d4z
Z

d4u tr½clGsðx; zÞckGsðz; uÞcqGsðu; xÞ�D0
kqðz� uÞ; ð5:19Þ
which is nothing but the relativistic OPM integral equation for the exact exchange potential vx,k�vxc,k
(1) [50]. Insertion

of (5.19) into (5.12) finally leads to a simplified form of Eð2Þ
xc ,
Eð2Þ
xc ¼ i

2

Z
d4x

Z
d4ydðx0Þvð1Þxc;lðxÞvð1Þxc;mðyÞtr½clGsðx;yÞcmGsðy;xÞ�þ

i

4

Z
d4x

Z
d4y

Z
d4z

Z
d4udðx0ÞD0

lmðx� yÞD0
kqðz�uÞ

� �tr½clGsðx;zÞckGsðz;xÞ�tr½cmGsðy;uÞcqGsðu;yÞ�þ2tr½clGsðx;yÞcmGsðy;zÞckGsðz;uÞcqGsðu;xÞ�
�

þtr½clGsðx;zÞckGsðz;yÞcmGsðy;uÞcqGsðu;xÞ�
�
: ð5:20Þ
It seems worthwhile to emphasize that Eð2Þ
xc is a well-defined functional of the KS orbitals and eigenvalues, as, by

definition of the power series (5.2), vxc,l
(1) is the functional derivative of Eð1Þ

xc ,
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vð1Þxc;lðxÞ ¼
dEð1Þ

xc

djlðxÞ ð5:21Þ
and Eð1Þ
xc is a functional of the /k and �k only (see Eq. (5.11)). The specific expansion in powers of e2 chosen for KS

perturbation theory thus resolves the nonlinearity of the level shift formula (4.22).
6. Explicit evaluation of first order DFT level shift: exact exchange of RDFT

In this section we further evaluate the first order DFT level shift (5.11) in order to highlight its quantum electrody-
namical content. One starts by insertion of the photon propagator (3.9) and the KS propagator (4.24) into (5.11). After
performing the y0 and frequency integrations one obtains
Ex ¼
e2

2

Z
d3x

Z
d3y

Z
d3q

ð2pÞ3
eiq�ðx�yÞ 4p

jqj
X
kl

Hlð1�HkÞ
xkl þ jqj � i�

/y
lðxÞal/kðxÞ/y

kðyÞal/lðyÞ ð6:1Þ
with
xkl ¼ ð�k � �lÞ=c: ð6:2Þ

It seems worthwhile to emphasize that the frequency integrations which lead to the expression (6.1) are well-defined

even if the photon propagator is replaced by the instantaneous Coulomb interaction, i.e. if both the q0-dependence and
the spatial components of glm are dropped in D0

lmðqÞ, Eq. (3.10). In this Coulomb limit Eq. (6.1) is obtained with xkl = 0
and al replaced by a0 = 1. However, as it stands the expression (6.1) with these replacements diverges,
EC
x ¼ � e2

2

Z
d3x

Z
d3y

Z
d3q

ð2pÞ3
eiq�ðx�yÞ 4p

jqj2
� f

X
kl

HkHl/
y
lðxÞ/kðxÞ/y

kðyÞ/lðyÞ �
X
l

Hl/
y
lðxÞ/lðyÞdð3Þðx� yÞg

ð6:3Þ

(the completeness of the /k has been used in the last term). This divergence reflects the operator ordering in the inter-
action Hamiltonian: While QED inevitably leads to a ĵ

lðxÞ̂jmðyÞ-type interaction between two vertices x and y, nonrel-
ativistic many-body theory with its instantaneous interaction already starts with a properly ordered
ŵ

yðxÞŵyðyÞŵðyÞŵðxÞ-type Hamiltonian. As a consequence, self-interaction terms as the divergent contribution to
(6.3) are avoided from the very outset. In a field theoretical framework, on the other hand, the elimination of these
terms is the task of the renormalization scheme.

In order to discuss Ex in more detail it is most convenient to decompose (6.1) by use of (4.26),
Ex ¼ EVV
x þ EVD

x þ EDD
x ; ð6:4Þ

EVV
x ¼ e2

Z
d3x

Z
d3y

Z 1

0

dq
p

sinðqjx� yjÞ
jx� yj

X
kl

Hv;lð1�Hv;kÞ
/y

lðxÞal/kðxÞ/y
kðyÞal/lðyÞ

xkl þ q� i�
; ð6:5Þ

EVD
x ¼ e2R

Z
d3x

Z
d3y

Z 1

0

dq
p

sinðqjx� yjÞ
jx� yj

X
kl

Hd;l
1�Hv;k

xkl þ q� i�
þ Hv;k

xkl � qþ i�

� �

� /y
lðxÞal/kðxÞ/y

kðyÞal/lðyÞ; ð6:6Þ

EDD
x ¼ � e2

2

Z
d3x

Z
d3y

X
kl

Hd;kHd;l
cos½xkljx� yj�

jx� yj /y
lðxÞal/kðxÞ/y

kðyÞal/lðyÞ: ð6:7Þ
In the last contribution, the exchange energy of the occupied discrete KS states, the integration over q has been per-
formed in order to obtain a more familiar form. Using
Z 1

0

dq
sinðqjxjÞ
xþ q� i�

¼ ciðxjxjÞ sinðxjxjÞ � siðxjxjÞ cosðxjxjÞ ð6:8Þ
analogous expressions can be given for the other two terms. The decomposition (6.4) can also be obtained from a split-
ting of the two KS propagators (4.25) in (5.11) into their vacuum limit (2.11) and a remainder comprising the occupied
discrete KS levels
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Gsðx; yÞ ¼ Gs;vðx; yÞ þ Gs;dðx; yÞ; ð6:9Þ

Gs;dðx; y;xÞ ¼ 2pi
X
k

Hd;k dðx� �kÞ/kðxÞ/kðyÞ: ð6:10Þ
In this picture EVV
x results from the product of two Gs,v, while EVD

x corresponds to the product of Gs,v with Gs,d.
Equations (6.5)–(6.7) allow both the interpretation of Ex and the identification of the counterterms required to keep

Ex finite: Ex approaches E
VV
x in the limit �F ! �mc2, i.e. for the vacuum state of the system with the external potential

vls . E
VV
x can thus be understood as the exchange contribution to the Casimir energy of the KS vacuum. Combined with

(3.11) it yields the KS Casimir energy to the order e2. As discussed in Section 2, the renormalization of EVV
x is com-

pletely determined by free QED, once the expansion (2.17) of Gs,v is utilized. The most divergent contribution is
the exchange energy of the homogeneous vacuum,
ð6:11Þ
which has been extensively studied in the context of the relativistic homogeneous electron gas. The counterterms re-
quired are obtained from the 1-loop contributions to the self-energy and vacuum polarization of free QED (for details
see Appendices B and C of [23]). Moreover, the energy (6.11) is finally subtracted from the total energy as defined by
(2.30), as (6.11) is one part of the energy of the universal reference system.

In the present, inhomogeneous situation the expansion (2.17) leads to one further subdiagram which needs to be
renormalized. This subdiagram first appears in the second order contribution (the first order term vanishes due to Fur-
ry�s theorem),
ð6:12Þ
The upper and lower subdiagrams are nothing but the standard vertex correction of free QED. Its renormalization
follows the usual procedure [70], so that (6.12) is also well-defined.

All higher order terms of the expansion, as
ð6:13Þ
do not lead to additional divergent subdiagrams as the 4-point functions of free QED are already convergent. Thus all
counterterms required for EVV

x can be explicitly formulated, using e.g. dimensional regularization (which might not be
the optimum choice for practical work, though). As a sideremark we note that in the no-pair limit, in which the neg-
ative energy KS states are completely omitted from all sums over states, EVV

x vanishes identically (as the factor Hv,l in
(6.5) is zero for all positive energy states).

EVD
x results from the interaction of the discretely bound KS particles with the KS vacuum and thus represents a

radiative correction. It can be identified as the vertex-correction contribution to the Lamb shift, within the framework
of the KS scheme. The total KS Lamb shift is then obtained by adding EVD

x to EVD
H , Eq. (3.12). Note that both terms are

of first order in the electron–electron coupling constant e2, but include all orders of vls , i.e. all orders of Ze
2. The KS

Lamb shift differs from the standard Lamb shift by the higher order contributions in e2 which are implicitly contained
in the KS orbitals and vls .

The renormalization of EVD
x can again be discussed on the basis of the expansion (2.17). One finds that the lowest

order contribution, i.e. the electron gas limit vanishes identically [23] (due to the on-shell condition in the electron gas
Gs,d, Eq. (6.10)). Renormalization is thus only required for the vertex correction subdiagram displayed in (6.12), so that
the counterterms are again clear.

Finally, EDD
x is finite as it stands. It represents the usual no-pair exchange energy, including, however, all corrections

resulting from the retarded interaction via the exchange of photons. It seems worthwhile to point out that EDD
x does not

depend on the gauge of the photon propagator. While the form (6.9) reflects the Feynman gauge chosen in (3.10), one
can show that EDD

x is gauge invariant as long as the /k experience a multiplicative potential [50]. In contrast to Hartree-
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Fock orbitals, the KS orbitals thus yield a gauge invariant EDD
x . The more familiar Coulomb and Breit exchange can be

obtained from (6.7) by expansion of cos½xkljx� yj� in powers of 1/c2 and subsequent use of the KS equation (in order
to eliminate �k in favor of the operator a Æ $).
7. Concluding remarks

With the level shift formula (4.22) an exact representation of the xc-energy functional of RDFT is available which is
formulated on equal footing with the standard QED perturbation series. The level shift expression is an implicit density
functional, as it depends on the KS orbitals and eigenvalues. As such its self-consistent application requires the solu-
tion of the relativistic OPM integral equation [50]. While this solution is straightforward for the no-pair exchange, the
interplay between vacuum corrections and the OPM integral equation remains to be investigated. In particular, it is not
clear whether the required summations over positive and negative energy continuum states lead to similar problems as
the summation over unoccupied KS states in the case of the nonrelativistic correlation functional [79]. In any case, the
inclusion of the appropriate counterterms in the integral equation represents a serious technical problem.

On the other hand, a perturbative evaluation of radiative corrections within the framework of RDFT could directly
start from the expressions provided in Sections 5 and 6. In fact, one could hope that the implicit partial resummation of
the QED perturbation series inherent in the KS reference Hamiltonian leads to an improved convergence as compared
to the standard procedure starting from a hydrogenic reference Hamiltonian.

In the present work the (unknown) exact KS Hamiltonian has been employed as noninteracting reference Hamil-
tonian. Clearly, the many-body approach chosen can equally well be based on some approximate KS Hamiltonian, for
instance resulting from a (no-pair) LDA or an exchange-only calculation. In this case, however, all relations specific to
the exact KS Hamiltonian, as the identity of the KS current with the interacting current and thus the relativistic Sham–
Schlüter equation, can no longer be used to simplify the perturbation series.

Although not pursued here, it is obvious that the level shift formula can also be utilized for a partial resummation of
the KS series. Such a resummation is only of limited interest in the context of radiative corrections, but could be quite
useful for the construction of approximate relativistic xc-functionals. In this case efficiency requires the level shift for-
mula to be exploited within the no-(virtual-)pair approximation. While the no-pair approximation can only be defined
for given noninteracting reference Hamiltonian and thus depends on the approximation for Exc one finally comes up
with, this subtlety is not expected to play a role in standard electronic structure calculations.
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Appendix A. Time integration

In this appendix the time integration involved in the level shift formula (4.22) is analyzed in some detail. In partic-
ular, this analysis addresses the interrelation of the time integration with the limit �! 0.

Let us first consider a single vertex. At each interaction vertex the time integration has the structure
W i ¼
Z þ1

�1
dx0i e

��jx0i jD0
lmðxi � xjÞGsðxk; xiÞclGsðxi; xlÞ; ðA:1Þ
where xj, xk and xl represent the neighboring vertices (on which no information is required at this point). Wi can be
evaluated by use of the Lehmann representation for Gs, Eq. (4.24), and Dlm, Eq. (3.9),
W i ¼
Z þ1

�1
dx0i e

��jx0i j
Z

dq0

2p
e�iq0ðx0i �x0j Þ

Z
dx1

2p
e�ix1ðx0k�x0i Þ

Z
dx2

2p
e�ix2ðx0i �x0l ÞD0

lmðxi�xj;q0ÞGsðxk;xi;x1ÞclGsðxi;xl;x2Þ;

¼
Z

dq0

2p
eiq

0x0j

Z
dx1

2p
e�ix1x0k

Z
dx2

2p
eix2x0l

1

�þ iðq0�x1þx2Þ
þ 1

�� iðq0�x1þx2Þ


 �
0 0 l
�Dlmðxi�xj;q ÞGsðxk;xi;x1Þc Gsðxi;xl;x2Þ:
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In the limit �! 0 the Dirac identity can then be used to obtain
W i ¼
Z

dq0

2p
e�iq0ðx0l�x0j Þ

Z
dx
2p

e�ixðx0k�x0l ÞD0
lmðxi � xj; q0ÞGsðxk; xi;xÞclGsðxi; xl;x� q0Þ: ðA:2Þ
The situation is even more simple for a vertex with the external potential,
V i ¼
Z þ1

�1
dx0i e

��jx0i jDvlðxiÞGsðxk; xiÞclGsðxi; xlÞ ¼
Z

dx
2p

e�ixðx0k�x0l ÞDvlðxiÞGsðxk; xi;xÞclGsðxi; xl;xÞ: ðA:3Þ
The first point to note thus is that at each individual vertex of a given contribution to (4.22) the limit �! 0 could be
taken before integration over the corresponding time coordinate. The result is a d-function in frequency space for both
orderings of limit and integration.

Let us now turn to a complete diagram resulting from (4.22). It consists of an even number of 2n interaction vertices,
connected by 2n dressed KS propagators and n photon propagators D0. Each dressed KS propagator consists of k sim-
ple KS propagators Gs and k�1 external vertices Dvl. However, Eq. (A.3) demonstrates that the structure of these
products of Gs and Dvl with respect to time is the same as that of a single Gs. In the following the discussion can thus
be restricted to diagrams which do not contain any external vertex without loss of generality.

The time integration of such a diagram has the general form
I2n� ¼
Y2n
i¼1

Z 1

�1
dx0i e

��jx0i j
Y2n
k¼1

Z
dxk

2p
e
�ixkðx0k�x0

PðkÞÞ
Yn
l¼1

Z
dq0l
2p

e
�iq0l ðx

0
l�x0

P 0 ðnþlÞÞ F ðx1; . . . ;x2n; q01; . . . ; q
0
nÞ; ðA:4Þ
with P and P 0 denoting permutations of the time variables. P and P 0 are characteristic for the diagram under
consideration. If one could take the limit � ! 0 in this expression rightaway, the integrations over the time
variables would directly lead to d-functions in frequency space. However, for � = 0 the integrand of (A.4) only
depends on time differences, rather than the absolute times x0k . Consequently, after 2n�1 of the integrations
have been performed the resulting expression does no longer depend on the remaining 2n-th time variable
(by virtue of the relations between the xk and q0l enforced by the 2n�1 d-functions obtained from the first
2n � 1 integrations). The final time integral thus diverges, if � ! 0 is applied before performing any of the time
integrations.

On the other hand, I2n� is multiplied by an overall prefactor of � in Eq. (4.22), so that only the product �I2n� has to
exist for � ! 0. Obviously, the limit � ! 0 can not be interchanged with the time integrations.

Let us thus consider I2n� for � > 0. In order to evaluate (A.4) one chooses one of the x0k , say x
0
1, to rescale all remaining

times,
si ¼ x01 � x0i ; i ¼ 1; . . . ; 2n: ðA:5Þ
As a consequence, the variable x01 does no longer occur in the Fourier exponentials of the propagators,
I2n� ¼
Z 1

�1
dx01

Y2n
i¼2

Z 1

�1
dsi e

��
P2n
j¼1

jx0
1
�sjj Y2n

k¼1

Z
dxk

2p
e�ixkðsk�sPðkÞÞ

Yn
l¼1

Z
dq0l
2p

e�iq0l ðsl�sP 0ðnþlÞÞF ðx1; . . . ;x2n; q01; . . . ; q
0
nÞ

¼
Y2n
i¼1

Z 1

�1
dsidðs1Þ

Y2n
k¼1

Z
dxk

2p
e�ixkðsk�sP ðkÞÞ

�
Yn
l¼1

Z
dq0l
2p

e�iq0l ðsl�sP 0 ðnþlÞÞF ðx1; . . . ;x2n; q01; . . . ; q
0
nÞ
Z 1

�1
dx01 e

��
P2n
j¼1

jx0
1
�sjj

: ðA:6Þ
The crucial integral to be examined in the following is the x01-integral of the last line.
Let ti be that permutation of the si for which
ti 6 tiþ1 8i: ðA:7Þ
Then evaluate
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J 2n
� ¼

Z 1

�1
dxe

��
P2n
i¼1

jx�sij
�

Z 1

�1
dxe

��
P2n
i¼1

jx�ti j
; ðA:8Þ

¼ lim
t0!�1

lim
t2nþ1!1

X2nþ1

j¼1

Z tj

tj�1

dxe
��
Pj�1

i¼1

ðx�tiÞ
e
��
P2n
i¼j

ðti�xÞ
;

¼ lim
t0!�1

lim
t2nþ1!1

X2nþ1

j¼1;j6¼nþ1

1

2�ðn� jþ 1Þ e
��
P2n
i¼1

jti�tjj
� e

��
P2n
i¼1

jti�tj�1j
8<
:

9=
;

þ e
��
Pn
i¼1

ðtnþi�tiÞ
ðtnþ1 � tnÞ;

¼
X2n

j¼1;j 6¼nþ1

1

2�ðn� jþ 1Þ e
��
P2n
i¼1

jti�tjj
�

X2nþ1

j¼2;j 6¼nþ1

1

2�ðn� jþ 1Þ e
��
P2n
i¼1

jti�tj�1j

þ tnþ1 e
��
P2n
i¼1

jti�tnþ1j
� tn e

��
P2n
i¼1

jti�tnj
: ðA:9Þ
Equation (A.9) clearly exhibits the divergence of the 2nth time integration. Nevertheless, after the first time integra-
tion has been performed the appropriate limit � ! 0 is well-defined,
lim
�!0

�J 2n
� ¼ 2

ð2nÞ : ðA:10Þ
An analogous result is obtained for an odd number of time variables (i.e., vertices), so that one has quite generally
lim
�!0

�Jn
� ¼

2

n
: ðA:11Þ
One can finally use this result in Eq. (A.6) and transform back all time variables to their initial form,
x01 ¼ s1 x0i ¼ s1 � si i ¼ 2; . . . ; 2n ðA:12Þ

to obtain
lim
�!0

� I2n� ¼ 2

ð2nÞ
Y2n
i¼1

Z 1

�1
dx0i dðx01Þ

Y2n
k¼1

Z
dxk

2p
e
�ixkðx0k�x0

P ðkÞÞ

�
Yn
l¼1

Z
dq0l
2p

e
�iq0l ðx

0
l�x0

P 0 ðnþlÞÞF ðx1; . . . ;x2n; q01; . . . ; q
0
nÞ: ðA:13Þ
For an arbitrary Feynman diagram with n vertices (nth order in Ĥ 1) one thus finds the effective replacement (5.9).
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