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We study the temporal evolution of quantum mechanical fermionic particles exhibiting one bound
state within a one-dimensional attractive square-well potential in a heat bath of bosonic particles.
For this open quantum system we formulate the non-equilibrium Kadanoff-Baym equations for the
system particles by taking the interactions to be elastic 2-2 scatterings with the heat-bath parti-
cles. The corresponding spatially imhomogeneous integro-differential equations for the one-particle
Greens’s function are solved numerically. We demonstrate how the system particles equilibrate and
thermalize with the heat bath and how the off-diagonal elements of the density matrix, expressed in
the one-particle energy eigenbasis, decohere, so that only the diagonal entries, i.e. the occupation
numbers, survive. In addition, the time evolution of the (retarded) Green’s function also determines
the spectral properties of the various one-particle quantum states.

The coupling of an open quantum system to the envi-
ronment has been studied over many decades [1, 2]. It is
highly relevant in the fields of condensed-matter physics,
quantum optics, and high-energy physics, but especially
in the field of quantum computing, where the life time
of a state is limited due to its interaction with the envi-
ronment and/or q-bit manipulations. Many approaches
to tackle these problems and provide explanations to the
decoherence of pure states, employ Markovian quantum
master equations. It turns out to be not fully understood,
why various realisations of master equations do not fulfill
fundamental requirements such as the thermalization to
the bath temperature, preservation of local conservation
laws, complete positivity and norm conservation.

To be more specific, Markovian quantum master equa-
tions, typically in Lindblad form [3–5] of the seminal
Caldeira-Leggett framework [2, 6, 7], describe the dynam-
ics and all information of the system S (bath B, coupling
SB) in terms of the reduced density matrix, ρ̂S , following
the Hamiltonian

Ĥ = ĤS + ĤB + ĤSB , (1)

introduced in [2]. The master equation, derived from
the quantum Liouville equation, is found to take the form

∂ρ̂S
∂t

= i
[
ρ̂S , ĤS

]
+ L̂(ρ̂S , L̂λ), (2)

where L̂ is the Lindblad superoperator, with Lindblad
operators L̂λ), which have to be determined for each spe-
cific system, and are physicswise “guided by intuition”
[8]. The advantage of Eq. (2) is that this equation is
constructed to fulfill the properties of norm conserva-
tion and positivity, in contrast to the Caldeira-Leggett
master equation [9, 10]. However, Lindblad equations
do not necessarily lead to a proper thermalization of the

system [11]. Let us also mention, that the variables in
various models describing open quantum systems are of-
ten not connected via canonical transformations [12–15].
The main aim in these kind of approaches is therefore
to formulate a correct Langevin-Schrödinger equation or
quantum-Langevin equation [16].
Alternatively, one can consider non-equilibrium, inho-

mogenous non-Markovian Green’s functions propagated
through the Kadanoff-Baym equations [17], as pioneered
by Schwinger [18]. We consider fermionic particles re-
siding in an extended one-dimensional box and experi-
ence an attractive square-well potential in the center,
which allows for one particular bound state (E0 < 0)
and otherwise quasi-free states (En > 0 for n ≥ 1) [19].
The fermions are coupled to a heat bath of free bosonic
particles via elastic scatterings in a standard many-body
quantum treatment. This represents an open quantum
system where energy exchange between the system and
bath degrees of freedom forces the system towards a ther-
mal equilibrium which is dictated by the temperature of
the bath Tbath, akin to the spirit of the Caldeira-Leggett
framework [2]. In the following we set up the framework
for obtaining the resulting Kadanoff-Baym equations and
their numerical solution. In particular we will focus on
the equilibration, thermalization and decoherence of the
various quantum states.
The non-equilibrium Green’s function is defined by [17,

18, 20, 21]

S(1, 1′) = −i
〈
Tc
[
ψ̂(r, t)ψ̂(r′, t′)†

]〉
= Θc(t, t

′)S>(1, 1′) + Θc(t
′, t)S<(1, 1′),

(3)

In this notation 1 = (r, t), Θc(t, t
′) is the contour-

Heaviside function. We assume a spin-saturated system,
such that there are no spin dependent interactions, which
could make the Green’s function non-diagonal in spin-
space. Tc is the contour-time ordering operator along
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the “Schwinger-Keldysh” contour,

Tc
[
ψ̂(r, t)ψ̂(r′, t′)†

]
..=

{
ψ̂(r, t)ψ̂(r′, t′)† if t > t′,

±ψ̂(r′, t′)†ψ̂(r, t) if t ≤ t′.

(4)

The ± corresponds to bosons/fermions.
We describe fermionic system particles with an exter-

nal, static, and spatially extended potential coupled to a
bosonic environment (heat bath) by the Hamiltonian

Ĥ(t) =

∫
dr ψ̂(r, t)†

(
− ∆

2mf
+ V (r)︸ ︷︷ ︸

..=h0

)
ψ̂(r, t)

︸ ︷︷ ︸
..=ĤS(t)

+ λ

∫
dr ψ̂(r, t)†ϕ̂(r, t)†ψ̂(r, t)ϕ̂(r, t).︸ ︷︷ ︸

..=ĤSB(t)

(5)

The bosonic degrees of freedom obey a standard free
Hamiltonian. The external potential

V (r) ..=


−V0 if |r| ≤ a

2 ,

0 if |r| > a
2 ,

∞ if |r| > L
2 ,

(6)

is constructed to mimic a bound state of a particle of
size a, e.g., a deuteron, or a quantum dot, and an ap-
proximated continuum by a sufficiently large square-well
extension of size L ≫ a, gaining the feature of discrete,
normalizable and decomposeable states, as introduced in
[19]. ψ̂(r, t) represents the system-operator and ϕ̂(r, t)
the bosonic bath-operator. ĤSB represents the local s-
wave interaction. We do not include explicitly self in-
teractions of the system particle or of the bath-particle
with itself. This is justified, because the density of bath-
particles is much higher, and therefore scatterings of sys-
tem particles with each other can be neglected. On the
other hand we can also think of having only one fermionic
particle in the system. We understand the bath-particles
as a reservoir of constant temperature, Tbath, that always
stays in equilibrium. This assumption is justified if the
bath is much larger than the system we want to study.

We expand the field operators in a basis of one-particle,
Schrödinger eigenfunctions of h0 [20, 22–24], i.e.

h0ϕn(r) = Enϕn(r),∫
drϕm(r)∗ϕn(r) = δm,n, (7)

via

ψ̂(r, t) ..=

F∑
n=0

ĉn(t)ϕn(r). (8)

The eigenfunctions can be found in [19], ϕ0 represents
the bound state, for n ≥ 1 we have excited, “free” states.
For the numerical solution we truncate the Hilbert space
of the modes at a cutoff mode F . Inserting (8) in (3) leads
to the energy-basis representation of the inhomogenous
Green’s function as

S>(1, 1′) = −i
F∑

n,m=0

⟨ĉn(t)ĉm(t′)†⟩ϕn(r)ϕ∗m(r′),

S<(1, 1′) = i

F∑
n,m=0

⟨ĉm(t′)†ĉn(t)⟩ϕn(r)ϕ∗m(r′).

(9)

These Green’s functions are evolved in time by the
Kadanoff-Baym equations [17, 21]

(
i
∂

∂t
+

∆1

2mf
− Veff(1)

)
S≷(1, 1′) = I

≷
coll1

(t, t′), (10)

(
−i ∂
∂t′

+
∆1′

2mf
− Veff(1

′)
)
S≷(1, 1′) = I

≷
coll2

(t, t′), (11)

where we introduced an effective potential as the sum
of the external potential and the Hartree self-energy (∼
λ)

Veff(1) = V (1) + ΣH(1), (12)

and the collision terms on the right-hand side, in which
the (second order) direct Born self energy is included,

I
≷
coll1

(t, t′) =

∫ t

t0

d1̄

[
Σ>(1, 1̄)− Σ<(1, 1̄)

]
S≷(1̄, 1′)

−
∫ t′

t0

d1̄Σ≷(1, 1̄)

[
S>(1̄, 1′)− S<(1̄, 1′)

]
,

I
≷
coll2

(t, t′) =

∫ t

t0

d1̄

[
S>(1, 1̄)− S<(1, 1̄)

]
Σ≷(1̄, 1′)

−
∫ t′

t0

d1̄S≷(1, 1̄)

[
Σ>(1̄, 1′)− Σ<(1̄, 1′)

]
.

(13)

Before we can define the self-energies explicitly, we first
have to introduce the thermal (free)-equilibrium Green’s
function of the bosonic bath particle

D>
0 (1, 1

′) = −i
B∑
n

e−iϵn(t−t′)(1 + nB(ϵn))ϕ̃n(r)ϕ̃
∗
n(r

′),

D<
0 (1, 1

′) = −i
B∑
n

e−iϵn(t−t′)nB(ϵn)ϕ̃n(r)ϕ̃
∗
n(r

′),

(14)
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where ϵn =
k2
n

2mb
− µbath, kn = πn

Lbath
and nB(ϵn) =

1
exp(ϵn/T )−1 . The chemical potential of the bath fixes

the number of particles and B is a cutoff mode similar to
the fermionic case. A dissipative spectral function may
also be straightforwardly incorporated in (14). This is,
however, not relevant for our later discussions.

The self-energies being guided by an expansion in the
coupling λ are given by

ΣH(1) = (iλ)D<
0 (1, 1

+),

Σ≷(1, 1′) = (iλ)2S≷(1, 1′)D
≷
0 (1, 1

′)D
≶
0 (1

′, 1),
(15)

which correspond to the non-dissipative (mean field)
tadpole and dissipative sunset diagram. The sunset di-
agram is more important because it leads to an energy
exchange in the scatterings between the bath particles
and the system particles, where only a tadpole contribu-
tion would not lead to thermal equilibrium.

To solve the Kadanoff-Baym equations numerically,
the expansions for the Green’s functions (9) and (14) are
inserted into (10, 11). With the help of (8) the set of par-
tial integro-differential equations (10, 11) reduce to a set
of ordinary integro-differential equations for the matrix-
valued expectation values c>n,m(t, t′) ..= ⟨ĉn(t)ĉm(t′)†⟩
and c<n,m(t, t′) ..= ⟨ĉm(t′)†ĉn(t)⟩ in the two-time plane.
The self-energies can be expanded in the same basis func-
tions

Σ≷(1, 1′) = ∓i
F∑
b,a

Σ
≷
b,a(t, t

′)ϕb(r)ϕ
∗
a(r

′),

Σ
≷
b,a(t, t

′) = λ2
F∑

n,m

( B∑
j,k

e∓i(ϵj−ϵk)(t−t′) (1 + nB(ϵj))nB(ϵk)∫
drϕ∗b(r)ϕn(r)ϕ̃j(r)ϕ̃

∗
k(r)︸ ︷︷ ︸

..=Vb,n,j,k

c≷n,m(t, t′)Vm,a,k,j

)
,

ΣHb,a
= λ

B∑
j

e−iϵj0
+

nB(ϵj)Vb,a,j,j .

(16)

The coefficients c
≷
n,m(t, t′) are propagated in the dis-

cretized two-time plane according to (10, 11). Not all
four equations are needed, because the Green’s functions
are skew-hermitian,

S≷(1, 1′) = −S≷(1′, 1)† → c≷n,m(t, t′) = c≷∗
m,n(t

′, t). (17)

Thus it is only necessary to calculate c
≷
n,m(t, t′) in

the corresponding upper/lower triangle of the two-time
plane [22–30]. Consequently, only (10) is used for
c>n,m(t, t′) in t-direction and (11) for c<n,m(t, t′) in t′-
direction. For the time-diagonal instead only c<n,m(t, t)
is propagated through a combination of both Eqs.

(10, 11), and c>n,m(t, t) is then fixed via the (equal-
time) anti-commutation relation for fermions, c>n,m(t, t)+
c<n,m(t, t) = δn,m. The resulting equations are

∂

∂t
c>n,m(t, t′) + i

F∑
i

Veffn,i(t)c
>
i,m(t, t′) = I>n,m1(t, t

′),

∂

∂t′
c<n,m(t, t′)− i

F∑
i

c<n,i(t, t
′)Veffi,m(t′) = I<n,m2(t, t

′),

− ∂

∂t
c<n,m(t, t) + i[c<, Veff ]n,m(t) = I<n,m1(t, t)− I<n,m2(t, t)

(18)

with

Veffn,m(t) = Enδn,m +ΣHn,m,

[c<, Veff ]n,m(t) =

F∑
i

c<n,i(t, t)Veffi,m(t)− Veffn,i(t)c
<
i,m(t, t),

(19)

and

I>n,m1(t, t
′) = −

∫ t

t0

dt̄

F∑
i

[
Σ>

n,i(t, t̄) + Σ<
n,i(t, t̄)

]
c>i,m(t̄, t′)

+

∫ t′

t0

dt̄

F∑
i

Σ>
n,i(t, t̄)

[
c>i,m(t̄, t′) + c<i,m(t̄, t′)

]
,

I<n,m1(t, t
′) =

∫ t

t0

dt̄

F∑
i

[
Σ>

n,i(t, t̄) + Σ<
n,i(t, t̄)

]
c<i,m(t̄, t′)

−
∫ t′

t0

dt̄

F∑
i

Σ<
n,i(t, t̄)

[
c>i,m(t̄, t′) + c<i,m(t̄, t′)

]
,

I<n,m2(t, t
′) =

∫ t

t0

dt̄

F∑
i

[
c>n,i(t, t̄) + c<n,i(t, t̄)

]
Σ<

i,m(t̄, t′)

−
∫ t′

t0

dt̄

F∑
i

c<n,i(t, t̄)

[
Σ>

i,m(t̄, t′) + Σ<
i,m(t̄, t′)

]
.

(20)

The solution to this highly coupled system of ordi-
nary integro-differential equations, is obtained numeri-
cally. We apply a predictor-corrector method known as
“Heun’s method”, which has already been used in previ-
ous works [22–28, 30], (in many cases even the explicit
“Euler method” gives sufficient accuracy). For a detailed
overview of the numerical treatment we refer the reader
to [31, 32].

For the following calculations, the model parameters
are: mb = 138MeV, mf = 938MeV, L = 20 fm, Lbath =
55 fm, Tbath = 100MeV, µbath = 0MeV, λ = 0.25,
V0 = 12.8MeV, a = 1.2 fm, Nt = 4000, δt = 0.01 fm,
F = 25 and B = 30. We have checked the depen-
dence on the discretization value and the cut-off param-
eters. For the bound state we have a binding energy
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of E0 ∼ −2.23MeV [19]. We neglect the Hartree term
in the following calculations, because it only leads to a
Tbath and µbath dependent shift of the energy levels, but
it does not contribute to the thermalization process due
to scatterings. The coefficients c<n,m(0, 0), i.e., the ini-
tial density matrix, have to be specified to describe the
initial fermionic system at time t = 0. The diagonal ele-
ments c<n,n(t, t) define the occupation number of the cor-
responding state, whereas the off diagonal entries specify
quantum correlations among various states.

Spectral properties. Unlike the master-equation ap-
proach, the Green’s function contains spectral informa-
tion about the particle states of the system instead of
just statistical information. For this purpose we de-
fine the spectral coefficients as an,m(t, t′) ..= c>n,m(t, t′) +
c<n,m(t, t′). In the following, we introduce a central time,

T̄ = t+t′

2 , and a relative time, ∆t = t − t′ [17, 21, 27]
(other parameterizations are possible [29]). These spec-
tral coefficients oscillate in relative time by a character-
istic frequency, which can be interpreted as the quasi-
particle energy of this state. To make this clearer, we in-
troduce the Wigner transform of the spectral coefficients
as

ãn,m(ω, T̄ ) =

∫
d∆t eiω∆tan,m(T̄ +

∆t

2
, T̄ − ∆t

2
). (21)

In the no-interaction case, we can directly see from
(14), that the Wigner transform is just a δ-distribution
at frequency ω = ϵn. When we switch on the interaction,
the finite self-energies lead to a shift of the peak (real part
of the retarded self-energy) and a broadening of the spec-
tral function (due to the imaginary part of the retarded
self-energy), where the width Γ can be understood as an
inverse life time of the state [17, 21, 27]:

Γn,m(T̄ , ω) = −2 Im(Σret
n,m(T̄, ω)) =

∫
d∆t eiω∆t

[(
Σ>

n,m

(
T̄ +

∆t

2
, T̄ − ∆t

2

)
+Σ<

n,m

(
T̄ +

∆t

2
, T̄ − ∆t

2

))]
,

(22)

Re(Σret
n,m(T̄, ω)) =

−i

2

∫
d∆t eiω∆t

[
sign(∆t)(

Σ>
n,m

(
T̄ +

∆t

2
, T̄ − ∆t

2

)
+Σ<

n,m

(
T̄ +

∆t

2
, T̄ − ∆t

2

))]
.

(23)

In Fig. 1 the spectral functions of three different states
are shown, the bound state and two continuum states.
For this particular example, we evolve the system for the
initial occupation number depicted in Fig. 2. The off di-
agonal elements are taken to be zero. For the central time
we take 20 fm. The spectral width is about 250MeV,
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a 2
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24
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FIG. 1. Spectral functions ã0,0(ω, T = 20fm), ã10,10(ω, T =
20fm) and ã24,24(ω, T = 20fm).

and decreases for higher states. The two slightly sep-
arate lines in the plots show the position of the “on-
shell” energy En (blue line) and the “in-medium” energy
En+Re(Σret

n,n(T̄ , ω)) (black line). Again we observe, that
the shift of the peak gets smaller for higher states.
Equilibration and Thermalization. The process of equi-

libration and thermalization of the system can now be
discussed. In the long-time limit the system should ap-
proach a thermal equilibrium fixed point defined by Tbath.
In this limit, the diagonal elements c<n,n(t, t) should ap-
proach the Fermi-Dirac distribution

limt→∞c
<
n,n(t, t) =

∫
dω

2π
nF(Tsyst, µsyst, ω) ãn,n(ω, T̄ )

≈ nF(Tsyst, µsyst, Emedium(En, λ, Tbath)).

(24)

In Fig. 2, we show the evolution of the occupation
numbers c<n,n(t, t) from the initial conditions through in-
termediate times until full equilibration has emerged.
The temperature Tsyst = Tbath is reached independently
of the coupling or initial conditions, but the chemical po-
tential in thermal equilibrium depends, of course on the
total number of fermions. This originates from the fact,
that the Kadanoff-Baym equations are conserving parti-
cle number (and energy/momentum for closed systems),
if the self-energies are Φ-derivable [33].
Decoherence. All numerical simulations show, that

the off-diagonal elements, if initially non-zero, vanish for
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n

0.0
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thermal fit

FIG. 2. c<n,n(t, t) plotted for different times t =
0 fm, 5 fm, 15 fmand 40 fm. The occupation number of the fi-
nal states (t = 40fm) was fitted to a Fermi-Dirac distribution
yield Tsystem ≈ 108MeV and µsystem ≈ −120MeV.

long times. Thus, we want to emphasize, that the fea-
ture of quantum decoherence is automatically included
in the Kadanoff-Baym equations. To demonstrate this
more concretely, we consider one single fermion being
initially in a pure, superimposed state of two levels, i.e.
|ϕ⟩super = 1√

2
(|ϕ10⟩ + |ϕ15⟩), and alternatively a single

level in the ground state |ϕ⟩ground = |ϕ0⟩. For the su-

perimposed state, one has c<10,10(0, 0) = c<15,10(0, 0) =

c<10,15(0, 0) = c<15,15(0, 0) = 0.5, and for the single ground

state we have c<0,0(0, 0) = 1.0.

In Fig. 3, the decay of both pure states into a mixed
state is shown. The off-diagonal element c<10,15(t, t)

..=

⟨ĉ15(t)†ĉ10(t)⟩ for the two-level system dies out quickly
due to the ongoing dephasing of random scatterings of
the fermion with the bath particles. One can see, that
the off-diagonal elements first decay before the system
finally equilibrates (FIG. 3, top). The equilibration time
towards thermal equilibrium for all occupation numbers
is larger than in the case of initially vanishing off-diagonal
elements on a timescale dictated by the coupling, tem-
perature and density. In principle, the phenomenon of
decoherence is the foundation to allow the use of more
simplistic kinetic-quantum-Boltzmann equations or stan-
dard Master-equations.

t [fm]0.0

0.1

0.2

0.3

0.4

0.5

|c
n(

t)
c m

(t)
| | c0(t) c0(t) |

| c10(t) c10(t) |
| c15(t) c10(t) |
| c15(t) c15(t) |

0 20 40 60 80 100
t [fm]

0.0

0.1

0.2

0.3

0.4

0.5

|c
n(

t)
c m

(t)
| | c0(t) c0(t) |

| c10(t) c10(t) |
| c15(t) c10(t) |
| c15(t) c15(t) |

FIG. 3. The initial two-level system (top) and the initial
single level (bottom) plotted for slightly increased coupling
λ = 0.35 and bigger time-steps δt = 0.04 fm. Due to the lower
particle number, the equilibration time increases compared to
the previous setup (FIG. 2).

Summary and Conclusions. Green’s functions have
been studied for homogeneous systems in [25–27] and
also for inhomogeneous systems in [22–24, 28, 32]. The
question of equilibration in a closed quantum system was
discussed in the homogeneous case in [27], but in an
open quantum system for the inhomogeneous case equi-
libration and decoherence have not been analyzed in this
framework. We have shown, for the first time, that the
framework of Kadanoff-Baym equations is more powerful
to solve non-equilibrium problems in quantum mechanics
than the widely used Lindblad formalism, albeit numeri-
cally expensive. The Kadanoff-Baym equations preserve
local conservation laws, the norm and complete positiv-
ity of the occupation numbers by construction. In an
open quantum system, thermalization is reached for the
dressed quantum degrees of freedom and quantum corre-
lations decohere by the same interactions among the sys-
tem and bath degrees of freedom. We have demonstrated
these features for fermionic particles (e.g., nucleons) with
an external potential to produce a bound state (E0 < 0)
in the presence of lighter bosonic particles (e.g. pions)
in one spatial dimension. The extension to three dimen-
sions is straight forward, in order to demonstrate how
bound states are formed, populated, depopulated, and
how they thermalize in an open quantum system [34].
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Such an understanding is ,e.g. relevant for the formation
of deuterons [19, 35–37] or heavy quarkonia (J/Ψ’s) [38]
in a relativistic heavy ion collision.
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