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9.+10. Vorlesung



Plan für die heutige Vorlesung

• Einführung in Teil III

• Der (3+1)-Split der Einsteingleichung

• Das Einstein Toolkit (ET)

• Installation des ET mit Simfactory (Laptop, Fuchs-Cluster)

• Die “.par”-Datei einer Simulation

• “create” and “submit” einer Testsimulation auf dem Fuchs-Cluster

• Beispiel-Simulation: Radiale Oszillation eines Neutronensterns mit dem ET

• Visualisieren der Ergebnisse einer Simulation mit Gnuplot, Mathematica und Python

• Vorlesungsprojekte (einzeln oder in Gruppen)

Die letzten beiden Vorlesungstermine werden vertreten
(bin auf der GR22 Konferenz in Valencia ) 



Numerical Relativity and Relativistic Hydrodynamics 
of Binary Neutron Star Mergers

(3+1) decomposition of spacetime

All figures and equations from: Luciano Rezzolla, Olindo Zanotti: Relativistic Hydrodynamics, Oxford Univ. Press, Oxford (2013)

A realistic numerical simulation of a twin star collapse, a merger of 
two compact stars or a collapse to a black hole needs to go beyond a 
static, spherically symmetric TOV-solution of the Einstein- and 
hydrodynamical equations.  



The ADM equations

Time evolving part of ADM

Constraints on each hypersurface

Extrinsic Curvature:Spatial and normal projections of the energy-momentum tensor:Three dimensional covariant derivative

Three dimensional Riemann tensor

All figures and equations from: Luciano Rezzolla, Olindo Zanotti: Relativistic Hydrodynamics, Oxford Univ. Press, Oxford (2013)

The ADM (Arnowitt, Deser, Misner) equations come from a reformulation of the Einstein equation using the 
(3+1) decomposition of spacetime.



From ADM to BSSNOK

The 3+1 Valencia Formulation
of the Relativistic Hydrodynamic Equations

Unfortunately the ADM equations are only weakly hyperbolic (mixed derivatives in the three dimensional 
Ricci tensor) and therefore not ''well posed''.  It can be shown that by using a conformal traceless 
transformation, the ADM equations can be written in a hyperbolic form. This reformulation of the ADM 
equations is known as the BSSNOK (Baumgarte, Shapiro, Shibata, Nakamuro, Oohara, Kojima) 
formulation of the Einstein equation. Most of the numerical codes use this (or even better the CCZ4) 
formulation.

To guarantee that the numerical solution of the hydrodynamical equations 
(the conservation of rest mass and energy-momentum) converge to the right 
solution, they need to be reformulated into a conservative formulation. Most 
of the numerical “hydro codes” use here the 3+1 Valencia formulation.  



Finite difference methods

Discretisation of a hyperbolic 
initial value boundary problem.

High resolution shock capturing methods (HRSC methods) 
are needed, when Riemann problems of discontinuous 
properties and shocks needs to be evolved accurately.

All figures from: Luciano Rezzolla, Olindo Zanotti: Relativistic Hydrodynamics, Oxford Univ. Press, Oxford (2013)



Gauge Conditions

On each spatial hypersurface, four additional degrees of freedom need to be specified: 

A slicing condition for the lapse function and a spatial shift condition for the shift vector 

need to be formulated to close the system. In an optimal gauge condition, singularities 

should be avoided and numerical calculations should be less time consuming.   

Bona-Massó family of  slicing conditions:

“1+log” slicing condition:

“Gamma-Driver” shift condition:



Teil III
Inhalte des Teil III:

• How to download and build (compile) the Einstein Toolkit

• How to run a test simulation 

• Run and visualize (Mathematica or Python) one of the following problems

• Migration of an unstable neutron star to a stable configuration

• Collapse of an unstable neutron star to a black hole

• Binary neutron star mergers

• Collapse of a neutron star to a quark star (twin star collapse)



https://www.youtube.com/watch?v=EO4d32ch6OI
https://www.youtube.com/watch?v=p5bq2iUO3DE
https://www.youtube.com/watch?v=MNpyd_o0MT4
https://www.youtube.com/watch?v=Qg6PwRI2uS8
https://www.youtube.com/watch?v=ZW3aV7U-aik



https://www.youtube.com/watch?v=EO4d32ch6OI
https://www.youtube.com/watch?v=p5bq2iUO3DE
https://www.youtube.com/watch?v=MNpyd_o0MT4
https://www.youtube.com/watch?v=Qg6PwRI2uS8
https://www.youtube.com/watch?v=ZW3aV7U-aik





Das Einstein Toolkit: Weitere Informationen

https://www.youtube.com/watch?v=EO4d32ch6OI
https://www.youtube.com/watch?v=p5bq2iUO3DE
https://www.youtube.com/watch?v=MNpyd_o0MT4
https://www.youtube.com/watch?v=Qg6PwRI2uS8
https://www.youtube.com/watch?v=ZW3aV7U-aik



Das Einstein Toolkit



Das Einstein Toolkit: Download



ET-Download auf dem Fuchs-Cluster



Das Einstein Toolkit: Setup mit SimFactory



Das Einstein Toolkit: Kompilierung



https://www.youtube.com/watch?v=EO4d32ch6OI
https://www.youtube.com/watch?v=p5bq2iUO3DE
https://www.youtube.com/watch?v=MNpyd_o0MT4
https://www.youtube.com/watch?v=Qg6PwRI2uS8
https://www.youtube.com/watch?v=ZW3aV7U-aik
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https://www.youtube.com/watch?v=ZW3aV7U-aik



Mögliche Vorlesungsprojekte

• Teil I: Simulationen und Berechnungen in Maple

• Weiterführende Themen der Kerr-Metrik

• Kosmologie und die Robertson-Walker Metrik

• Alternative Gravitationstheorien

• Teil II: C++ oder Python

• Die Masse-Radius Beziehung von Zwillingssternen

• Geodätengleichung mit C++ oder Python lösen (nichtrotierendes schwarzes 
Loch)

• Geodätengleichung mit C++ oder Python lösen (rotierendes schwarzes Loch)


