
3.3 · Noether’s Theorem (Classical Part)

Using (3.27) we obtain the Klein-Gordon equation for the real scalar field:

�φ+m2φ = 0 with � = ∂µ∂µ = ∂2
t −∆. (3.29)

Now we can interpret this equation with help of the meaning of the gradient operator known
from nonrelativistic quantum mechanics to be the momentum operator: pµ = i∂µ. So the Klein-
Gordon equation gives the relativistic relation between energy and momentum of a free particle,
namely E2 = ~p2 +m2.
To find a consistent definition of physical quantities we now prove Noether’s theorem.

3.3 Noether’s Theorem (Classical Part)

As shown above, the classical field theory is defined by an action functional S[φ]. The physical
fields are given by the condition of stationarity of S

δS

δφ
= 0, (3.30)

which is the equation of motion for the fields. The action functional is given as the four-
dimensional integral of the Lagrange density, which is a function of the fields φ and their gradients
∂µφ:

S[φ] =

∫
d4xL (φ, ∂µφ). (3.31)

The only constraint on the field is that it must vanish at infinity of four-dimensional space such
that S exists.
Calculating the functional derivative with help of the techniques shown in appendix A shows
that the stationarity condition (3.30) gives the Euler-Lagrange equations for the fields:

δS[φ]

δφ
=

∂L

∂φ
− ∂µ

∂L

∂ (∂µφ)
= 0. (3.32)

Now we look at a rather general class of symmetry transformations which are described by the
operation of a Lie group on the fields and space-time variables. The only assumption we want
to make is that the action of the group on the space-time variables is independent on the fields.
Then the operation of an infinitesimal transformation can be described by

x′µ = xµ + δxµ, φ′(x′) = φ(x) + δφ(x). (3.33)

The field variation δφ(x) contains the operation of global and local internal symmetries of the
fields as well as the action of the Lorentz group on the fields. Now we have to calculate the
change of the action under the change of such an operation:

δS[φ] =

∫
d4x′L (φ′, ∂′

µφ
′)−

∫
d4xL (φ, ∂µφ). (3.34)

In the first integral we have to change the variables of integration to the original space-time
variables. Up to first order in δx the Jacobian of the transformation is given by

det

(
∂x′µ

∂xν

)
= det (δµν + ∂νδx

µ) = 1 + ∂µδx
µ. (3.35)
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Chapter 3 · Canonical Field Quantisation

This can be seen easily using the definition of a determinant as the sum over permutations of
matrix elements. In first order in δx only the product of the diagonal elements is important. All
other products appearing in the definition of the determinant contain at least two factors δx.
Now we have to take into account that variation and differentiation of the fields do not commute
since we are varying the space-time variables as well as the fields:

δ(∂µφ) = ∂′
µφ

′(x′)− ∂µφ = ∂ν(φ+ δφ)

(
∂x′µ

∂xν

)−1

− ∂µφ = ∂µ(δφ)− (∂µδx
ν)∂νφ. (3.36)

Taking (3.35) and (3.36) together with (3.34) we obtain after integrations by parts

δS[φ] =

∫
d4x

[
δS[φ]

δφ(x)
δφ+ ∂µ

(
(∂νφ)

∂L

∂(∂µφ)
− δµνL

)
δxν

]
= 0. (3.37)

The vanishing of the variation of the action functional for all fields (not only for solutions of
the equations of motion!) is the definition for symmetry transformations. Now the identical
vanishing of the integral for all fields can only be true if the integrand is a four-divergence.
A little calculation concerning the derivative in the second term gives

−
∫

d4x
δS[φ]

δφ(x)
(∂νφ)δx

ν . (3.38)

Now the infinitesimal operation of the group can be written in the form

δφ(x) = τa(x, φ)δη
a, δxµ = −Tµ

a (x)δη
a, (3.39)

where τ and T are bases of the Lie algebra of the group in the representation on the fields
and space-time variables respectively. The δη are real parameters independent on x and φ. All
together we draw the conclusion that the integrand of (3.37) has to be a four-divergence:

[
δS[φ]

δφ(x)
τa +

δS[φ]

δφ(x)
(∂νφ)T

ν
a

]
δηa = −∂µj

µ
a δη

a. (3.40)

For the solutions of the field equations, i.e., such fields which fulfil the stationarity condition
(3.30) we have

∂µj
µ
a = 0 (3.41)

since the generators of the Lie group T a and τa are linearly independent.
This is Emmy Noether’s Theorem:
For each generator of a symmetry group of the action functional there exists a current jµa with
vanishing four-divergence. These currents are called the Noether currents of the symmetry.
Now we have to find the explicit expressions for the currents. That means we have to express
the vanishing of the four-divergence and the constraint on the group to be a symmetry of the
action with help of the Lagrange density rather than with help of the action functional. Using
(3.37 we find

−δηa∂µj
µ
a = ∂µ

[(
∂νφ

∂L

∂(∂µφ)
− δµνL

)
δxν − ∂L

∂(∂µφ)
δφ

]
+ δL + L ∂µδx

µ. (3.42)

So we conclude that the group operation is a symmetry of the action, if there exists a field Ω
such that

∃Ωµ
a(φ, x) : δL + L ∂µδx

µ = −∂µΩ
µ
aδη

a, (3.43)
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3.3 · Noether’s Theorem (Classical Part)

and then the Noether currents are given by

δηajµa = −
(
∂νφ

∂L

∂(∂µφ)
− δµνL

)
δxν +

∂L

∂(∂µφ)
δφ+Ωµ

aδη
a. (3.44)

Now we show that Noether’s theorem is the local formulation of a conservation law. This
can be done by integrating the vanishing four-divergence over an arbitrary four-dimensional
volume V which has a boundary ∂V built by three dimensional space-like hypersurface of the
four-dimensional space-time. Hereby a hypersurface is called space-like if all its normal vectors
are time-like. Integrating (3.41) over this volume and applying the four-dimensional version of
Gauss’s integral theorem we obtain

∫

∂V
jµadSµ = 0. (3.45)

Now a set of space-like hypersurfaces parameterised by f(x) = τ = const (with f an arbitrary
scalar field with time-like gradients) defines an invariant measure of time τ . Now we assume that
the four-volume V is bounded by the two hypersurfaces S1 : f(x) = τ1 and S2 : f(x) = τ2:

Qa(τ1) =

∫

S1

jµa dSµ =

∫

S2

jµa dSµ = Qa(τ2). (3.46)

This means that the integral over the space-like hypersurface is a quantity constant in time and
that the Qs are independent of the special choice of the space-like hypersurface. For convenience
we may use the hypersurface x0 = t in a given reference frame:

Qa =

∫
d3~x j0a(x). (3.47)

The Qa are called the Noether charges of the symmetry group.
Now we look at space-time translations. The four Noether charges of this group are the total
energy and momentum of the fields. An infinitesimal translation in space and time is defined by

δφ(x) = 0, δx = −δa = const ⇒ τa(x, φ) = 0, Tµ
a (x) = δµa , δηa = −δaa. (3.48)

It is easy to see that the symmetry condition is fulfilled with setting Ωµ ∼= 0. Then, with help of
(3.40), we obtain the corresponding Noether currents Θµ

a:

Θµ
a =

(
∂L

∂(∂µφ)

)
∂aφ− δµaL . (3.49)

This is the so called canonical energy momentum tensor, which has no direct physical meaning
because it is not unique as we shall show in a moment. On the other hand, the Noether charges
are unique physical quantities, namely total energy and momentum of the field system:

Pν(t) =

∫
d3~xΘ0

ν . (3.50)

The Noether currents can be changed with an arbitrary four-divergence without changing the
Noether charges. With the jµa defined above there are equivalent Noether currents given by

j′µa = jµa + ∂νk
νµ
a (3.51)
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Chapter 3 · Canonical Field Quantisation

Since the divergence of this currents should vanish, we just have to take the kµνa antisymmetric
with respect of µ and ν, which is a rather weak assumption.
As we shall see, in the case of electrodynamics the canonical energy-momentum tensor cannot be
interpreted as density of energy and momentum in all cases of physical interest. For instance in
electrodynamics this tensor is not gauge invariant, but we shall see that we can define a physical
energy-momentum tensor (the so called Belinfante tensor) which is gauge invariant and gives
the well-known expressions for energy and momentum density in form of the familiar Poynting
vector.
The spatial components of the physical energy-momentum tensor have the physical meaning of
a tension. This can be seen by derivation of the total momentum (3.49) with respect to time
and using its conservation. In the case of electrodynamics the space components of the physical
energy momentum tensor is Maxwell’s tensor of tension.
Now we apply Noether’s theorem to the case of Lorentz transformations. An infinitesimal Lorentz
transformation acts on the fields and space-time coordinates as follows:

δφ(x) =
1

2
δωµν σ̂

µνφ(x), δxµ = δωµνx
ν , (3.52)

where σ̂µν = −σ̂νµ are the six generators of the representation of the SL(2,C) which is the
covering group of the SO(1, 3). Because we have ∂µδx

µ = 0 the Lorentz invariance (which means
that the Lorentz transformations are a symmetry group of the action) is the constraint on the
Lagrange density to be a scalar field (seen as a function of x). The six Noether currents are then
given by

Jρ,µν = xµΘρν − xνΘρµ − ∂L

∂(∂ρφ)
σ̂µνφ. (3.53)

Here it is important to anti-symmetrise the currents Jρ,µν with respect to µ and ν since δωµν

is antisymmetric. The µ and ν indices label the six Noether currents. Thus the six Noether
charges are given by

Jµν =

∫

∂V
dSρJ

ρ,µν . (3.54)

Herein V has the same meaning as in (3.45). The three space components coming from the
invariance under rotations build therefore the total angular momentum of the system. By looking
at (3.53) and the meaning of the energy-momentum tensor one sees that the angular-momentum
tensor contains an orbital and a spin part. However, in relativistic physics there is no specific
meaning to distinguish orbital and spin angular momentum. Only the total angular momentum
has a definite physical meaning.
The conservation of the three mixed temporal-spatial components of Jµν originates from the
invariance under boost transformations. So this is the relativistic analogue of the centre of mass
motion in the nonrelativistic case.
We close this section with the construction of a symmetric energy-momentum tensor. This is
important for general relativity since there the energy-momentum tensor is necessarily symmetric.
We shall see in the next chapter that in the case of electrodynamics the tensor can be chosen to
be gauge-invariant, which is important to show that energy and momentum densities are sensible
physical quantities in this case.
We start with (3.53) and the fact that it is conserved,

0 = ∂ρJ
ρ,µν = Θµν −Θνµ − ∂ρ

∂L

∂(∂ρφ)
σ̂µνφ, (3.55)
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3.4 · Canonical Quantisation

which shows that the canonical energy-momentum tensor is in general not symmetric in the
indices µ and ν.
Now we make the ansatz

Θµν = Tµν + ∂ρω
ρµν , (3.56)

where ωρµν is an arbitrary tensor field which is antisymmetric in the indices ρ and µ.
We try to choose ωρµν such that Tµν is a symmetric tensor. Since it differs from the canonical
energy-momentum tensor only by a total divergence it yields the same total energy and mo-
mentum for the field configuration. The antisymmetry of ωρµν in ρ and µ makes the divergence
∂µT

µν vanish if ∂µΘµν = 0. This means Tµν is as well a representant of the energy-momentum
density as the canonical energy-momentum tensor Θµν .
Inserting this ansatz into (3.55) shows that it is consistent with setting

∂ρ (ω
ρµν − ωρνµ) = ∂ρ

[
∂L

∂(∂ρφ)
σ̂µνφ

]
. (3.57)

The general solution of this equation is given by

ωρµν − ωρνµ =
∂L

∂(∂ρφ)
σ̂µνφ+ ∂ση

σρµν := ηρµν , (3.58)

where ησρµν is an arbitrary tensor field which is antisymmetric in σ and ρ as well as in µ and ν.
It is clear that then ηρµν is antisymmetric in µ and ν.
Now using

ωρµν − ωρνµ = ηρµν , ωρµν + ωµρν = 0 (3.59)

we find that with given ηρµν (3.58) is solved uniquely by

ωρµν =
1

2
[ηρµν + ηµνρ − ηνρµ] . (3.60)

It is easy to show by an algebraic calculation that indeed ω fulfills the conditions that we derived
for it above. So we find the theorem, proven first by Belinfante in 1939 [Bel39], that we can
always find a symmetric energy-momentum tensor.
We shall see in the next chapter that by a clever choice of ησρµν which is the only freedom we
have to make the energy-momentum tensor symmetric, makes the energy-momentum tensor of
the electromagnetic field also gauge invariant.

3.4 Canonical Quantisation

Now we like to solve our problem with the particle interpretation and causality raised by the
negative energy states. For this purpose let us consider a free complex scalar field with the
Lagrangian

L = (∂µφ)
∗(∂µφ)−m2φ∗φ. (3.61)

Although there seems to be no solution in terms of a Schrödinger-like theory, i.e., to interpret
the φ-field as a one-particle wave function, we try to build a many-particle theory by quantising
the fields.
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