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Pseudopotentials from orbital-dependent exchange-correlation functionals

A. Höck and E. Engel
Institut für Theoretische Physik, Universita¨t Frankfurt, D-60054 Frankfurt/Main, Germany

~Received 26 February 1998!

Norm-conserving pseudopotentials are generated on the basis of the optimized potential method~OPM!,
combining the exact exchange with two different correlation functionals, i.e., the orbital-dependent form of
Colle and Salvetti~CS! @Theor. Chim. Acta37, 329 ~1975!# and the local density approximation~LDA !.
Application of both types of OPM pseudopotentials to a number of diatomic molecules leads to substantially
different predictions for spectroscopic constants, thus indicating the importance of a suitable choice for the
correlation functional to be used in the OPM context. Moreover, while the CS values are closer to the
experimental data, our results nevertheless indicate that a really adequate correlation functional for use with the
exact exchange is not yet available. In any case, both variants of the OPM-based pseudopotentials show an
improved transferability compared with standard LDA pseudopotentials.@S1050-2947~98!03811-6#

PACS number~s!: 31.15.Ew, 31.10.1z, 71.15.Hx, 71.15.Mb
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Many electronic structure calculations for molecules a
solids are based on density functional theory, in which
complex many-body effects are absorbed into the excha
~x! and correlation~c! energy functionalExc . While the stan-
dard approach toExc is the local density approximatio
~LDA !, orbital-dependent forms ofExc , for which the corre-
sponding multiplicativexc potentialsvxc are obtained via the
optimized potential method~OPM! @1#, allow the exact treat-
ment of thex-only energyEx , so that only thec partEc has
to be approximated. As was shown for atoms@2,3# and solids
@4–6#, this results in significant improvements upon t
LDA. However, OPM calculations for complex systems a
computationally very demanding and still at the beginnin
In order to reduce the computational cost, the use of pseu
potentials~PP’s! suggests itself.

In most cases PP’s are constructed from explic
density-dependentExc , like the LDA @7# or the generalized
gradient approximation~GGA! ~see, e.g.,@8,9#!. As an alter-
native, recently a combination of a Dirac-Fock calculati
for the atomic core and an approximate OPM calculation
the valence electrons, utilizing the Krieger-Li-Iafrate~KLI !
scheme@10# for the exactEx and the LDA or GGA forEc ,
has been used to generate PP’s@5#. It is well known, how-
ever, that the success of the LDA to some extent relies o
cancellation of errors between itsx andc parts. As soon as
the exactEx ~the Fock term! is utilized, one can no longe
benefit from this type of error cancellation, so that the use
a particularly accurate form ofEc seems recommendable. A
such, the Colle-Salvetti~CS! functional@11#, which has been
shown to give excellentEc for light atoms@3#, offers itself.
In this contribution we present aconsistentconstruction of
norm-conserving PP’s on an OPM basis, extending the
approach of@7# to the combination of the Fock term with th
orbital-dependent CS functional. The important role of thc
functional used in the PP construction is investigated in
tail by comparing the Fock CS PP’s with PP’s calculat
from the combination of the exactEx with the LDA for Ec
@in the form of Ref.@12#—Vosko, Wilk, and Nusair~VSN!#:
We demonstrate that the molecular results obtained w
OPM-PP’s depend rather sensitively on this input to the
PRA 581050-2947/98/58~5!/3578~4!/$15.00
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construction scheme and that an adequate correlation f
tional for use with the exactEx is not yet available.

The PP scheme of@7# starts with an all-electron calcula
tion ~for which the relativistic OPM@13# is used in this
work!, employing a spherical average for open shells. In
case of the LDA, the PP’s are usually constructed from
tabulated atomic configurations of@7#, in which excited lev-
els are stabilized by partial ionization and fractional occu
tion. This procedure is necessary because in the LDA
exchange potentialvx decays exponentially for larger , so
that some excited levels of interest would be unbound if
ground state of the neutral atom was used. For the OPM
the other hand, the correct asymptotic behavior of the ex
vx leads to much more realistic unoccupied levels, allow
the use of the ground-state configuration for all PP’s. W
have thus examined both sets of reference configurat
here, the differences between the resulting PP’s bein
rough measure of their transferability. For each valence le
with quantum numbersl j a PP is constructed so that i
lowest ~nonrelativistic! eigenstate agrees with the proper
normalized upper component of the all-electron spinor
yond a suitably chosen core radiusr c,l j ~the r c,l j of @7# have
been used throughout!. The nodeless pseudo-wave-functio
is then modified inside the core to achieve norm conser
tion, leading to the corresponding screened PPvps,l j

sc . Fi-
nally, subtraction of the valence Hartree andxc potentials,
i.e., vH@n# and vxc@n#, evaluated for the~pseudo!valence
densitynps , from vps,l j

sc gives the unscreened PP,

vps,l j ~r !5vps,l j
sc ~r !2vH~@nps#,r !2vxc~@nps#,r !, ~1!

in which all interaction effects between the valence electr
are eliminated.

While for explicitly density-dependentExc the evaluation
of vxc(@n#,r)5dExc /dn(r) is straightforward also forn
5nps , the situation is somewhat more complicated f
orbital-dependentExc , for which the functional derivative
has to be evaluated indirectly via the OPM. In the a
electron case one uses the unique correspondence betwn
and the Kohn-Sham~KS! orbitals to replacedExc /dn by
3578 ©1998 The American Physical Society
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functional derivatives ofExc with respect to the orbitals
However, as forr ,r c,l j the pseudo-orbitalsw l j

ps belong to
different vps,l j

sc ,

H 2
\2¹2

2m
1vps,l j

sc J w l j
ps5e l j w l j

ps , ~2!

nps does not uniquely determine the complete set ofw l j
ps

from a rigorous point of view. On the other hand, in t
physically relevant valence region allvps,l j

sc are identical with
the all-electron potential, and thew l j

ps are identical with the
corresponding all-electron orbitals. Moreover, the basic c
cept of PP’s implies that the form of the pseudo-orbitals
the core region is essentially irrelevant for their physi
properties~as long as the orbitals are norm conserving a
smooth—compare@5#!. Consequently, one would expect th
in spite of the nonlocality ofExc the form of thew l j

ps for r
,r c,l j does not substantially affectvxc@nps# in the valence
regime. This suggests to rely on the standard form of
OPM @1,13# for the calculation of the internalvxc of the
pseudo-orbitals,

E d3r 8
dnps~r!

dvps
sc~r8!

vxc~@nps#,r8!

5E d3r 8(
l j

dw l j
ps~r8!

dvps
sc~r!

dExc

dw l j
ps~r8!

1c.c., ~3!

i.e., to definednps as the response of the density if the sa
perturbationdvps

sc is added to allvps,l j
sc @note that theExc used

in this work do not depend on the KS eigenvalues, so tha
corresponding term appears in Eq.~3!#. We just remark that
nonlinear core corrections@14# can be easily incorporated i
this scheme by including the frozen all-electron core state
Eq. ~3!.

The assumption of an approximate decoupling of the c
and valence regimes which underlies Eq.~3! can be tested by
solving Eq.~3! for two sets of valence orbitals which onl
differ in the core region. In Fig. 1 we thus compare thevx
resulting from Eq.~3! for the valence electrons of Si ob
tained with ~i! the original all-electron wave functions an
~ii ! the w l j

ps . Although the twovx differ completely in the
core region~with the vx of the all-electron valence orbital

FIG. 1. Internalvx of valence electrons for Si, obtained by s
lution of Eq. ~3! for all-electron and pseudo-orbitals.
-

l
d

e

e

o

in

e

diverging at their nodes, as indicated in Fig. 1!, they agree
almost perfectly in the relevant bonding regime, thus clea
supporting the assumption of decoupling~the cutoff radii are
0.97 bohr for the 3s and 1.46 bohr for the 3p level!.

The unscreenedvps resulting from both combinations o
orbital-dependentx andc functionals for the 3s orbital of Na
are shown in Fig. 2 in comparison with their LDA counte
part. One finds thatvps becomes more shallow when goin
from the LDA to the Fock/CS and finally to the Fock/VWN
~combination of exact exchange with VWN correlation! vari-
ant of the OPM. At the same time, the position of the mi
mum of vps is shifted to largerr values. Differences of the
same size are obtained, e.g., for K, while they are smaller
C and Si~though not being negligible!, demonstrating that
the OPM does not just lead to modifications of the sa
magnitude and form for all elements. This varying impa
results from a subtle cancellation of much larger differen
between the correspondingvps

sc andvxc@nps#: In the valence
regime the exactvx of the OPM, which completely cancel
the ‘‘spurious’’ self-interaction invH , is much more attrac-
tive thanvx

LDA , and in addition one hasvc
LDA,vc

CS,0. Tak-
ing the difference between the eigenvalue of the highest
cupied orbital and the experimental ionization potential~IP!
as quality criterion, the Fock/CS OPM leads overall to t
most realisticvxc @3#. However, for a number of atoms~as,
e.g., F! the exactvc must be repulsive in the valence regim
as the exactx-only eigenvalues@2# are larger than the experi
mental IP’s~compare@15#!. Thus for these atoms even th
sign of the CS correlation potential is incorrect in the valen
regime, so that the resulting Fock/CS PP’s in spite of
improved vx are not necessarily more realistic than LDA
PP’s @16#.

For a number of elements we have found sizeable kink
the Fock/CS PP’s for very smallr ~see Fig. 2!. This structure
originates from the CS contribution tovxc@nps#, required for
Eq. ~1!. However, this unphysical feature, which is due to t
specific form of the semiempirical CS functional~and sensi-
tively depends on the choice ofr c,l j ), does not affect mo-
lecular results as the valence density is negligible in t
region. To illustrate this point we have generated an alter
tive set of Fock/CS PP’s for Na by extrapolating their for
in the vicinity of r 50.5 bohr smoothly to the origin, thereb
eliminating the kinks. This leads to Fock/CS PP’s which a

FIG. 2. Pseudopotentialvps for the 3s orbital of Na: OPM re-
sults for two functionals, i.e., the combinations of the exact
change~F! with either the CS@11# or the VWN @12# correlation
functional, in comparison with LDA result.
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TABLE I. Percentage deviations of bond lengths (Dr e) and energies (DDe) obtained with pseudopoten
tials resulting from two different atomic valence configurations~see text!: Fock/VWN-OPM versus LDA
results.

Dr e DDe

OPM LDA OPM LDA

Li2 0.0 21.0 0.6 3.0
Na2 0.3 20.7 20.7 5.2
K2 0.9 2.2 20.5 5.0
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almost indistinguishable from their Fock/CS VWN counte
parts forr ,0.5 bohr. The energy surfaces for Na2 resulting
from both versions of the Fock/CS PP’s via the calculatio
scheme described below differ by less than 1023 eV, thus
justifying the smoothing procedure~clearly, one would ex-
pect that a first-principles, orbital-dependentEc @17# does not
require any smoothing—all Fock/CS data given below ha
been obtained with the original unmodified Fock/CS PP!.
On the other hand, in the bonding regime the OPM-PP’s
not show any artificial structures as have been reported
GGA’s @8#. Consequently the OPM allows the constructi
of soft PP’s, which is an important criterion for plane-wa
calculations.

In order to examine the impact of the orbital-depend
treatment ofxc effects in PP’s on chemical binding, we hav
studied a number of diatomic molecules, employing the lo
spin density approximation~LSDA! in all molecular calcula-
tions. This scheme has been chosen for two reasons: On
one hand, the application of orbital-dependent methods
molecules or solids is computationally very involved, so th
it is presently limited to very small or highly symmetric sy
tems. In order to utilize the OPM-PP’s, e.g., in molecul
dynamics simulations one would have to combine them w
l
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o
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t

l
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-
h

a conventional density-functional treatment of the valen
electrons in the molecular computation, thus using the O
only to construct an optimal Fock space for the molecu
problem. In this respect, our results demonstrate what ca
gained by simply replacing the standard LDA-PP’s by OP
PP’s in presently available codes, i.e., without any additio
computational cost. On the other hand, the above sch
allows us to separate the relevance of thexc functional for
the form of the PP’s, whose analysis is our main objecti
from that for the actual molecular calculations. Note that t
procedure is consistent as the internal atomicxc contribu-
tions of the valence electrons are eliminated from the fi
vps via Eq. ~1! @18#.

We have solved the two-center KS equations on a pro
spheroidal mesh, expanding the KS orbitals in terms of H
leraas basis functions~see @19#!. In all calculations j-
averaged PP’s „vps,l5@( l 11)vps,l ,l 11/21 lvps,l ,l 21/2#/(2l
11)… have been applied, taking the PP for the highestl as a
local potential~for H we have used the exact Coulomb p
tential, rather than a PP!.

First of all, we have examined the dependence of the m
lecular results on the atomic configuration used for the c
struction ofvps,l j . From both the configurations of@7# and
A
TABLE II. Bond lengthsr e and energiesDe for diatomic molecules: Comparison of Fock/CS-OPM and Fock/VWN-OPM with LD
pseudopotentials~the percentage of deviation from experiment are given in parentheses!. r e andDe ~zero-point energy is subtracted! have
been obtained by a fit to a Morse potential. Experimental values are taken from@23#.

r e ~bohr!
Expt. Fock/CS-OPM Fock/VWN-OPM LDA

Li2 5.05 5.03 (20.4) 5.22 ~3.4! 4.97 (21.7)
Na2 5.82 5.73 (21.5) 5.99 ~3.0! 5.45 (26.4)
K2 7.38 7.39 ~0.2! 7.69 ~4.2! 6.84 (27.4)
HF 1.73 1.76 ~1.8! 1.76 ~1.8! 1.76 ~1.7!
C2 2.35 2.35 (20.1) 2.36 ~0.6! 2.34 (20.4)
P2 3.58 3.58 ~0.1! 3.62 ~1.1! 3.55 (20.8)
Si2 4.24 4.30 ~1.4! 4.37 ~2.9! 4.27 ~0.5!

De ~eV!

Expt. Fock/CS-OPM Fock/VWN-OPM LDA

Li2 1.05 1.04 (20.7) 0.94 (210) 1.04 (21.1)
Na2 0.72 0.84 ~17! 0.75 ~5! 0.88 ~23!

K2 0.51 0.61 ~20! 0.55 ~7! 0.69 ~35!

HF 5.87 6.86 ~17! 6.72 ~15! 6.71 ~14!

C2 6.21 7.32 ~18! 6.77 ~9! 6.78 ~9!

P2 5.03 6.25 ~24! 5.67 ~13! 5.95 ~18!

Si2 3.21 4.11 ~28! 3.78 ~18! 3.95 ~23!
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the ground-state configurations with unoccupied exci
states, we have generated OPM-PP’s and LDA-PP’s for
Na, and K, restricting ourselves tosp components~and to
the combination Fock/VWN of the OPM!, and applied them
to the corresponding dimers. The percentages of devia
between the resulting spectroscopic constants are liste
Table I. Although the ground-state configuration represen
rather extreme basis for LDA-PP’s, Table I neverthele
demonstrates that LDA results are more sensitive to
atomic reference configuration than OPM data. This in
cates that the error introduced by the linearization of
core-valence contribution tovxc implied in Eq. ~1! is much
smaller for the exactvx than for the LDA~a similar obser-
vation has been made for Hartree-Fock PP’s@20#!. Conse-
quently, the transferability of OPM-PP’s to other chemic
environments should be better than that of LDA-PP’s@21#.

For a comparison with experimental data we thus cont
OPM-PP’s from the ground-state configuration with LDA
PP’s from the configurations in@7#, including s, p, and d
components. The equilibrium distancesr e and dissociation
energiesDe resulting for some diatomic molecules are giv
in Table II. While the tendency of the standard LDA schem
to overbind is a well-known fact, the use of the exact e
change in the PP’s weakens the bonds, consistent with Fi
However, Fock/VWN PP’s producer e , which are systemati-
cally larger than the experimental values. We attribute t
behavior to the fact that in Fock/VWN the LDA’s overes
mation of atomicEc and the corresponding deficiencies invc
are no longer compensated by errors inEx andvx of opposite
sign. Although the correspondingDe are not completely un-
realistic, these results clearly show that the exactEx should
not be combined with the LDA forEc .

On the other hand, focusing on the PP’s from the pr
ently most reliable orbital-dependent scheme, the Fock
d
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n
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variant of the OPM, one finds that the bonds are weake
much less. As a consequence, the errors inr e in most cases
are significantly reduced when going from the Fock/LD
PP’s to the Fock/CS PP’s. The only exceptions are Si2 and
HF, where even the LDA-PP’s lead to an overestimation
r e . It seems likely that these particular problems are rela
to the incorrect behavior of the CS correlation potential
the asymptotic regime of Si and F, thus indicating the ne
for a more accurate orbital-dependentEc than the CS func-
tional ~the core polarization effects neglected in our calcu
tion reducer e by less than 0.01 bohr@22# in the case of HF!.
As far asDe is concerned, the picture is not as clear. Wh
Fock/CS PP’s slightly improve theDe’s of the alkali-metal
dimers, they clearly overestimate theDe’s of the other mol-
ecules examined. These results suggest that in order to o
the correct energetics of molecules, an OPM~or KLI ! treat-
ment ofExc in the molecular calculations is mandatory. F
such calculations consistent OPM-PP’s should be part
larly suited.

In any case, the substantial differences between the
obtained with Fock/CS and Fock/VWN PP’s emphasize
importance of a suitable choice of thec functional to be used
with the exactEx . In fact, not only VWN but also the CS
functional does not seem to be an ideal counterpart. It
mains to be investigated whether the first-principles orbi
dependentEc put forward in@17# can fill this gap.
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