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Chapter 1

Kinematics

1.1 Introduction

While the didactics of quantum theory is difficult, because its interpretation is difficult and partially still
controversial and one thus often has to use historical heuristic arguments and then teaches historically
interesting but overcome concepts, in the case of Special Relativity Theory (SRT) no such excuse can
be found. Here, the didactic sin is just due to the inertia of textbook authors to invent a better way
of teaching the subject instead of inventing a new way to introduce it and thus go back to the very
early original and textbook literature. This leads to an overemphasis of the “paradoxical” aspects of the
theory. Instead of concentrating on the naturalness of the theory, emerging from simple empirical facts
about electromagnetic phenomena as in Einstein’s original paper [[Ein05]], which is a masterpiece not
only in theoretical physics but also in scientific prose, one investigates the problems of parking a length
contracted car in too short garages or the different aging of twins, depending on their travel habits.

Also some other problems, long overcome due to the detailed mathematical analysis of the theory
by Minkowski [Min09]], are overemphasized or unnecessarily introduced, among them the idea of a
“relativistic mass”, depending on the velocity of the particle or the Lorentz-transformation properties
of thermodynamic quantities like temperature and chemical potential of a gas.

In this article I try to give an introduction into SRT which is as simple as possible and try to avoid
an overempbhasis of the unintuitive features by treating them with the full machinery of the covariant
Minkowski-space formulation. First, the space-time structure is postulated, using the arguments in
Einstein’s paper but formulating everything in modern four-vector notation a la Minkowski. The usual
kinematic effects (relativity of simultaneity, time dilation, and length contraction) will be discussed
within this framework and finally also the Lorentz boosts are derived. Minkowski diagrams with the
correct geometry, leading to apparently different scales on the temporal and spatial axes of different
inertial observers’ reference frames, based on the indefinite Minkowski product are introduced and the
kinematic effects illustrated with their help.

In the next Sect. the basic classical mechanics of a point particle is treated in a manifestly covariant way,
leading to the introduction of proper time and constraints to force laws.

After this, the classical statistics of many-particle systems and the ideal gas is introduced, leading to a
clear description of the thermodynamic quantities like temperature, entropy, chemical potential, etc.
Finally also the basics of relativistically covariant electrodynamics is introduced by “translating” the
(microscopic) Maxwell equations to the framework, showing that the original Maxwell equations have
already been a relativistic theory and thus must have lead inevitably to the discovery of the special-
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1. Kinematics

relativistic space-time structure.

1.2 The special-relativistic space-time model

Around 1900 one of the most pressing questions in theoretical physics was the question, how to deter-
mine the rest frame of the ether. The ether was thought to be a substance through which electromag-
netic waves, as very successfully described by Maxwell’s equations, should propagate as sound waves
through air. The only problem was that this ether should have very strange properties and that no-
body could find a clear empirical evidence for its existence. From a mathematical point of view the
problem was that Maxwell’s equations are not invariant under Galilei transformations, which describe
the change from one inertial reference frame to another, moving with constant relative velocity within
Newtonian mechanics. Various transformations, keeping the Maxwell equations of the free field in-
variant, were known already since the 19th century{l} but only Einstein drew that conclusion that one
must reformulate the description of space and time in a comprehensive way, i.e., that the space-time
structure of all of physics is different from the Galilei-Newton space-time model successtully used for
almost 300 years before.

He started with two postulates:

1. The physical laws look the same in any inertial reference. An inertial reference frame is a frame,
where a body stays at rest or moves with constant velocity, if there are no forces acting on that

body.

2. The velocity of electromagnetics waves (particularly including light) in a vacuum is independent
of the velocity of the light source and that of the observer.

The first postulate is valid in Newtonian physics as well. Since Einstein considered the equivalence of
all inertial frames to be valid also for electromagnetic phenomena, which are correctly described by
Maxwell’s theory, the second postulate must hold true, since any inertial observer will describe the
same situation of emission of electromagnetic waves by the same Maxwell equations, and the Maxwell
equations contain the speed of light in the vacuum as a parameter] [Jac98]). Tacitly, he also made another
assumption: Any inertial observer will find that in the physical space the laws of Euclidean geometry is
valid, which is true in Newtonian mechanics too. In a way this is also implicit in the assumption of the
invariance of Maxwell’s equations, which is formulated in terms of vector calculus in three-dimensional
Euclidean space.

With these postulates, we can infer the correct space-time description without using the full math of
the Maxwell equations. To this end we consider an inertial observer, Alice, sending a short light signal
from a point source. According to the above postulates the corresponding spherical wave propagates
with a constant speed ¢ around the light source, which we locate at the origin of Alice’s Cartesian
coordinate system. If she sent her light signal at ¢ =0, the wave packet obeys the equation

2P —x*=0. (1.2.1)
Here X is any point at the wave packet.

Now according the Einstein’s 2nd theorem another observer, Bob, moving with the constant velocity

9 = ¢ 3 with respect to Alice will also describe this light wave as a spherical wave from his origin, when

Isee, https://en.wikipedia.org/wiki/History_of_Lorentz_transformations
?Here and in the following I use Heaviside-Lorentz units to discuss the Maxwell equations, which are the most natural
system of units, particularly in the context of the theory of relativity.
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1.2. The special-velativistic space-time model

we assume that he meets Alice at £ = 0 at the origin of here Cartesian coordinate system, and the wave
packet will also travel with the same speed ¢ as in Alice’s frame. This, however, can only be true if
not only the spatial coordinates change when transforming from Alice’s to Bob’s coordinates (and vice
versa) but also the time. If we thus denote Bob’s time and space coordinates with ¢ and X respectively,
he will also describe the wave packet by the same equation (1.2.1), as Alice, but of course using his
space-time coordinates:

AP % =0 (1.2.2)
Further due to the first postulate, the transformations between Alice’s coordinates and Bob’s must be
linear, because the motion of any force-free body in her inertial reference frame with constant velocity
must be also described as such a motion in his inertial reference frame.
Now the most simple way to achieve this, is to use Minkowski’s idea of 1908 to describe space and time
together as a four-dimensional affine space with four-dimensional vectors. Alice uses her coordinates
to map these four-dimensional vectors to R*: (x#) = (ct,x!,x%,x>). For reasons, which will become
clear in a moment we use upper indices ¢ € {0,1,2,3} to label the time and space coordinates. The
four-vector itself is then given with help of the corresponding basis vectors e, (with a lower index),
x = x*e,,, where we define that one has to sum over any pair of indices appearing twice in an equation
from 0 to 3 (Einstein’s summation convention). When now Alice defines a bilinear form with her
coordinates (x#) as

x-y=x%°—%.7, (1.2.3)

then the Eq. can be written as

x-x=:x2=0. (1.2.4)

Obviously for the here introduced “pseudo-Cartesian” basis vectors e, the bilinear form is uniquely
defined by
1 for u=v=0,
e,ce,=7n,:=4—1 for u=v, wuve{l,23}, (1.2.5)
0 for u#v, w,ve(0,1,2,3}

With this definition we can write (1.2.3), using the Einstein summation convention again,
Xy =1,,x4". (1.2.6)

Then (1.2.2) holds true, if we assume that Bob simply also uses pseudo-Cartesian basis vectors € u» for

which also (1.2.5) holds. Then the linear transformation between Alice’s and Bob’s coordinates is given
by a matrix (A# ) € R* such that

e, =2\, (1.2.7)
and the requirement that also Bob’s basis vectors are pseudo-Cartesian yields

— — - v - v
Now =€ -ea_A”peH-Agev_A”pA

: (1.2.8)

0';7HV'
This is very similar to the definition of an orthogonal matrix in a four-dimensional Euclidean vector
space. The only difference is that in the above introduced bilinear form, the Minkowski product,
the spatial coordinates occur with a — sign, i.e., the Minkowski product is not positive definite as the
Cartesian product. We shall come back to the concrete form of these so-called Lorentz transformations
A#, but first it is worth to consider the “geometry” of the now defined affine space-time continuum,
the Minkowski space.



1. Kinematics

To this end we consider the motion of point particles along the 1 axis of Alice’s reference frame. These
motions we can describe in a ¢-x! or better, measuring time in terms of x° = c¢, in an x%x! plane.
We draw the corresponding axes for Alice’s frame in a Cartesian coordinate system, i.e., with the axes
perpendicular to each other, but one must keep in mind that this Euclidean angle in this plane has no
proper geometrical meaning in Minkowski space. This is so, because instead of the idea of a “distance”
between two points in the Euclidean plane, here we must use the Minkowski product to define a kind
of “distance” between points. However, this distance is not a proper one, because using the Minkowski
product (x —y)-(x —y), where x and y are arbitrary vectors in Alice’s x°-x! plane, this “square of the
distance” can be positive, negative, and also vanish even, if x # y. Obviously a light signal as introduced
above will always travel along such a null vector. For a light signal started at # = 0 in the origin, it
is described by the vector x # 0 with x - x = 0. For the spacial basis vectors we have e; - b; = —1 for
7 €{1,2,3}. Thus we call any vector x with x-x < Oaspace-like vector. The time axis is described by the
basis vector ey, which fulfills e, - e, = 1, and thus any vector x with x - x > 0 is called a time-like vector.
Now any motion of a point-like object, moving along the e, direction including the observer (which
we idealize as a point-like object as well) is described as a “world line” in the x%x! plane. Particularly
Alice’s world line is defined as being at rest at x! = 0, and thus her world line is described by x, = Ae,
with A € R, i.e., Alice’s world line is just the vertical axis in our Minkowski diagram.

Now, the same arguments can be made with respect to Bob, whose world line is along his time-like
basis vector! In Alice’s reference frame, he is however moving with constant velocity v = Sc¢ along
Alice’s x!-axis, i.e., for Alice, his world line is given in terms of her space-time coordinates by

x2 ct
()

where we assume that at # = 0 Bob is located at Alice’s origin, x! = 0.
On the other hand, we can write this in a coordinate-independent way as

The unit vector
1 1
ut) = < > with y= —— 1.2.11

is Bob’s four-velocity, and in (1.2.11) we have written the components with respect to Alice’s basis.
We can also easily construct Bob’s spacial basis vector in Alice’s 01-plane. It should fulfil the constraints
El ‘EO:O, El 'El :_1 (1.2.12)

In Alice’s coordinates it is obviously given by

el :y</f>. (1.2.13)

The unit vectors e, particularly define Bob’s space-time units in the (ct, x1) plane, which can also be

found by drawing the temporal (upper sign) and spatial (lower sign) unit hyperbolas (c)?—(x,)? = %1
in the corresponding Minkowski diagram (cf. Fig.

Now it is already easy to discuss some simple kinematic effects. We begin with two events x and y
happening at the same place for Alice at times ¢, and ;. The time difference according to Alice and
Bob is given by

1 1
AtA:—MA‘(y_x):ty_tx, AtB:—uB(y—x):)/AtAhce, (12.14)
Cc Cc
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1.2. The special-velativistic space-time model

Figure 1.1: Minkowski diagram, illustrating the construction of Bob’s space-time coordinates: The thick red
lines are Bob’s ct and x" axis. The corresponding units are given by the blue hyperbolas (ct*)—(x')? = £n?
withn €{1,2,...}. Wealso draw the corresponding coordinate grid (light dotted red lines). The orange lines
ct = %x! define the light cone in this space-time plane.

i.e., according to Bob’s clock the time between the two events is longer by a Lorentz-y factor. This
phenomenon is known as time dilation. It is also clear that for Bob the events do not occur at the
same position. The distance can be calculated from Bob’s spatial coordinates of these events

(5 —x)' =—e,-(y —x)=—LBcyAty =—LBcAty. (1.2.15)

This is indeed trivial, because during the time Aty between the events Bob travels the distance ScAty
along the Alice’s 1-axis.

Next we consider a rigid rod at rest in Alice’s reference frame located in her 1-direction. The ends of
the rod are described in terms of Alice’s coordinates as

A A
(x”):<x1>, (y”):<y2>, A A €R. (1.2.16)

She measures the spacial distance by reading off the coordinates at the same time ,, i.e., for A, = A,,

and she finds
0
U _ .1 1
(y —x) _<y x> > Ly=|y —x| (1.2.17)

Now, Bob will measure a different length, if we define the length of the rod, which of course moves
with respect to his frame in the negative 1 direction, to be measured in the analogous way as for the

9



1. Kinematics

Figure 1.2: Left: Minkowski diagram illustrating the time-dilation effect. The time between two events at
the same place x' = 0 in Alice’s frame appears longer as measured by Bob, for whom the events are of course
also not taking place at the same position. Right: Minkowski diagram illustrating the length-contraction
effect: The blue lines are the world lines of the end points of the rod, being at rest with respect to Alice’s
reference frame. She measures the length to be L, = 2 a.u. In Bob’s frame the rod moves, and its length is
measured by Bob by marking his coordinates of the endpoints simultaneously at his time t =0. Comparing
the corresponding length Ly to the 2a.n. mark, labeled as 2 in his reference frame, one realizes that Ly < 2 a.n.
One should realize that the unit length in the different reference frames are given by the intersection of the
corresponding observers temporal and spatial axes with the corresponding unit hyperbolae.

rod at rest: Bob reads off the spatial coordinates of the rod at the same time as measured by his clock!
To figure this out in terms of Alice’s coordinates (1.2.16), we first evaluate the time interval in terms of
the parameters A, A,, and L, (assuming that y —x =L, > 0):

Aty =y (y—x) = y[(h— ) — BL,] =0 (1.2.18)
= ,12_,11 = /BLA.

The condition employed is that Bob measures the length by marking the spatial coordinates at the same
time. Now Bob’s spatial coordinate of the difference vector with this constraint on A, — A, leads to

L
Lyy,=—¢,-(y—x)=yLy(1— %)= 7A = /1= 2L,. (1.2.19)

This phenomenon is known as length contraction, because Bob measures the length of the moving
rod to be shorter by an inverse Lorentz factor 1/y = 4/1— 32.

Usually it is more convenient to define the length of an object as the length in its rest frame, i.e., L in
our case. For an arbitrarily moving rod this proper length can be expressed in covariant terms. If the
four-velocity of the rod is #, in Alice’s coordinates its coordinates are obviously given by (z#) = (1,0)T,
and thus the proper length can be evaluated with help of the Minkowski product between four-vectors,
because the spatial part of the difference vector in the rest frame of the rod (which is in our case Alice’s
reference frame) is given by

(y_x)S,proper = (y—X)—M[M (y_x)] (1220)
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1.2. The special-velativistic space-time model

and thus the proper length of the rod by

Lf)roper :LZA :_(y_x)S,proper '(y_x)S,proper = [M (y_x)]z_(y_x)(y_x) (1.2.21)

We can also generalize Bob’s measurement of the length of a rod that is not oriented along Alice’s 1-axis
(assuming again the rod being at rest in Alice’s frame). In Alice’s frame the world lines of the end points

of the rod are now given by
A A
Uy — 1 Uy 2

The length of the rod in Alice’s frame is given by the proper distance (1.2.20), i.e., by
Ly=(—X%)-(—3). (1.2.23)

For Bob we have to repeat the calculation from above. In terms of Alice’s coordinates the time differ-
ence between the location of the endpoint of the rod is

g (=0 =y[(h—A)— B —x)]=0 = (=)= B0 —x), (1.2.24)

and the spatial components as measured by Bob by

1 xl

' —F =20 =l ) = )= T
y—xt=—e, (y—x)=—e,- (y —x) =9? —x?, (1.2.25)
P E =8y x) =ty (y ) =9 .

Here we have made use of the fact that we can choose as the additional two spatial vectors e, and e;
for Bob Alice’s spatial vectors e, and e;, because they are perpendicular to both e, and e,. This choice
is in some sense natural, because we just don’t rotate the axes perpendicular to the direction of Bob’s
motion relative to Alice. From we can evaluate the length of the rod as measured by Bob as

o' =%y

2 __
="

+(? =2+ (7 =) (1.2.26)

This just means that for Bob the projection of the rod perpendicular to Bob’s velocity relative to Alice
is the same length as measured by Alice (i.e., in the rest frame of the rod), while the part parallel to
Bob’s velocity gets length contracted by an inverse Lorentz factor.

Finally also the simultaneity of events is a frame-dependent notion. Suppose from Alice’s point of view
there are two events at different places at the same time, ¢, 1.e.,

(xH) = <‘;> (y#)= <‘yf> (1.2.27)

Then Bob finds that the events are not simultaneous, but the time difference is given by

1 rB

f:—uB-(y—x):T(yl—xl). (1.2.28)
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1. Kinematics

1.3 The twin “paradox”

The twin paradox is simply an example for the time dilation effect. Suppose Alice stays at rest within
her inertial reference frame and consider Bob traveling with a large speed. After some time ¢ (as mea-
sured by Alice) they meet again and compare their clocks. Because of the time-dilation effect Bob’s
clock, measuring Bob’s proper time, is behind Alice’s, which means that Bob has aged less than Alice
during his travel. As an example, assume that Bob starts at ¢ = 0 traveling on a circle in the x!x?-plane
with constant angular velocity. In Alice’s inertial frame this motion is given by the world line, which
we parametrize with Alice’s time, ¢, as a parameter,

ct
R[cos(ewt)—1]
Rsinwt
0

[x“(t)] = (1.3.1)

Now it is easy to calculate Bob’s proper time as a function of Alice’s time,

t / / 4 2R2 2R2
T:1J dt,\J dxﬂ(t)dx#(t):f dt,\ll_wR :t«_wk. 132
¢ Jo de/ de/ 0 c? c?

This means that Bob is aging slower than Alice during his travel by a factor given by the square route
which is 1/y = 4/1—v2/c? with Bob’s speed v = wR.

Of course, this treatment implies that the time-dilation effect can be calculated by adding the incremen-
tal proper-time elements, using a sequence of instantaneous inertial reference frames also for accelerated
motion. Indeed, this assumption has been verified by comparing the lifetime of various instable par-
ticles running at relativistic speeds in storage rings to their lifetime when they are at rest. Lifetime
measurements for unstable particles flying with constant velocity also confirm the relativistic time-

dilation factorfl

1.4 General Lorentz transformations

Now we go back to the question, how to transform Alice’s to Bob’s coordinates. We start with the
rotation free boosts, which we have already employed in the previous section. Suppose again that Bob
is moving with a constant speed B¢ along Alice’s x!-axis. Then by definition a rotation-free Lorentz
transformation is defined as the linear map from Alice’s to Bob’s frame, when Bob uses the basis vectors,
given in terms of Alice’s coordinates

1 p
/6 1 —#):

(Eg) = }/ O 4 (Ef) = }/ O 4 (ez
0 0

(1.4.1)

O = O O
- O O O

3For references, see the Wikipedia entry on this subect:
https://en.wikipedia.org/wiki/Time_dilation_of_moving_particles
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Assuming that the origin of Bob’s spatial reference frame coincides at Alice’s at Alice’s time ¢ = 0 and
that then also Bob’s time # =0, we then find for the Bob’s coordinates of the event x

gox\  [ylct—px)
= 1
| x| y(x'—Bet)
(xH) e P . (1.4.2)
—e; X x?

This can be written with help of the Lorentz-transformation matrix as

/g —By 0 0

TH AR Y uyx_Ar_|—Pr v 00

x=A¥ x" with (A¥)=A= 0 0 1 0 (1.4.3)
0 0 01

It is easy to see that we can generalize this to a motion with a velocity ¢ in a a self-explaining (1+3)-

dimensional notation as R
. AT
B(B)= ( r. VA@T > (1.4.4)
—vB (r=1BB" +1,
Here /é = /é /| /é |, and one should note that

BB =B (1.4.5)

These so-called rotation-free Lorentz boosts are still not the complete set of Lorentz transformations,
which can be defined as the entire matrix group that leaves the Minkowski product invariant, i.e., for

which
Nuxtx” =n, X" with x°=Af x* (1.4.6)

Since this must hold true for any (x#) € R*, the sufficient and necessary condition is
OIOUAIO[(IAO.V = 77/.1\/ (1'4'7)

or In matrix notation

ATHA =4, (1.4.8)
This implies that all these matrices build a group, the Lorentz group, because if one has two Lorentz-
transformation matrices, fulfilling (1.4.8) also its product fulfills this equation. Indeed, because of 7> =
]]_ We have A A A A A A A A A A
(R A (R, Ky = ATATEA, A, = AT4R, = (149)
Now obviously, despite the general boosts also all the spatially orthogonal matrices (rotations
and space reflections) that are of the form
a AT
r=(1 9, (1.4.10)
0 O

where 0T = (0,0,0) and O € O(3) is an orthogonal R¥* matrix and also all combinations of such
matrices.

13



1. Kinematics

One can show that any Lorentz matrix can be decomposed in two orthogonal spatial transformations
and a boost in 1-direction in the form

A =R, B(Bé)R,. (1.4.11)

At the first glance one might think that thus the Lorentz transformations are parametrized by 7 pa-
rameters, because any rotation matrix is parametrized with an angle and an R*-unit vector, giving the
direction of the rotation according to the right-hand rule and there is an additional parameter /3, the
boost velocity, but that is not true.

To see this, we give a geometric proof of (1.4.11). To that end we think again about two inertial ob-
servers, Alice and Bob, using their Minkowski-space basis vectors. Compared to the derivation of the
rotation-free boosts above we just have to generalize to the case that both use arbitrary spatial Cartesian
basis vectors for their three space-like basis vectors. The only invariant quantity in the game is Bob’s
four-velocity vector uy with respect to Alice. Now we can construct the corresponding Lorentz matrix
of the form by transforming her basis vectors successively in Bob’s: First Alice uses a rotation

matrix R|" such that Bob’s three-velocity vector Sy = iy /ug points along her new 1-Axis, leading to
the new basis system, where Alice is still at rest

e, =(R;'Y

2 e (1.4.12)

Obviously one only needs only rwo angles to parametrize this rotation, namely the polar and azimuthal
angle of Alice’s old 1-axis with respect to the direction 3 of Bob’s three-velocity.

A g . 3 .
Then she performs a boost B~'(3¢]) to transform into Bob’s rest frame, leading to another Lorentz
basis

el = (B_l(,ﬁgl’)yo#e;. (1.4.13)

In the corresponding reference frame Bob is at rest, but the spatial vectors of this basis can be in an
arbitrary orientation relative to the spatial axes he has chosen. Thus he needs to perform another
rotation, parametrized by the three Euler angles between the spatial e;: vectors (perhaps followed by a
space reflection, if Bob chooses another orientation than Alice for his spatial Cartesian basis system)
to get to his originally chosen basis vectors

e, =R'Y €. (1.4.14)
Carefully putting the three steps (1.4.121i1.4.13)) together, one finally gets
e, = (Rz_lB(lﬁgl)Rl_l)Vﬂev = e, =(RB(BE)R,) e=N"e. (1.4.15)

We see that we need only two parameters for the rotation to adjust Alice’s spatial basis vectors such that
Bob’s velocity points in Alice’s new 1-direction, then the boost speed S and a full (proper or improper)
rotation, characterized by three parameters like the Euler angles, to get Bob’s spatial basis vectors in
the ones he has arbitrarily chosen. Thus the most general Lorentz transformation is characterized by
6 parameters.

Another way to characterize a boost is with help of the so-called rapidity. The idea is based on the
point of view that the boost is a kind of “hyperbolic rotation” in the 01-plane (for a boost in Alice’s 1
direction), directly reflecting the demand that Alice’s and Bob’s reference frames are “orthonormalized”
in the sense of the Minkowski product. This is reflected by the property of the Lorentz matrix that
its columns as well as its rows can be read as the components of the corresponding four vectors being

14



1.5. Addition of velocities

orthonormalized in the sense of the Minkowski product. For the boost (1.4.3) that means we can
parametrize the matrix with help of the rapidity 7 via

AOO =y =coshp, AO1 = AlO =—/fy =—sinhp, Al1 = cosh7. (1.4.16)

For the three-velocity v = B¢ of Bob with respect to Alice’s frame of reference this parametrization

leads to
8= A'y  sinhgp
A%  coshp

=tanh7), (1.4.17)

and the Lorentz matrix reads

coshn —sinhpy
| —sinhn  coshp
1 v) - 0 0
0 0

(1.4.18)

O - O O
- O O O

It is easy to show that two Lorentz boosts in the same direction leads again to a Lorentz boost in this
direction. Multiplying two Lorentz-boost matrices of the form (1.4.17) indeed leads to

By(n)By(n) = By(n, + 1)), (1.4.19)

where we have made use of the identities

sinh(n, +n,) = coshn, sinh 7, + sinhn, coshn,, cosh(n, + n,) = coshn, coshn, +sinhn, sinhn,.
(1.4.20)
The boosts in a fixed direction thus build an Abelian subgroup of the Lorentz group group, because
obviously not only is the composition of two such boosts another boost but according to one
also has

A A A A A

B,(n1)B(n,) = Bi(n2)B1(n1) = By (n; +1y). (1.4.21)

We note without derivation that this does 7ot hold true for the composition of boosts with boost
velocities in different directions! Such boosts are neither commutative nor do they lead to another pure
boost in whatever direction, but there is always an additional rotation, the so-called Wigner rotation
involved.

1.5 Addition of velocities

Here we investigate the question of the velocity of a point particle in different frames of reference. Let

us consider a point particle moving with three-velocity @ with respect to Bob’s frame of reference and
ask the question, which velocity Alice will measure. Again we assume that Bob moves with constant
velocity ¥ = Bce, along Alice’s 1 axis and the origin of space and time coordinates coincide in the two
reference frames. The most easy way to answer this question obviously is to translate everything into
manifestly covariant four-vectors and apply the Lorentz boost. To characterize the particle’s velocity
we again use the idea of its four-velocity, given by its components with respect to Bob’s reference frame

VI=P%

_ 1 - N
(W”)Zm<:> > with ,Bw:%@, yw:; (1.5.1)



1. Kinematics

The components of this four-vector with respect to Alice’s frame is found by applying (1.4.6) with
A=By(v)
—1
Voll+5u5.)
—1
P

—=3

B

Thus for the three-velocity with respect to Alice’s frame of reference we find

(W)= A (W)= B)(—o)W" =

w

—1
= 1)+ w
N W c ﬂ_z ﬁ
’ZZ):C—_—_l /Bw/}/’v . (1.5.3)

wo M
1+ 8,5, 3 Iy,

As we can see that is a pretty complicated law of “addition of two velocities”. This is due to the fact
that for the component in direction of the Bob’s velocity we have the effect of all three basic kinematic
effects, 1.e., time dilation, length contraction and relativity of simultaneity, while for the perpendicular
component there is no length contraction.

We can write (1.5.3) with help of the three-vectors in the form

—

-

.1 1 .= 1\ z B, B,

/Bw:zw: L lgv+y_/6w+<l__>ﬁv/6ﬁ2ﬂ ’ (1.5.4)
1+ﬂfu'le ’ ’

which can be rewritten after some algebra as

4 p—

1 5.7 o Yo B (7

Po=——|Bot But - Bux(Bux Bo)|. (15.5)
14 ﬁv ) ﬂ w o

For the magnitude we find, again after some algebra,

Bl = ﬁ\l </6_:u +ﬁw>2_ <Bw X ﬁw>2 (1.5.6)

1.6 Relative velocity

Closely related to the addition theorem of velocities, detailed in the previous section, is the definition
of relative velocity between two point particles. This is needed later to give a Poincaré-invariant defini-
tion of cross sections for two-particle collisions and a covariant formulation of the Boltzmann transport
equation in the relativistic kinetic theory of gases.

The relative velocity of a particle 2 relative to a particle 1 is defined as particle 2’s velocity in the rest-
frame of particle 1] To obtain the relative velocity we use the same idea as in the previous section. Let

*Of course, we have to assume that particle 1 has a mass 7, > 0, because a massless particle has no rest frame.
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1.7. The Lorentz group as a Lie group

the four-velocities of particle 1 and particle 2 with respect to an arbitrary inertial reference frame be
given as

Mf:;<—1»>, Méu:;<—1>> (1.6.1)
-\ V1-3

Then the rotation-free Lorentz bost to the rest frame of particle 1 is given by

A ) =BB)=( . by, > 1.6.2
() By <_V1ﬁ1 ]l3+(y1—1)ﬁ1,51T ( )

Indeed, it is easily seen by direct calculation that

(U%) = (A%, U”)=(1,0,0,0)". (1.6.3)

. . . . v 4 _ 1% = _ - - _
This means we can use the result of the previous section by setting W" = u} or B, = 3, and B, =

_B 1 Then we get from
- 1 . - .
ﬁrel:ﬁ[ﬁz_ﬁl"‘ h B1x (B4 X/Bz)] (1.6.4)

1-5,- 5, +n

and from (1.5.6)

Buil=——— (B Ba) = (B x o) (169

1.7 The Lorentz group as a Lie group

In this section we investigate the question, how to build finite Lorentz transformations successively
from “infinitesimal ones”. For that purpose we consider a general Lorentz transformation, which de-
viates from the unity matrix only by a small matrix

A4 =8F + 8w, (1.7.1)

Now we apply the characterization of the Lorentz transformation as a “pseudo-orthonormal transfor-
mation”, which keeps the Minkowski product invariant (1.4.7) up to first order in the & ¢:

!

qu*‘pAVJ =7pp+ (é‘a)pg + Swap) +0(8%) = Noos (1.7.2)

where we have used the usual rule for lowering indices,

Sw,, =n,,0 wh,. (1.7.3)
So from (1.7.2) up to first order we must have
Sw,, =—8w,,. (1.7.4)

So an infinitesimal Lorentz transformation is characterized by an anti-symmetric matrix S, with

p
(4-4—4)/2 =6 independent real parameters.

17



1. Kinematics

For the original infinitesimal matrices with an upper first and a lower second index we have
é‘co“v:r;*‘pgwp‘,:—nfupé‘va. (1.7.5)
Now we split these matrices into temporal and spatial components. Obviously we have
0 0 : : .
dw’; =7 PSQ)IO]- =Jdwy, Jdwly :r;]f’Sa)po =7" 8wy =—wjo =+, (1.7.6)

This means that & «° j =20 w’y. Thus we can build the mixed temporal-spatial components of the
matrix as linear combinations of the three symmetric matrices

0100 0010 0 0 01

A 1 000 A 0 00O A 0 00O
e | — 2\u | — I\u | —

0 00O 0 00O 1 000

A
Putting these matrices formaly in a three-vector with matrix-valued components K we see that the
spatio-temporal part of the infinitesimal Lorentz-transformation matrix can be written as

BSB)=1,—873-K. (1.7.8)

It is intuitively clear that this corresponds to an infinitesimal boost with the boost-velocity vector & 3.

To verify this we need to expand l) up to first order around [3 =0:

B(SB)=1,+88- <é%é(ﬁ)> B o(8?). (1.7.9)
f=0

It is, however simpler, to directly look at the full matrix itself instead of calculating the cumbersome

matrix-valued gradient in (1.7.10). Since

=L —1y0(8? (1.7.10)
V1-8p2
we indeed simply have
> _ 1 —SIB)T N > 5 2
B(8 ) = i 4 +O(8)=1,—8F-K+0(8?). (17.11)
- 3

For the purely spatial components of the infinitesimal matrix & &> we find

S, :anScopk =—Swj, = S’y =—dwj, =Sy, :—3a)kj, (1.7.12)

i.e., the spatial part is antisymmetric and of course refers to rotations. It can be built from the three
antisymmetric matrices

000 0 0 0 00 00 0 0
000 O 0 0 01 00 —1 0

o 7T— 2w 1— 3\e T—

[UY]=16 0 0 —1l [UI=15 o o ol [WAI=lg 1 o of @713
001 0 0 —1 0 0 00 0 0
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1.7. The Lorentz group as a Lie group

To see that one creates general rotations from that we investigate, how to obtain the finite transforma-

tions from the infinite ones. It is suggestive to think that a finite rotation of a three-vector around an

axis given by a unit vector 7 by a rotation angle ¢ can be built by successive infinitesimal rotations
A

—S o - J. This we can write in terms of a differential equation for
x'(p) :é(gaﬁ)x. (1.7.14)
Assuming that our idea is correkt this differential equation should read

ix/:—ﬁ-fx. (1.7.15)
dg

Given the initial-value condition X’(¢ = 0) = ¥ the formal solution reads

A
-

x'(p) = exp(—g7i -] )x. (1.7.16)

The matrix-exponential function is defined by the corresponding series

A ©0 1 A A
expM =" EM/Q, M°=1. (1.7.17)
k=0 """

To get this series for (1.7.16) we need the matrix (7 - ] }*. We note that all the matrix multipilications
deal only with the purely spatial 3 x 3-submatrices of the 4 x 4 Minkowski matrices (1.7.13). For these

submatrices we can write

A
-

(#-]), =n'ek, (1.7.18)

where ¢'/¥ is the usual three-dimensional Levi-Civita symbol, ¢!23 = 1 and totally antisymmetric under
permutation of its indices. Then we have

(i _;’)Z]jk T S N S (1.7.19)
So we have A
(7 -]y = (—1)* <8 13_07%T> = (=P (7), ke{1,2,3,..} (1.7.20)
and . .
(7] =(=1)"%-], ke{0,1,2,...}. (1.7.21)

Plugging this into (1.7.16) and writing out the series (1.7.17) for the matrix exponential for this case,

one finally obtains

A A
- -

ﬁ(gﬁ) =exp(—pni-J)= IA’”(Z) + cos go]sL(ﬁ) —sing(7-]). (1.7.22)
Applying this to a four-vector,
0

x
n(n-X)+cosp[x —n(n-x)]—sing(n x ,—5)>’ (1.7.23)

D=

which indeed describes the change of coordinates when one rotates the spatial basis around the axis 7
with an rotation angle ¢.

19



1. Kinematics

Now we consider the Lorentz boosts in a direction 7 in the analogous way, using the generators (1.7.7).
First we note that

. A O ﬁT = i\)z A A
K= , (7-K)"=Po+P(n) (1.7.29
n 03.
with
A 1 0
5 _ (1.7.25)
0 <O O3>
This implies
By = ik for ke{1,3,5,...}, (1.7.26)
Py+Py(7) for ke{2,4,6,...}.

Then the exponential series for a boost reads

exp(—nn .K) = cosh 77130 —sinhnn .K + (cosh n— 1)ﬁ||(ﬁ). (1.7.27)

Setting y = cosh7, B = sinh 7, we find indeed the matrix for a rotation-free boost

é(,é)—exp |,3|)n K with 7(8)=artanh (. (1.7.28)

It is clear that the rapidity is the natural parameter for the Lorentz boost, when built from successive
infinitesimal Lorentz boosts in the same direction, because the corresponding infinitesimal rapidities
add but not the infinitesimal speeds. However, for an infinitesimal boost we have

(8 B)ii =artanh 8 B7i = 8 B+ O(8 By = S B+ 0(8 B°). (1.7.29)

So up to O(8 3%) we can identify (|8 B|)ii ~ & 5.
As we need it in the next section we write down the matrix for an infinitesimal boost followed by an
infinitesimal rotation:

BSPROF) = (1,—8 B-K)\1,—85-) = L—8f-K—85-] =R(SFHBOF),  (1.7.30)

where we have only kept expressions in linear order of the infinitesimal parameters 8 8 and 8 ¢. Writ-
ing this out leads to

B(SB)R(SF)=R(83)B(SB)=1 0 —3" (1.7.31)
4 4 4t Sﬁ SgplewkﬂﬂT o

1.8 Fermi-Walker transport and Thomas precession

Let x#(s) denote an arbitrary time-like curve in spacetime, where the x# are components of the space-
time four-vector with respect to an arbitrary inertial Minkowski frame. One can think of this spacetime
curve as the worldline of an arbitrarily moving massive particle. The parameter s is chosen via the in-

variant increment
ds =cdr=,/dxdx,. (1.8.1)

ut = %x” (1.8.2)

Then the four-velocity is given by
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1.8. Fermi-Walker transport and Thomas precession

It is a time-like unit tangent vector along the worldline, i.e., by definition one has » ,#* =1 = const.

The idea of Fermi-Walker transport is to construct a set of local inertial rest frames along the worldline
by a transport prescription for arbitrary vectors along the world line such that

(a) u* is transported as itself along the curve, since it defines at any instant the time-like basis vector
ey = u of the comoving instantaneous inertial restframe of the particle.

Any Minkowski-unit vector n* with n#x, = 0 (which is necessarily space-like since it is Min-

kowski orthogonal to the time-like vector, i.e., n,n* = —1) should be transported along the

u
worldline from s to s +ds such that it stays

(b) Minkowski-orthogonal to #*,
(c) stays a spacelike Minkowski-unit vector, and

(d) it is unrotated with respect to the local inertial restframe at s.

The transport prescription fulfilling the properties (a)-(d) defines the Fermi-Walker transport.

Then it is easy to construct the set of instantaneous non-rotating Minkowski bases: One just starts at
the point xj = x#(s,) with an arbitrary Minkowski basis ngo)(so) = u(sy) and n(;y(s0) (G € {1,2,3})

such that nZH)(SO) . nzv)(so) =1,y and then defines n ,(s) by Fermi-walker transporting this basis along

the curve to obtain a locally rotation free basis along the entire curve.

The differential equation for Fermi-Walker transport of vectors is easily derived making use of the Lie
algebra of the Lorentz group discussed in Sect. The unit-tangent vector # within an infinitesimal

step ds changes by

du =dsa, a:iu. (1.8.3)
ds

Obviously it obeys
w-a=0, (1.8.4)

because # - u = 1 = const, and thus is spacelike and Minkowski orthogonal to #. Now the vector n(s)
should be transported along the infinitesimal path such that it is not rotated within the local inertial
restframe at the instance s and still stays perpendicular to #. Obviously this is achieved if we demand
that n is transported along the worldline from s to ds such that it undergoes an infinitesimal rotation-

free Lorentz boost in the #-a plane, i.e., according to (1.7.7) and (1.7.8) such that

dn =ds(a’u,—uta,)n" (1.8.5)
or q
el =a(u-n)—u(a-n). (1.8.6)
ds
For u - n = 0 it is immediately clear that dn = —dsu(a - n) is along the original time direction of the

local rest frame at instant s, i.e., it doesn’t change its spatial components wrt. this frame, and thus
particularly does not undergo any rotation relative to this frame. Applying to u itself one gets
du/ds = a as it must be since that is the definition of @. So with Fermi-Walker transporting #(s,) leads
to #(s) when integrating the equation for n = u. Further for any n Fermi-Walker transport does
not change the Minkowski length of this vector, because multiplying with 7 leads to

dn 1d



1. Kinematics

Last but not least also the scalar product # - n stays constant for any Fermi-Walker transported vector
n:

d(n u)_dn +n-d—u:[a(u-n)—u(a-n)]-u+n-a. (1.8.8)
ds ds ds
Because of and # - u = 1 this finally indeed gives
i(n-u):O. (1.8.9)
ds

Thus, the Fermi-Walker transport defined for an arbitrary set of vectors n(s) along the worldline via
the differential equation obeys the properties (a)-(d).

An important application of Fermi-Walker transport is the question, how a classical spin of a particle
behaves, if this particle is moving along an arbitrary time-like curve and if no torque is applied to it.
It is clear that then it should not rotate with respect to the rotation free instantaneous rest frames
defined by Fermi-Walker transport as described above. This implies that the spin itself is Ferm-Walker
transported. Since by definition spin is Minkowski-orthogonal to # its equation of motion is given by

(1.3.6),
dx du
—=—u b 1.8.10

dr <dT > ( )
where we used s = ¢ to write the equation in terms of proper time rather than Minkowski length of
the curve.

Now we want to show that the spin undergoes rotation with respect to an instantaneous inertial rest
frame that is defined as rotation free with respect to an arbitrary fixed inertial frame. Let us denote
components of the spin-four-vector with respect to this fixed inertial frame as ¥ = (£#) and that with
respect to this rest frame as ©* = (0, i*), where the latter holds true because of the relativistic definition
of spin in (any!) local rest frame of the particle. Thus we have

u-X=un-2=0. (1.8.11)

Now we want to evaluate d¥*/d7 to see that indeed this three-vector undergoes a rotation. Because

of the constraint (1.8.11) it is sufficient to consider the spatial part of (1.8.10), because we can write
(1.8.11) as

W= .5=4.5, (1.8.12)

NN

where we have used that #° = y and # = y /3, where /é is the three-velocity of the particle in the
fixed intertial frame. Now we want write the spatial part of (1.8.10) in terms of 3 and S. To simplify

notation, we write a dot for the derivative with respect to proper time, 7:

S = (. T)= Wy B-S—ii-Y). (1.8.13)
We note that 1 . . ‘
e 7:V3/6‘ﬁ, i=yB+yp (1.8.14)
1— 32
Plugging this into (1.8.13) after some algebra one finds
S=y3-2)5. (1.8.15)



1.8. Fermi-Walker transport and Thomas precession

Now we use to evaluate 3, i.e., the spin components in the instantaneous rest frame which is
unrotated w1th respect to the fixed 1nert1al frame. With (1.8.12) we find

= <io> - <—;5 (r— 1)7226;@ + ﬂ) <B§> B <i—rﬁ 50 )y +1) > (1519

For the final expression we have used

y—1__ya=p)—1_1y—1_ yU=y)__ 7 (1.8.17)

22 Ty R T |
Thus we have with

y+1 dr < +1
) (1.8.18)
ﬁrz[** r****} Y (BNE
- S— L (3. S| =L (3.5,
P69~ LB Bf-5) |- LB -5
where we have used ‘ ,
, 4 y @m oz
= = —0-0. 1.8.19
I dri4+y  (1+9y)2 (1+}/)2/8 b ( )
The next step is to express the scalar products involving 3. as expressions with &*. From (1.8.16) we
find
2 .. 3. - s .
gz —ﬁ2< = > GHII L2 fsoyGs (1.8.20)
y+1 y+1 Y
Further we have, again with (1.8.16

o, 3oa S 5oLy
B-x —ﬁ-Z—(ﬁ-ﬁ)(ﬁ-Z)m- (1.8.21)

Now we use this for the bracket in the first term in (1.8.18) and apply (1.8.20) in the second term, and

finally we obtain

x B) x & =y x 5, (1.8.22)

53] =

}/+1

i.e., in the instantaneous restframe that is rotation free to the fixed inertial frame the spin rotates with
the Thomas precession angular velocity,

- - -

Bxp = L5 (1.8.23)

r+1 Bl 2

The reason for this rotation is that B(T) and B(T + d7) need not be collinear, and thus the Lorentz

boosts Ag[ ,5 (1)] can be seen built from infinitesimal Lorentz boosts in different directions, but these
lead not to a pure boost again but to a boost followed by a rotation, the socalled Wigner rotation, and
this additional rotation figures into (1.8.22) leading to the Thomas precession with angular velocity
(1.8.23).
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1. Kinematics

This was important to derive the correct gyromagnetic factor of the electron in non-relativistic quan-
tum theory, leading to the correct fine structure (due to spin-orbit interaction) of the spectral lines of
hydrogen with help of the Pauli equation. Although the Thomas precession was already derived by
Silberstein [Sil14]], it had to be rediscovered by Thomas to solve the puzzle concerning a factor of 1/2
in the corresponding Hamilton operator of the spin-orbit interaction [[Tho26).
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Chapter 2

Mechanics

2.1 Particle dynamics

In this Section we leave the purely kinematic considerations and start to formulate dynamical laws. As
in Newtonian mechanics the most simple dynamical system is the motion of a single particle in some
field. However, in relativistic physics the notion of fields becomes much more important and in some
sense a fundamental issue, while in Newtonian mechanics nothing prevents the assumption of “action
at a distance”, i.e., forces among point particles, depending only on the positions of these particles at
a given instant of time. In the theory of relativity this concepts becomes problematic, because what it
means is that, if one defines the “action at a distance” in Alice’s frame of reference, due to the relativity
of simultaneity, this action is not simultaneous in Bob’s, moving with respect to Alice’s reference frame.
In any case the relation between the particles due to the action at a distance is among space-like separated
events. It is also not clear, in which sense the interaction between the particles is “causal”, because if
in one frame a space-like distance may have a positive time component it can have a negative one in
another frame.

The way out is to assume that forces are acting on a point particle only through the mediation of
fields, i.e., only locally at the space-time position of this point particle. The mutual interaction is then
understood by the creation of the field due to one or more particles at the place of the point particle
under consideration, and the fields themselves are described by dynamical laws, depending on their
various sources.

The paradigmatic example for such a model is Maxwell electromagnetism. As it turned out through
the work of many physicists at the end of the 19™ and the beginning of the 20 century, culminating
in Einstein’s famous paper of (1905) [Ein05]], Maxwell electrodynamics is a relativistic classical field
theory of “massless four-vector fields” (see Sect. [4.1).

In this Section we restrict ourselves to an approximation, where we consider the motion of a single
particle in a given electromagnetic field. We can assume that the latter is somehow caused by some given
somehow far away charge-current distributions, which can be considered as unaffected by the charge
under consideration. In addition we assume that we can also neglect the radiation of electromagnetic
waves from this “test charge”. This leads to the quite difficult problem of radiation reaction, which is
beyond the scope of this introduction to Special Relativity.

First of all it is convenient to represent the motion of our test particle in a manifestly covariant way.
There are two ways to achieve this goal: The first is to start from a description of the particle as a
trajectory in Minkowski space x(A), where A is an arbitrary scalar world-line parameter. The second
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2. Mechanics

is to use Hamilton’s principle and making the action functional a scalar, which then leads to Lorentz
covariant equations, which are however, not manifestly covariant. The third way is to combine both
ideas, leading to manifestly covariant equations of motion.

The first ansatz, however leads to the problem that instead of the usual three spatial components X
with respect to some inertial reference frame we introduce four (apparently independent) degrees of
freedom. On the other hand instead of an arbitrary world-line parameter one can use the particle’s
proper tim In terms of the coordinate time of an arbitrary inertial reference frame it is defined by

ds = cdr =dzy UWCZC—:%, (2.1.1)

which is obviously a Lorentz scalar. From its definition it follows that derivatives of x(7), with respect
to 7 always gives four-vectors, but the first derivative is constrained, because

dx dx
E_CE_CM’ 2.1.2)

where u is the normalized four-velocity introduced above. But now we indeed have the constraint

dx dx

as follows from the definition of the proper time (2.1.1). This shows that of the four components of
the four-velocity only three are independent and thus we can easily formulate equations of motion in
the spirit of Newton’s 2°d law in a covariant way. To this end we define the four-momentum of the
particle as

p=mcu, (2.1.4)

where m is the invariant mass of the particle. Indeed with respect to an arbitrary reference frame its
components read

1
(p”):mcy<~>, (2.1.5)
B
where ¢ /B is the velocity of the particle in the given reference frame and y = (1— Bz)_l/ 2 the Lorentz

factor. Now we consider the space-like part for a reference frame, where the particle’s speed is very

small compared to the speed of light, i.e., 8 =| /} | < 1 then we have for the spatial components
2
ﬁ:miy:m5<1+7+ﬁ(ﬁ4)>. (2.1.6)

So up to corrections of order @(3%) the definition of the momentum merges with the usual Newtonian
one in the limit 8 < 1 as it should be.

Now we can also make sense of the temporal component of (2.1.5):

pO:mcy:mc<l+;+ﬁ(IB4)> 2.1.7)

"Here we restrict ourselves to massive particles. Massless particles are special, of limited importance, and thus will not be
discussed in this manuscripts.
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or defining
E:ch:mczy:mcz—i-%*vz—l-mczﬁ(ﬁ“), (2.1.8)

we see that the spatial component is related to the kinetic energy of the particle in Newtonian physics.
The only difference is that, up to higher corrections in powers of [, it is convenient in relativistic
physics to include a constant rest energy

E,=mc? (2.1.9)

into the total energy of the particle. So the generalization of the kinetic energy to relativistically moving
particles is
E,=E—E,=mc*(y—1). (2.1.10)

Since y — oo for 8 — 1 we see that we need an infinite amount of energy to accelerate a particle
from rest to the speed of light, and this is impossible in practice. This is consistent with the notion
that a physically sensible trajectory must be described by a strictly time-like world line, which is tacitly
assumed by using the definition for proper time, because if the world line would not be time-
like the square root would become imaginary, which does not make sense for the definition of a time
variable.

Now we can formulate Newton’s 2" Law for the motion of a particle in a four-dimensionally covariant
way as
d d d?
—pt=mc—ut=m—x"=K¥", (2.1.11)
T dr dr2

where K# describes the force in terms of a four-vector, the Minkowski four-vector.

It is, however not totally arbitrary, because of the constraint (2.1.3). Taking the derivative of this
constraint with respect to T we find

du o, (2.1.12)
dr
i.e., multiplying (2.1.11) with ## leads to
K—u:nwK“MV:O. (2.1.13)

Now we can make sense of the time component of the equation of motion (2.1.11), which is automat-
ically fulfilled if the spatial components of this equation is solved and the Minkowski force fulfills the

necessary constraint (2.1.13), because we have

-

UWK'“MVZMOKO—Z[-/@:O = K% =7 - k. (2.1.14)

Thus we can rewrite the 0O-component of (2.1.11) as

du® i - = =
— =K’=—.K=4-K. 2.1.15
Sl 0 P ( )
Because of dt = 1—52dt =dt/u° we have
du® = K
= —_3.= 2.1.16
T P O ( )
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2. Mechanics

Multiplying this equation with ¢ and setting K = #°F we see that according to the definition of the

energy (2.1.9) and kinetic energy (2.1.10)

—3-F. (2.1.17)

Since from the spatial part of (2.1.11) we have the non-covariant form of the equation of motion

d. 1d. 1~ =
=——p=—K=F 2.1.18
&’ uy dr 1y ’ ( )

which shows that F is a force corresponding to the Newtonian notion of force as the time derivative of
the particle’s three-momentum, and thus is just the usual work-energy theorem. This shows
that the redundant temporal part of the covariant equation of motion is just the work-energy
theorem in covariant form.

We end our discussion of elementary one-particle dynamics with a note on “massless particles”. One
should, however, warn the readers that this is a quite academic example, because there is nothing in
nature that corresponds literally to a massless classical particle. Sometimes it is stated that this model
describes photons, but this is a very naive idea about a photon, which is well-defined only within
relativistic quantum field theory, and a careful analysis of this true meaning of photons shows that
there is no really meaningful classical limit in terms of a massless classical particle. Nevertheless it is
an interesting mathematical problem to state possible equations of motion for massless particles. The
definition of a massless classical particle is available through the limit 7 — 0, which is not as trivial as
it seems. It is clear that this limit makes only sense if we define it in terms of energy and momentum,
L.e., via

plup":mzczzo = p :—:|f|. (2.1.19)
This implies that the three-velocity of a massless particle has the constant magnitude ¢, because

p &M .
c— =

v=c- o] =c. (2.1.20)

>

This shows that for such a particle a four-velocity as it is defined above for massive particles does not
make any sense, because along the trajectory of the particle we have

det e _

ds?=n,  dt? =
S = Mt dr dt

dt*(*—3-9)=0 = dr =0, 2.1.21)
i.e., there is no natural definition of a “proper time”. This is also clear from the motivation for the
introduction of “proper time” as the time measured by an observer comoving with the particle, i.e., an
observer for whom the particle is always at rest, but we have just shown that in any inertial reference

frame the particle is moving with the speed of light ¢, i.e., there cannot be an instantaneous inertial rest
frame for a massless particle.

So to formulate the equations of motion in a manifestly covariant way, we must introduce an arbitrary
scalar parameter A and state the equation of motion as

u
dd% — K-, (2.1.22)
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2.2. Motion of a particle in an electromagnetic field

Since p,, p# =0, the constraint on possible Minkowski forces now reads
p K =0. (2.1.23)

So again, we only have to solve the equations of motion for the three spatial equations (2.1.22). Since
in general K depends on both p# and x* we just need to close these equations of motion with the
relation of the momentum to the spacetime coordinates. Thus it is more convenient to use the time of
the reference frame as a parameter, A =t and write

dp =
—=K 2.1.24
i (2.1.24)
and close the equations of motion simply via (2.1.20)
R (2.1.25)
de 7|

2.2 Motion of a particle in an electromagnetic field

Now it is pretty simple to guess equations of state in a manifestly covariant way. One important ex-
ample is the equation of motion of a charged point particle in an electromagnetic field. As will be
shown in Sect.[4.1]the electromagnetic field can be described by a antisymmetric tensor field F#*(xf) =
—F"H(xP), here written in terms of its components with respect to an arbitrary inertial frame of ref-
erence (“Alice”). The only property relevant for the discussion in this Section is its behavior under
Lorentz transformations. The here written contravariant (specified by superscript indices) tensor com-
ponents simply transform for each index like contravariant vector components, i.e., Bob will describe
the same field by the components

FP(xP) = A N gFP(xT)  with x7 = (A7) %P 2.2.1)

Now it is very easy to postulate the equations of motion of a particle in this field. With the electric
charge ¢, describing the coupling strength of the particle to the electromagnetic field it reads

d?x# . 1dx#
s =K{=qF" (xF)u, with nt =g u, =1 ,,ut. (2.2.2)
This form shows immediately that it is a covariant equation of motion and because F** = —F"* it

fulfills the constraint (2.1.13).

To bring it in a more familiar form we write the antisymmetric tensor components in terms of the
usual three-dimensional electric and magnetic field components E and B:

0 —E' —f? _p3
E' 0o —B* B?
E? B 0 —B!
E* —B* B! 0

FH = (2.2.3)

That this is the right choice of the names for the components becomes clear when writing the Min-

kowski force on the right-hand side of Eq. (2.2.2) explicitly

Xy

E.
KM= gF*y = N 2. 224
(KK)=qF" u, q<MOE+%XB> 2.2.4)
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2. Mechanics

This becomes even more familiar, when we rewrite the derivatives of the equation of motion in terms
of the usual coordinate time, ¢ = x°/c. To this end we write the equations of motion in two first-order
equations by introducing the four-momentum (2.1.4). Then the equations of motion read

<ip'“>:(K”):q< E._I/f _,>, u”:lix”. (2.2.5)
dr uxB

cdr

Now we have by definition #° = #, =y = (1— 32)~"/2 with [3 =3/c, v =1 /u’. Thus the spatial part
of the first equation of motion reads

1d., d. = T =
——p=—p=9E+—XB, 2.2.6)
uy dr dt ¢

which precisely reads like the equation of motion of a particle in an electromagnetic field (£, B) in
non-relativistic mechanics. However, one must note that it is not the same equation, because of the ad-

ditional y factor in the definition of p. For the relation to the coordinates we need the second equation
in (2.2.5):

Dividing this by #° = p°/(mc) we get
%55 = (2.2.8)

Now we note that the temporal component in (2.2.5) is automatically fulfilled for any solution of the
spatial equation in terms of (2.2.6). To see this we multiply (2.2.6) with 7, leading to

o d. a =
— = E 2.2.9
v dtp qu- L, ( )

but this is precisely the temporal component of the first equation in (2.2.5) divided by #°. So the “on-

shell” condition p, p* = m?c? = const is compatible with the equations of motion by construction,

and thus after solving (2.2.6) we can evaluate p° = 1/m2c2+ p? and then solve (2.2.8). As usual we
just need appropriate initial conditions for p and ¥ to make the solutions consistent. Of course, in the

general case the solution is not that easily obtained, because the fields £ and B depend on ¢ and X. So
it’s a full system of equations of motion as in Newtonian mechanics.

2.2.1 Massive particle in a homogeneous electric field

The most simple example is of course the case of a homogeneous electric field E = const and B = 0.
Assume E = (E,0,0)T and suppose we have the initial condition 5(0) = 0 and ¥(0) = 0. Then we can

very easily solve (2.2.6)

S =2 F o pl(1)=qEr. (2.2.10)
dt m

The other components of the momentum are conserved and thus we have for our initial conditions
p? = p®> =0. Now we have from the on-shell condition

Po(t)=/m2c2+(qEt)? 2.2.11)
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2.2. Motion of a particle in an electromagnetic field

ct
10
8
World li
6 Light-like asymptote oricne
4
,l Non-relativistic limit
{4

|o 2 4 6 8 10

Figure 2.1: Minkowski diagram for the “hyperbolic motion” of a charged particle due to a homogeneous
electric field. The corresponding world line has a light-like asymptote, which indicates that even a light
signal sent from x' at a time t > cannot reach an observer being accelerated with the charged particle. In
this sense this light-like asymptote is a horizon, the so-called Rindler bhorizon.

and thus
1 1 Et
)= = £ __ % . (2.2.12)
T Y e NPT
This is easily integrated to
2 2242
(1) = ’Z_g 1+ qmzcz 1. (2.2.13)

Here we have written the solution in a form, which lets us discuss easily the non-relativistic limit, which
is valid at early times, where |v!| < ¢ which obviously is the case at early times, i.e., for |gEt| < mc

or t L mc/(qE). Then we can expand the square root in (2.2.13), leading to

© gE \ 2m2c? mc 2m
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2. Mechanics

In leading order for the early-time evolution we have the expected parabola of Newtonian mechanics
in the space-time diagram. For large times ¢ > mc/(¢qE) the world line comes closer and closer to a
light-like world line. To estimate this behavior more accurately we rearrange (2.2.13) to

2 [ oF 2,2
xl(r) =< <q o R —1> =~ c<t—ﬂ>. (2.2.15)

~ gE \ mc q*E?t?

This also implies that any light signal of the kind discussed in Sect. [1.2|cannot reach the particle, if sent
from the origin later than #;; = % (see the Minkowski diagram .

2.2.2 Massive particle in a homogeneous magnetic field

Now we turn to the case of the motion in a homogeneous magnetic field, i.e., E=0,B=B é; = const.
Here it is more convenient to start from the manifestly covariant equations of motion (2.2.5). We need
to consider only the spatial part of the equation of motion since the temporal equation is then fulfilled
automatically as detailed above. We write the equation of motion in the form

J Bu?
=T axB="2{_pu'). (2.2.16)
dr mc mc
0
The 3-component is immediately integrated
() = u3 = const. (2.2.17)

The motion in the (12)-plane can be found by introducing the auxilliary complex variable

E=u'+in? > j—gzﬁ(uz—iul):—iwf, (2.2.18)
T mc

where we have defined the cyclotron frequency «w = ¢B/(mc). This equation of motion is easily
integrated by
&(1) =& exp(—iwT). (2.2.19)

Separating back into real and imaginary part gives

u'(t) =Re& (1) = uj cos(wt) + ud sin(w),

2 1 - 2 (2220)
u (1) =Im& (1) = —uysin(cwt) + ug cos(w).
The temporal component of the four-velocity is given by the constraint #,#* =1, i.e.,
no(t)= \/1 +ul(t)= \/1 +E (D)2 + ()2 = \/1 + 73 = const. (2.2.21)
This shows that indeed also the temporal equation of motion (2.2.5) is fulfilled, as it must be.
Further integration of (2.2.20) and (2.2.18) leads to
V1+ ﬁgT
PR 2 _ 1
[eH(t)] = ¢ ny[esin(wt)+ uy[wlcos(wT)— 1]+ x, (2.222)

u3 Jwlcos(wt)— 1]+ ul [wsin(wT) + xZ
%ST + xg
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2.3. Bell’s space-ship paradox

To interpret the trajectory in an easier way we can also integrate (2.2.19) to get the projection of the
motion in the (12)-plane

(1) =x'(r)+ix*(1r) = igjoc[exp(—ia)r) —1]+ ¢, (2.2.23)

L.e., this projection describes a circle of the radius

olgl e/ (P (ng

R= = (2.2.24)
|l |l
It is also easy to express the solution (2.2.20) in terms of the reference-frame time ¢, since
de =
I. =u’ =t = T4/ 1+ ué = const. (2.2.25)
T
or in terms of the three-velocity /é =3/c=1/u’,
. 1 1 =
V11— 32 V1— 2
With @ = ¢/ u° this leads via substitution in (2.2.17) and (2.2.20)
vg cos(cwypt) + 'vg sin(eppt) _
U(t) = | —vg sin(wpt) + o3 cos(wpt) | with o, =i/ 1— 52, (2.2.27)
3
%
and substitution of (2.2.27) in (2.2.22)
ct
[X‘u(l'ﬂ — _{v(}/wlab Sin(wlabt> + {vg/wlabl:cos(wlabt) - 1] + xé (2.2.28)

Vg [ wpp[cos(wppt) — 1]+ 03/ wpyy, sin(ep, ) + x7
vgt + xg

The radius of the circle in the projection of the trajectory in lab-frame parameters is given by
(V) +(2)?  meyf(mg)? +(vg)?

ol gByI—(BR+ (B

(2.2.29)

2.3 Bell’s space-ship paradox

Now we can also discuss another famous “paradox”, known as Bell’s spaceship paradoxf| [Bel87].
There Bell tells the story that once a discussion started at CERN canteen about the following question:
Suppose there are three space-ships A, B, C initially at rest in A’s inertial frame of reference with B
and C at equal distance from A. Then A sends a light signal, reaching B and C simultaneously at A’s

?] thank the Physics Forums community for a very lively and fruitful discussion on this subject in the thread
https:/ /www.physicstorums.com/threads/bell-spaceship-paradox-quantitatively.828670/
Particularly helpful were the comments by PeterDonis, DaleSpam, and berowell.
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2. Mechanics

coordinate time ¢, = 0, which starts a mechanism in both space ships to accelerate in precisely the same
way along A’s 1-axis. Then, from the point of view of A, they move always staying at the same distance
from each other, because they both move exactly with the same velocity at each time ¢,. Now suppose
B and C where loosely connected by some “rigid rope” at the beginning. Now the question is whether
the rope will simply stay between B and C as it is or whether it will break. The short answer given
in the book, referring to length contraction is, in my opinion, not very convincing, and thus we shall
look at the problem in a concrete analytical example from an elementary as possible point of view.

To answer this question, we have to look at the situation from the point of view of the instantaneous
restframe of B or C looking not only at the spaceships but also at the attached “rigid rod”. First we
have to define what we understand under a rigid body. Here we refer to Born’s notion of a rigid
body, according to which a rigid body is such that around any of its points there always exists an
instantaneous inertial reference frame, where any infinitesimal volume element does not change its
shape. We note right away that this is, even in this local form, a very restrictive definition, and such
a body cannot really exist according to relativity: Soon after Born has given his definition of a rigid
body in special relativity [Bor09] Herglotz and Noether [[Her10,[Noe10] have proven that such a body’s
motion is completely determined by the motion of one of its points along an arbitrarily given timelike
worldline. Then the motion is purely translative for all of its points or the body rotates with constant
angular velocity around a point at rest or uniform motion with respect to an inertial reference frame.
Thus such a “Born-rigid” body has only three degrees of freedom rather than six, as expected from the
non-relativistic theory of the spinning top. In fact, Max von Laue has given a simple argument that
a real many-body system in relativistic continuum mechanics must always have an infinite number
of degrees of freedom: Due to the finite limiting speed (the speed of light in vacuo) to determine the
initial state of motion of such a continuous medium one has to give the positions and momenta of each
of its points. Particularly accelerated rigid motion of several point masses (or a continuum of such
points) is only possible, if one carefully preadjusts the acceleration of all points, and as we shall see at
the most elementary example in this section there are severe restrictions on the possibility of such a
preadjustment.

To this end we use the example of constant proper acceleration for both spaceships in Bell’s paradox.
This is the motion, we have already discussed above as the motion of point mass in an electrostatic
homogeneous field. We solve the equation of motion again using the manifestly covariant formalism,
which means we use only four vectors and the proper times of B and C. This simplifies the further
discussion, particularly the Lorentz transformations from A’s observational frame to the instantaneous
rest frames of either B and C.

We define the constant proper acceleration as @, which is in the above given example of the motion of a
charged particle in an external homogeneous electric field @ = eE /m. Using the relation p# = mcu#
between momentum and four-velocity That means we can write (2.2.5) as

du® o | du' a
—_—=—u, —=—u. 2.3.1
dr ¢ dr ¢ @3.3)
For the setting of the Bell space-ship paradox ## are the components of the four-velocity of both space
ships B and C, and we assume that the proper times of both space ships are 7 =0 when A’s coordinate
time ¢ = 0, and before the acceleration starts, the space ships are at rest wrt. A, i.e., #!(0) =0, which
implies that #°(0) = 1. To solve (2.4.1) we take the T-derivative of the 2" equation (2.4.1) and use the
first one

2,1 0 2
du _adn (2.3.2)
dr2 ¢ dr 2 o
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ct

Figure 2.2: Minkowski diagram illustrating Bell’s space-ship paradox. Left: Comparing the world tube of
a rigid rod of proper length L 4 attached to the front of spaceship B to that of spaceship C, one sees that the
front end of the rod always stays bebind spaceship C, i.e., a real elastic string connecting the spaceships must
stretch and eventually break. Right: Comparing the world tube of a rigid rod of proper length L , attached
to the rear of spaceship C to that of spaceship B one sees that the rear end of the rod drifts further and further
away from spaceship B. At given proper acceleration a of spaceship C the length of the rod is restricted such
that it must not reach or exceed spaceship C’s Rindler horizon, i.e., one has the constraint aL 4 < c2.

The general solution reads
ul(t)=C, cosh<£>—|—C2 sinh<£>. (2.3.3)
¢ ¢

Because of the initial condition #'(0) = 0 we have C, = 0, which implies using the 27

(2.4.1)

equation in

1
Lo cdn C, cosh<£> #0)=1= C,=1. (2.3.4)
a dt c
Thus our solution reads
MO(T):COSh<£>, ul(r):sinh<£>. (2.3.5)
c c

We get the components of the position four-vectors by integrating the corresponding initial-value prob-
lem

dxt dx 0 0
—B —cut, —CE—cut #(0)] = £0)] = 2.3.6
=cub, =cut, [x =), [x = , 3.
. e xpon=(g). teeon=(; ) 236
where we have only written the relevant components x5 e and x; et Using 1) gives by simple
integration
2 2
xg:CtB:C—sinh<E>, xé:c—[cosh<a—7->—1],
2 ¢ “ ¢ 2.3.7)
x%:ctczc—sinh<£>, xé:c—[cosh<£>—l:|+LA.
a ¢ a ¢
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Note that all these equations are only valid for T > 0. For 7 < 0 B and C are at rest wrt. A by definition,

Le.,
(xf)= <COT> ()= <Z> for <O0. (2.3.8)

Now we consider first the case that a Born-rigid rod of proper length L is fixed with one of its end
at spaceship B. To determine its other endpoint’s world line, we simply have to transform into the
instantaneous restframe of B. Because the four-velocity of B is (2.3.5), obviously the corresponding
Lorentz boost in the (x°x!) plane is given by

f\(ro):< (7o) _”1(%)). (2.3.9)

_%1<To) ”o(To)

Indeed doing the matrix multiplication explicitly, one immediately finds

(##(9]) = Aol ()] = ) 23.10

Then the world line of the other end of the rod of proper length L, is given as pointing towards the
positive 1 direction in this instantneous restframe, i.e.,

~ . 0
[xﬁd(fo)—xg(fo)]: <LA>. (2.3.11)
Thus in A’s frame we have for the endpoint of this rigid rod

< (c?/a+Ly)sinh(az,/c) > (2.3.12)
( 3.

A 0
o) =D o+ A ()= (o e L5 S A ElE), ),

We shall show now that this is again a motion with a constant proper acceleration. Using a dot as
derivative with respect to the world-line parameter 7 (the proper time of spaceships B and C) we first
get for the endpoint’s velocity with respect to A’s frame

1
% 04(70)
Broa(mo) = 22— > = tanh<ﬂ> (2.3.13)
xrod(TO ¢
and thus
u’ (7o) =uy(7o). (2.3.14)
Finally the proper acceleration is given by
a =c—u =c = , 2.3.15
rod(TO) dt rod(TO> %0 (TO) Cz+aLA ( )
rod

which is always less than the proper acceleration of the spaceships B and C. Particularly this shows that
the endpoint of the rod never touches spaceship C after B and C started accelerating. This is also clearly
seen in the left space-time diagram of Fig.

The very same analysis can now be performed by assuming that the rigid rod of proper length L, is
fixed with one end at spaceship C. For its other end we find the world line of the rod’s endpoint

S ) N Wiy T
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2.4. The action principle

In the very same way as above deriving (2.3.15) we find for the proper acceleration of this endpoint

cza

10d(To) = (2.3.17)

2—al,
This result shows a remarkable restriction to the possibility of rigid motion: Aslong as aL 4 < ¢? there
is no problem with the above result, and the proper acceleration of the rigid rod of proper length L,
attached at the rear of spaceship C is always less than the proper acceleration of the rocket. Conse-
quently spaceship B stays more and more behind the rod’s end. For aL, — ¢ — 07 the rod’s end’s
properacceleration @,y — o0, and this is impossible. So one cannot attach a rigid rod of proper length
L, to the rear of spaceship C with aL, > ¢2, which restricts with given proper length L, the allowed
acceleration of the rod. The constraint oL, < c? for the acceleration of the rigid rod means that the
endpoint of the rod must always stay on the same side of spaceship C’s Rindler horizon, which is given
by the asumptotic form of for T — oco. Then we have cosh(at/c)Zsinh(at/c)=Zexp(at/c)/2
and thus the equation for the Rindler horizon

ct—al,

Ko gler(£) = CE— (2.3.18)

a
For t = 0 this becomes positive, when aL, > ¢?, and then one cannot accelerate a rigid rod initially
connecting B and C, because then it would immediately break when the acceleration starts at £ =0.
This finally resolves the paradox: Usinganon-rigid rod of initial proper length L 4 to connect spaceships
B and C it must break, because it would have to stretch to keep B and C connected.

A coordinate-independent characterization of the stretch of the rope in terms of the timelike congru-
ences, see [[Cro15]].

2.4 The action principle

The formulation of classical mechanics in terms of the “Hamilton Principle of Least Action” is of
high importance for the development of modern physics since it allows for a detailed analysis of the
equations of motion in terms of symmetries, using Noether’s theorem. This explains, why it is also an
important heuristic tool to find concrete equations of motion. Also above, we have simply stated the
electromagnetic force. In principle, there is not way to somehow rigorously “derive” the fundamental
equations of motion, but has to make an “educated” guess and then compare the resulting predictions
of the model with experiments. The Hamilton Principle is a very clever way to make such educated
guesses.

2.4.1 The frame-dependent (143)-formalism

The idea underlying the Hamilton Principle is to formulate the equations of motion as a variational
principle. The equations of motion are then the stationary points of the action functional. In New-
tonian mechanics the action functional for a single particle is defined on the set of trajectories in space
via a Lagrange function
5]
Algq]= f dtL(q,q, 1), 2.4.1)
4

where g € R? are an arbitrary set of generalized coordinates (not necessarily cartesian once) and the
g € R the corresponding generalized velocities. Hamilton’s principle then states that the equations of
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motion are the trajectories g(t) that make the action stationary, assuming fixed boundary conditions
q(t;) =g, and q(t,) = q,.

To derive the general equations of motion we assume that ¢ is the solution of these equations and take
small variations 8¢ around this solution. Because the time, ¢, is not varied, i.e., by assumption we set
8t =0, in the Hamilton principle we have

d

—38q=384g. 2.4.2

;01=°4 (2.4.2)
We note that in the following taking partial derivatives of functions of ¢, ¢, and ¢ means that we treat
the variables ¢, ¢, and ¢ as independent variables, while a total time derivatives takes ¢ and ¢ as functions
of time. With this usual notation the variation of the action (2.4.1) up to first order in 8¢ reads

15}
é\A:f dt [é‘q@+é‘ %] (2.4.3)
f d 3‘]

Now using (2.4.2) we get by integration by parts

aL aL h f d /9L aL

In the final step we have used the assumption that the 8 ¢ vanish at the boundaries of the integral. Using
this in gives
JdL d [JL
SA=| dtd — . 2.4.5
J, el 55 (5)] @4

Now the action principle demands that 84 = 0 for all 8¢, and this can be true only, if the square
bracket under the integral itself vanishes along the trajectory of the particle. This leads to the equation
of motion in terms of the Euler-Lagrange equations of the variational principle:

SA JL d[/dL
oA_cb_d (el (2.4.6)
dq dq dt < dq >

Now it is clear that we like to derive relativistically covariant equations of motion. As we have already
seen above it is not always necessary or convenient to express the equations of motion in manifestly
covariant form, i.e., to express the trajectories as world lines in terms of the position four-vector and the
derivative with respect to a scalar “world parameter” or the proper time 7 of the particle. Of course,
it is reassuring if one can bring the equations of motion in such a covariant form. As we also have seen
above we only have to pay the prize that we need a constraint, because not all four components of a
four-vector are independent quantities but only three. As we have seen above, this constraint can be

formulated by (2.1.12) or, expressed in terms of the four-force by (2.1.13).

One of the advantages of the Hamilton principle is that it is simpler to implement Lorentz invariance
of the equations of motion, be it in manifest or indirect form by simply demanding that the action is a
Lorentz scalar. We can find action functionals by the considering how to build such Lorentz scalars out
of the building position four-vector and its derivative with any world parameter we find convenient.
The most simple choice is to describe everything in terms of the components of the position four-vector
with respect to a fixed inertial frame of reference and use the time of this frame as the world parameter.
This, of course leads to equations of motion in a non-covariant way.
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2.4. The action principle

We start with the kinetic term, i.e., with the action of the “free particle”. Its Euler-Lagrange equation
must of course lead to uniform motion as the solution, and this implies that the free Lagrangian should
be a function of X only. To find a Lorentz-invariant action we can then use the components position-
four vector, x#, of the particle. Their time derivatives are of course no four-vectors anymore since
time takes part in the Lorentz transformation to another inertial reference frame, but we only need an

expression dz f(X) that is invariant. Obviously the only covariant expression o< dt we can build from

the time derivatives of X is
2 A 1
dt/n,,%¢9# =dtcy 1—ﬁ B=- (2.4.7)

Since the Lagrangian should have the dimension of an energy, obviously the right choice for the free

particle is
Ly=—mc?y/1— 2. (2.4.8)

The choice of the sign has been taken such that in the non-relativistic limit | 3| < 1 we get (up to a
constant additive factor) the non-relativistic expression. Indeed

(\

%:—m8+%¥+0wm (2.4.9)

i.e., up to the constant rest energy E, = mc? we obtain the non-relativistic kinetic energy for the free

Lagrangian in the non-relativistic limit.

The Euler-Lagrange equations of motion for the free particle, using (2.4.8) read

daLo_d mz !

oS ) 2o (2.4.10)
dt gx dt 1— /52
This gives
. X
# = ———— = const. (2.4.11)
V1—p2
Since then also
2 ﬁz
=const = ,32 = const (2.4.12)

- ,5 2
we find indeed the correct solution ¥ = X = const for the free-particle motion.

Now it is very simple to find expressions for the motion of the particle in external fields by adding a
corresponding interaction Lagrangian. The most straight-forward one is for the motion in a four-vector
field A#. An expression for the interaction part of the Lagrangian, leading to an invariant contribution
to the action, is

Lyo=—21ir4,. (2.4.13)

nt
C

With the full Lagrangian

> q . q» e
L=Ly+L,, =—mc’y 1—x2/62—;x*‘AH =—mc?y/ 1—x2/c2 gA° + 1% - A. (2.4.14)
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we find the equations of motion via

where A = (A*)| Further we get
d dL d 77’19_6> qd-,7 4,5 7
Qet_d(_mX V1 95i+1G.94
dr g3 dt< >+ A+ V)

and A
L A g~ 0N
Er PP S

Then the Euler-Lagrange equations (2.4.6) can be brought into the form

df  mit N\ <9A° 18Ak> 23: <3_Af_a_Ak
dt /1_;2/62 -1 dxk ¢ It — dxk  Ixi

Now we can rewrite the 224

field

3 n
(VxAY =B'=>" ¢ o4

=1 dxm

By using the relation for the 3D-Levi-Civita symbol

3
Zelmnglk] — é\mké\n] _é\m;é\nk
I=1
we find

iflijlzaA] Ak
dxk  Ixi’

=1
and thus

)

term on the right-hand side by using the definition of the curl of a vector

3 k 3
Al A
E <§xk ?x].) E l*i 3l = E Iyl = xxB)k.

7,1=1

Also setting

JA° 1304k . - 1. -
k=22 2% E=—VA°— 294,
dxk ¢ It or c !

finally the equations of motion (2.4.18) read

d mx > g, =
—| —— | =gE+-v xB.
dt< /1—)_.6)2/C2> 1 c

(2.4.15)

(2.4.16)

(2.4.17)

(2.4.18)

(2.4.19)

(2.4.20)

(2.4.21)

(2.4.22)

(2.4.23)

(2.4.24)

This is precisely the equation of motion for a particle in an electromagnetic field (E ,B ) given already

in Eq. (2.2.6) due to the definition of relativistic momentum (2.1.5).

3Here and in the following, when we work in the non-covariant (1+3)-formalism within a fixed inertial reference frame,

a symbol like A is always derived from the spatial components of a four-vector quantity with upper indices (contravariant
components). Note, however, that in this formalism there are three-vectors (transforming as vectors under rotations) that

need not be the spatial components of true four-vectors. An example is the usual three-velocity 7 = X.
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2.4. The action principle

2.4.2 Manifestly covariant formulation

It is now also immediately clear, how to write the action principle in a manifestly covariant form. To
this end we just have to introduce an arbitrary scalar “world time” A. By construction our action is
invariant under redefinition of this parameter. So the action for the motion in an electromagnetic field

reads , ,
A[x*] :f 2d/1sz 2d/l |:—mc1/;7wfc#5c"—znwfc/‘Av(x)]. (2.4.25)
A A ¢

Here, the dot is our short-hand notation for the derivative with respect to A. The Lagrange function is

thus given by
L:—mc,/rjwfc”fc"—ZOHVX”AV(x). (2.4.26)
¢

The equations of motion follow from the Hamilton principle, now assuming that the endpoints of the
world line are fixed, i.e., § x*(4;) = 8 x#(A,) = 0. This gives the manifestly covariant Euler-Lagrange
equations

doL_aL (2.4.27)
dAdx#  dxv
For the Lagrangian (2.4.26) we are lead to the equations of motion
d x[u q .
— e v 4 — — 4.
mey = Cwa with F,, BaAM QHAV, (2.4.28)
where we have introduced the partial derivative,
d
=3 (2.4.29)

Here it is important to realize that the partial derivative wrt. contravariant vector components (with
upper indices) leads to covariant tensor-field components (with lower indices). For a more detailed
explanation, see App.
Now, by construction, the Lagrangian is a homogeneous function of 1% order of x#, i.e.,
ol g (2.4.30)
dxH

which can easily be shown by direct inspection of the Lagrangian (2.4.26). Taking the derivative of this
identity with respect to A leads to

55#2_*_9‘51‘11 aL —;‘C/U aL _+_5C'ﬂ 3[, = ,‘cﬂiﬁ—xﬂﬁ
dxu dAdxe 7 Jx# dxk dAdxe 7 Jxe’

(2.4.31)

This holds for any world line of the particle, i.e., not only for the solution of the equations of motion
(2.4.27). This implies that only three of the four space-time variables x# are independent as it should
be.

This enables us to choose the proper time 7 for A, leading to the constraint
N AR =%, 50 =, (2.4.32)
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because then x# = cu*. Indeed for (2.4.28) this leads to the equation of motion (2.2.2) for a particle in

the electromagnetic field,

mi,=1F, v, (2.4.33)
c %

This formalism can be generalized to find the equation of motion in other kinds of external fields by

making the ansatz
L:—mc,/r]/ogfcpfc”-l-Lim(g,g) (2.4.34)

with L, being also a homogeneous function in the x of degree 1, 1.e.,
dL,
P — = . 2.4.35
x 3 ).CIO mt ( )
As shown above in (2.4.31) this implies
d JL, dL.
(f — ——10 — P L 2.4.36
YA T = G (2439
Now the Euler-Lagrange equations of the extended Hamiltonian principle reads
L X L, L 3L
d oL _ d £ d Ilin _ 0 ot (2.4.37)

dAae A fgere A des  dxk dxe

Now we have

NOEZ T (2.4.38)

d x:“ _ dpfu i gl‘int aLint

and thus

- = = — . 2.4.39
TR e A AT w 2439

Multiplying this with x# and using (2.4.38) we have

dp
¢ —F =0 2.4.40
e (2.4.40)
Dividing this with 72 we find this implies that
©d d

T N T (2.4.41)

dr dr  m dr

which makes the equation of motion (2.4.39) automatically consistent with the on-shell condition
plupf‘ = m?c?, (2.4.42)

and we can use 7 as the parameter of the worldline in (2.4.39).

As another example for a covariant equation of motion we consider the motion of a particle in an
external scalar field. For the interaction Lagrangian we have two choices to be a homogeneous function
of order 1 of x#,

d
d2

because we want the Lagrangian to be a Lorentz scalar itself and the action parametrization invariant.

Ly=—g/%,2¢¥(x), L,=—g'%"3,&=—0, (2.4.43)
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2.4. The action principle

The second choice, however does not lead to any consequence in the equation of motion, because it is
a toal derivative of a function of the coordinates only wrt. A, and this part of the Lagrangian leads to a
contribution of the action

A[x#]=—g'{®[x(A,)]—®[x(A)]} = 84, = —gl[é\x"‘é’#@(x)]jj =0. (2.4.44)

Thus the Lagrangian for the motion of a particle in a scalar field reads

L=—/%,x¢[mc+ g®(x)]. (2.4.45)

The evaluation of the Euler-Lagrange equations lead, after setting A = 7, to the equations of motion

(m+ g®)it = & (2 —5#2*)3,8, (2.4.46)
¢
where now the dot means the derivative wrt. 7. Obviously by contraction with x, = c#,, one indeed
finds that the constraint #, ## = 1= const is compatible with this equation of motion since
i, (Pt —iHEY) =0, (2.4.47)

because x#x, = c? by definition.

2.4.3 Alternative Lagrange formalism

There is an alternative treatment of the manifestly covariant action principle, which has some advan-

tages compared to the “square-root formulation” (i.e., the free-particle part oc , / ,, x#%#), which sim-
plifies the analysis greatly.
To that end we write as an alternative Lagrangian instead of (2.4.34):

m ., :
L:—?npgxpx +L  (x,%) (2.4.48)

nt

with the same interaction Lagrangian, L, , as in (2.4.34), which is a homogeneous function in the x of

nt?
degree 1, i.e., fulfilling (2.4.35).

Then the Euler-Lagrange equation reads

d JdL d dL,, JL,,
a9b s 49 98 _ 9 ine 2.4.49
didie ~ HT A ie T Jxn 244
Comparing this with the equation of motion for the original Lagrangian (2.4.37) we see that we only

get the same equation of motion, if

r;pga'cpic’1 = const. (2.4.50)

But this constraint is always fulfilled, because since L does not depend explicitly on the world-line
parameter A, the Hamilton-function-like quantity

H=P,i"—L=const, (2.4.51)

for the solutions of the equations of motion, where

b oL __ oL

=——=—mx,+
o dx# K

int 2.4.52
dxH ( )
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2. Mechanics

is the canonical momentum. Because of (2.4.35)), (2.4.52)) indeed reads

~ m dL,
— Y] e Y int
H=—mx x"+ 7 ¥ +x T int > %u

m

Now we can choose the value of this quantity as we like, and if we choose
Moo ¥F37 =%,

then we have again choosen A = .

2.5 Thermodynamics

—L =——x x* :—?npgxpx" = const.

(2.4.53)

(2.4.54)

As we shall see later, a theory for the motion of a closed system of interacting point-particles is problem-
atic, and a resolution of these problems is rather to use a description in terms of continuum mechanics.

The most simple example is the
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Chapter 3

Classical fields

3.1 The action principle for fields and Noether’s Theorem

In this section we shall establish Hamilton’s least-action principle for fields in its formulation by La-
grange, which has the advantage to be manifestly covariant under Poincaré transformations. The main
goal of the analysis is the use of Noether’s theorem to the special-relativistic space-time symmetries
of Minkowski space to define the corresponding conservation laws for energy, momentum, angular
momentum and center of momentum motion.

We start with the general formulation of equations of motion in terms of the action principle for some
fields ®,. Those need not be fields to appear in the relativistic context, but we shall discuss the need of
relativistically sensible models, i.e., field dynamics which is consistent with the relativistic space-time
model of Minkowski space, at the end of this Section. Nevertheless we shall use the relativistic notation
for space-time variables.

Since fields are quantities describing continuous phenomena, i.e., quantities being defined as functions
of time and location, ®;(z,%) = ®;(x), we expect the Lagrangian to be given by a density. From the
case of point particles, as discussed in Sect. 2.4}, we expect it to be of the form

£,X). (3.1.1)

R3

Here % is called the Lagrange density. Then, as for point-particle systems we define the action as

2
Al®,]= f e, )= | d'x(8,,8,8;1,7). (.1.2)
f CJvH

The equations of motion are given by the least-action principle or rather by those field configurations
which make the action functional stationary. The variation is over all fields §®;(x) with the fields
fixed at the initial and final times ¢, and ,, i.e., §®,(x) = 0 for x° = c¢; and x° = ct,. The space-time
variables are not varied as in the least-action principle for point mechanics. From a formal point of view
the spatial variables X are just continuous “labels” for infinitely many field degrees of freedom and thus
not varied in the variations of the Hamilton principle, and the time is not varied by definition either.
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3. Classical fields
The variation is then easily calulated as

cSA[®;] :J d*x [SQ% + S(E#Qi)gi]
Q)

L. a(8 @
v 85; oy (0u2:) (3.1.3)
= x8®. — .
V(4)d x0 l[é’q’i gﬂg(gﬂq’i)]

Here the Einstein summation relation applies to both the indices of space-time componentents u and
the field indices i. In the second step we have integrated by parts. The boundary contributions vanish
due to the vanishing of the field variations at the boundaries at ¢ € (¢;,¢,). The spatial boundary is
assumed anyway at infinity, and we also assume that boundary terms in the action integral vanish at
infinity sufficiently quickly.

Now the Hamilton principle states that §A = 0 for all field variations 8®;, and this implies the field
equations of motion

¥ ¥
S _3“3(%1%) —o0. (3.1.4)

[

These are the Euler-Lagrange equations of the variational principle for fields.
We note that the variation of the action is invariant under the transformation

&' =2 +3,09;,x) (3.1.5)

for an arbitrary four-vector function Q* of the fields and the space-time coordinates x. To see this we
note that
an

AL =00 =0,8; = +[3,0(®;, %))l

1

(3.1.6)

The last term refers to the space-time derivatives from the explicit x dependence of Q“. From this we
get

INY anH INY aN
= d =7 . 3.1.7
20,8, 2%, ~ “2(ae,) e, G-17)
On the other hand IAg 3 200
o8t 9 gau_p i
7o, ~ 29, J,0=a, 25, (3.1.8)
Egs. and thus imply that
AL o A% _, (3.1.9)

Je,  “2(3,%,)

i.e., the addition of AZ does not contribute to the variation of the action, and thus the Lagrangians
% and £’ are leading to the same field equations of motion.

One of the most important advantages to use the action principle for describing the dynamics is that
it allows to formulate Noether’s Theorem, which connects symmetries of the variation of the action
with conservation laws, i.e., for each one-parameter Lie group which keeps the variation of the action
invariant, there is a conserved quantity. As we shall see, in the case of field theories, derived from a
local Lagrange density the conservation law holds in local form.

To derive Noether’s theorem we consider infinitesimal transformations of the fields and the space-
time coordinates. The latter is particularly important since we want to apply the formalism to the

46



3.1. The action principle for fields and Noether’s Theorem

proper orthorchronous Poincaré group. Let the group depend on parameters o*. Then we can write
an infinitesimal transformation of this kind in the form

x”ﬁx/”:x”—é\akfkﬂ(x), 3, — 0i(x") = ®;(x )+ 8aFE.,(D;,x). (3.1.10)

To evaluate the infinitesimal change of the action under these transformations,

SA:f d*x' 2 (®),0,®',x")— | d*x£(2;,d,;,x), (3.1.11)
R4 g R4 H
we note that P
X —_
8(9,2) =38~ 9,8, =59, (@, +8a*2;]-0,9,. (3.1.12)
Now we need the inverse matrix of
z
[y VR W Y (3.1.13)
Ixv k
It is easy to see that up to linear order in the & *
X 8 4 8d43,E 4 0(5 3.1.14
N #+ayfk+(a). (3.1.14)
To prove this we calculate, using
dxP
g = (3;; _3ak3pgg>(ag + aakaggg) =8+ 0(8P). (3.1.15)
Thus is verified. Plugging this into we find after some alegbra
8(3,8,)=082"[3,2+9,613%;]. (3.1.16)
Further the four-volume element transforms as
/
d*x’ _d4xdet<f; > d*x [1—30/%’ 5”4—@(30{ )] (3.1.17)
x

The latter follows from takmg the determinant of (3.1.12) and only keeping terms up to linear order
in the &8 @® which only occur in the product of the dlagonal elements of the matrix. All other terms in
the determinant obV10usly are at least of order (8 a?).

Plugging all this into ( we find after some algebra

m

o o
3A23af d*x [a(b ,~,€+a(8¢)[3 B +9.8,3,2;]— Ek”‘(@e%)expl—e%’yfk”]- (3.1.18)

Since the 8 @® are independent of each other and because 8 A = 0if (3.1.10) is an infinitesimal symmetry
transformation for each k the bracket under the integral must be a total four-divergence of the form
—Q#QZ (<I>]», x), 1.e., for each k there must exist a vector field QZ (<I>j, x), such that

oZ_ I«
2%, 77* " 3(3,8,)" "

(0,20 +3,6:88,1- & (37 2)— 23,6 + 3,00(8;,x)=0.  (3.1.19)
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For abbreviation we define the canonical energy-momentum tensor,

o4 = gé"s‘; 00, - 5%, (3.1.20)
Thenreads
7 R , ) { fex
78 ot Fgay o T AL —G (AT ) A =0 a2

So far this is the constraint on the transformation, defined by the =, and &, in (3.1.10) to be asymmetry
transformation. Now we investigate the implication for the solutions of the field equations (3.1.4).
As a first step we calculate the four-divergence of the energy-momentum tensor. Using the field equa-

tlonswe find
¥ ¥ ¥ ¥ expl)
d0¢ =3,=——1)3% +=——39,00, ———3,%, — 38<I> —3 P
“ < “a(ay‘ﬁj)) Podg,e) " de, v d(9,%)) (3.1.22)
—QV(eXpl).,%.

Further with the field equations we get

— —

o0 0 0
Lo L 9L 4o _g(_ 9% o 3.1.23
J5, 1t Ba,e) f‘<a(ayq>]—) fk> G12)

for the first two terms in (3.1.21). Finally using (3.1.22) and (3.1.23) in (3.1.21) we conclude that the
quantities

. 0%
LTRSS

©“=J

2+ O &+ (3.1.24)

fulfill the equation of continuity,
d,ji=o. (3.1.25)

This is the first part of Noether’s theorems: Any one-parameter symmetry implies the existence of a
corresponding conserved Noether charge,

Q =f &% j(x). (3.1.26)
R3

We note that this is a Lorentz scalar only if the continuity equation (3.1.25) is fulfilled.

To see this, we first prove that the Noether charge is conserved. This we can achieve easily by using
usual 3D vector calculus. With (3.1.26) we find

4Qu=| @xajen=—| #29j=0 612
R3 R3
where in the last step we used Gauss’s theorem and the assumption that the current density vanishes at

spatial infinity.
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3.2. Poincaré symmetry

To see that Q,, is also a Lorentz scalar if (3.1.25) is fulfilled
we use the 4D version of Gauss’s theorem (A.6.16) with
the 4D volume M depicted in the figure, where the shaded

region indicates the region, where the charge and current
densities are non-zero. Then one has

= | d*xd,;*
|, @it

= &Po, i (3.1.28)
Jou o

:f 9_5/]/;0 X)) — f d3x]k0x)
t'=0

which indeed implies that

Q. —Q=0=Q,=Q,. (3.1.29)

3.2 Poincaré symmetry
We can investigate the symmetry of a quite general class of relativistic field theory using the above
formalism. For all applications needed in this manuscript, we consider linear representations of the

proper orthochronous Poincaré group. To this end we use the results of Sect. according to which
an infinitesimal Poincaré transformation acts on the space-time four-vector as

Sxt = 8w, 8 xP + Sat (3.2.1)

where Sw, 5 =—3 wg, = const. and §a# = const. It is convenient to treat the translation and Lorentz
subgroups separately. In the following we bring the transformations to the general form (3.1.10). Here
the index k of course becomes a four-vector index which we denote by & for translations and a pair a 8
for Lorentz transformations.

3.2.1 Translations
The translations are given by (3.2.1) with S, 5 =0

Sxt=38at =8a,gh* = EHF =—pke. (3.2.2)
The fields usually transform as “scalar fields” under translations, i.e.,

/ —_
8¢, =0= 27 =0, (3.2.3)

The Lagrangian usually does not explicitly depend on x, and according to the symmetry condition
(3.1.21) this implies that the translations are a symmetry with Qf =0, and from (3.1.24) it follows that

the Noether current is the canonical energy-momentum tensor, ©“,
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3.2.2 Lorentz transformations

Here we have
Sxt = Swaﬂn”“xﬁ = %850&[6(77““96’6 —pHPx¥) = gl = —(x phB — xPpre), (3.2.4)
The fields usually transform linearly, i.e., according to

S, = é\a) = El = v (3.2.5)

4

where 7/ ﬁ = Z’B = const. The Lagrangian is usually a scalar field built from the fields ¢; and their
derlvatlves J qS i As already assumed for the invariance under space-time translations, we again assume
the Lagrangian to be not explicit dependent on x.

From then the conserved currents define the angular-momentum tensor,

A

JraB — _juPa — ye@rb _ xPore 4 graf  with  §Heb =
a(aygbz)

af
=) (3.2.6)

3.3 Pseudo-gauge transformations

It is clear that the conserved currents from our symmetry analysis above are not uniquely determined:
If j# is a conserved current, i.e., fulfilling J,7# = 0 we can always use an arbitrary antisymmetric
tensor field, Q*” = —Q"* to define a new current by

JH= 0. (3.3.1)

Because of the antisymmetry first of all the local conservation law, QM JH = .7 holds true identically,
but also the conserved charge,

Q=| &x°=]| &x° (3.3.2)
R3 R3

does not change, because using the usual three-dimensional Gauss’s Integral Theorem shows that

$ExdQ¥=| £Lx3,0Y =0, (3.3.3)
R3 ’ R3 !

assuming that Q% vanishes sufficiently quickly at spatial infinity. In the first step we have used that
0% =0 due to the antisymmetry of Q2+,

This shows that ;¥ describes the same physical content as the original Noether current derived from the
above symmetry analysis, i.e., a local conservation law as well as the conserved total charge associated
with the symmetry. In this sense the Noether theorem provides a unique conserved quantity but does
not uniquely specify in any physical way between different distribution of the corresponding density
and current density.

A redefinition of a conserved current via an arbitrary antisymmetric tensor file Q“”, as described above,
is sometimes called a pseudo-gauge transformation.
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3.4. The Belinfante-Rosenfeld tensor

3.4 The Belinfante-Rosenfeld tensor

As we shall see, in the case of the energy-momentum and the angular-momentum tensors one often
encounters difficulties with the canonical energy-momentum tensor. E.g., as we shall show later, in the
case of electrodynamics in an naive application of the transformation laws for the electrodynamic po-
tential A as a vector field, the canonical energy-momentum tensor turns out to be not gauge invariant,
though this is the case for the corresponding conserved “Noether charges”, i.e., the total energy and
momentum of the (free) electromagnetic field.

A hint of, how to cure such kinds of “deficiencies” provides the General Theory of Relativity (GR),
where the energy-momentum tensor of all fields not describing gravitation turns out to provide the
sources of the gravitational field, which is described by the pseudo-metric of the pseudo-Riemannian
space-time manifold'} and this energy-momentum tensor is necessarily symmetric. In this sense general
relativity provides a physical meaning at least to the local distribution of energy in and momentum and
their current densities although in GR there are in general no globally conserved energy and momen-
tum.

As has been shown by Belinfante and Rosenfeld [Bel40, Ros40]], within SR we can always define a sym-
metric energy-momentum tensor from the canonical one by a pseudo-gauge transformation making use
of the spin part of angular-momentum tensor (3.2.6). Indeed, the local conservation law for angular
momentum gives

3] =0F —© 43,5 =0, (3.4.1)
Now we look for a pseudo-gauge transformation
OF = TH =0 4 9,04, Q" = QP (3.4.2)

such that 7% = T"*. Now (3.4.1) gives a hint that we can use S#?” to achieve this. Indeed, since
SHPY = —§H#P we can define the tensor

QLeY — %(S,Wp _SPVH 4 §EP), (3.4.3)

which is indeed antisymmetric under exchange of the indices u and p. Further, using (3.4.1) gives

1 1
— (O — @)= (O +O) + J,(SF ), (344)

1 1
TH — @MY L 7 (SHVP 4 VP -
T3S 2

which is indeed symmetric under exchange of the indices ¢ and v. It is clear that the total conserved
energy-momentum vector

Pr=| Ix7¥=| d&’x0% (3.4.5)
R3 R3

does not change under this pseudo-gauge transformation.

We also note that now we can define the total angular-momentum density tensor by
JraP = el _ P, (3.4.6)

which looks as if there is no more “spin” involved. However, indeed, because of 7% = T** and
5’# TH# =0, first of all we have the local conservation law,

d,J = =o. (3.4.7)

1See, e.g., [LLI6] or [MTW73]] for an introduction to General Relativity.
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Further
JraP = x2@MP —xPore 4 173 QPP —xP 3 Qe

(3.4.8)
__quaf _ cuaf a B_ .5 ay__ af _ oufa

=] SHEP + 0, (x*QHPP — xPQHPe) — (QF QrPeY
Plugging in the definition for Q5 one finds that the last term in cancels the second, such

that the relation between [#*7 and J#*F is again a pseudo-gauge transformation,
Juab — Juab 4 gual, el = aqud _ xbgu, 649

where 24728 indeed fulfills the necessary anti-symmetry condition Q%28 = —Quab,

3.5 Continuum mechanics

As we shall see later, when treating the electromagnetic interaction between charged matter and the
electromagnetic field as the paradigmatic example for a concrete relativistic dynamical model, the point-
particle model to describe macroscopic bodies is highly problematic in the theory of relativity and that
a field description of dynamical systems is more natural.

As an example we treat the ideal fluid, which is also often useful as a classical (i.e., non-quantum) model
of matter in applications of the theory of relativity as relativistic heavy-ion collisions and for sim-
ple classical models for the constitutive relations of macroscopic electrodynamics in a fully consistent
relativistic form. We follow here [Sop08]] and for the kinematical part [RZ13]] adapted to our special-
relativistic framework.

3.5.1 Kinematics

As in non-relativistic continuum mechanics, i.e., the mechanics of fluids (gases and liquids) and elas-
tic solids, there are two kinds of description, usually referred to as the Lagrangian and the Eulerian
formulation. From the point of view of point-particle mechanics the Lagrange formulation is most
natural. Instead of considering a discrete set of interacting point particles, described by functions of
their position vectors in an inertial reference frame as function of time or, equivalently, in the rela-
tivistic context, the space-time four-vector as a function of proper time to get a manifestly covariant
description in terms of “world lines”, one introduces the idea of “material elements” (or more natu-
rally “fluid elements”, though the here developed formalism for the kinematics also holds for solids).
These are “macroscopically small”, i.e., you consider volume elements (in some arbitrary inertial frame)
that are small in comparison to the typical length scale across which the macroscopic properties of the
continuous matter change considerable, so that one can treat them formally as “infinitesimally small”
volume elements d*x but at the same time “microscopically large”, such that they contain many atoms
or molecules, over which fast changing “thermal motion” one can average as far as only the macroscopic

properties of the medium are of interest.
The kinematical description in the Lagrange formalism then is to define first a “standard configuration”

—

by cartesian coordinates £4 (4 € {1,2,3}) in some arbitrary inertial frame and a density 7() giving
the number of particles per volume within this material frame. Now the kinematics of the continuous

medium can be described by the space-time four vectors x#(z,¢) or, more conveniently in the man-

ifestly covariant description by x#(s,&), where s = ¢t with 7 the proper time of the fluid element

labelled by £.
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3.5. Continuum mechanics

This defines the fluid, as seen by an inertial observer, as a time-like world-line congruence. In the
following we define material derivatives with respect to coordinate tlme, D,, and s or proper time 7,

D, and D_by D,x = J,x"(t, f)andD x# =cdxH(s f)_cm‘( ,5) Clearly u,u* =1.

We also assume that x# ( & ) as well as x#(z, E ) are invertible in the sense that we can uniquely derive
£ (s, 5 ) as well as £ (t, £ ). Also since D,x = D_x/u° one can always uniquely express ¢ as a function
t(s, 5 ) and s as a function s(z, 5 ), which is all in complete analogy to point-particle mechanics.

The other point of view is the more intuitive Eulerian description, which describes the fluid as seen
by an observer located at a given space-time point x* and observing the flow of the medium just at
X at time t. This leads to a field-theoretical description with the three scalar fields £€4(x), which just

tells us which fluid element, given by the material coordinates ¢ if in standard configuration, is located
at the observer’s position x at time ¢. The normalized four-velocity field of the fluid is then given by

ut(x)=ut[t,&(t,X)].
This also allows us to calculate material time and proper-time derivatives of arbitrary scalar, vector, or
tensor components in this Eulerian description:

D,A(x) = dA[t,%(t,E)] = 3,A+5 - VA(x). (3.5.1)

Here A stands for any scalar-like field quantity (including vector- or tensor-field components) Multiply-
ing with #, one gets the manifestly covariant form

D, A(x) = cDA(x) = cu*(x)J,A(x). (3.5.2)

E.g., for the proper-acceleration field we get

a(x)=D_ut(x)=cu’d,ut. (3.5.3)
We note that, because #,#“ = 1= const from this we immediately get
¢
1% _ v u_ -,V M~y —
au,=cu,u"dut = > ,(u,ut)=0, (3.5.4)

as to be expected from point-particle mechanics in the Lagrangian description.

The next quantity we can calculate is the particle-number four-flow. We assume here that the particle
number is conservecﬂ The particle-number four-current j{(x) is given by (j;) = (con, pn©)s Where
9 = D, X is the three-velocity field of the medium. As we shall see in a moment this is a vector field. It
can be expressed in manifestly covariant form as j{ = n(x)cu*, where n(x) = py/u° is a scalar field.
Its physical meaning is that it gives the particle-number density as measured in the instaneous rest frame
of the medium element. Indeed the particle number in the volume element d°x is pyd’x = n(x)d’x*,
and the volume element as measured in the observational frame, d’x, is Lorentz contracted compared
to its measurement in the rest frame d’x*, i.e., de3x = pN/uOd3x* =nd’x*

Now we express /5 in terms of the scalar fields & A(x). To that end we note that at time ¢ the fluid
element labelled by £4(x) in the standard configuration is located at . The corresponding number of

2This is not always generally valid in the relativistic realm. E.g., if you have some fluid at temperatures higher than the
rest energy mc? of some particles, e.g., a gas electrons and positrons there can be annihilation and pair-creation processes like
et +e~ <> y+7y. Then in the fluid-dynamics description we have to choose some conserved quantity to count the “amount
of matter” like, in this example, electric charge instead of the particle numbers themselves.
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3. Classical fields

particles is AN = 7(&)d*&, but &°& = det(aj EA)d’x. This means that

on(x) = ()N (5,8 E)E,E7)
=A(E)M(GENAENAE)
. 3.5.5)
— ()P (3,61 3pE28,E”) (
1, o
= 5”(5)50 ﬁYAABC(aagA)(Q,B53)(5}5(:)»
where here and in the following we define as the Levi-Civita symbol in d dimensions as the symbol
Anfr-td = A, that is totally antisymmetric under any permutations of two of its indices and
A4 = A\, , = 1. In the context of Minkoswki four-tensor indices we have A%? = %123 = 1
and 60123 =—Lo123-
Now (3.5.5) suggests that
i) = SAE) T My (@8N pE"NE,E). 3.5.6)

For =0 this immediately follows from (3.5.5). For u = j exactly one of the indices @, 5 and y must
be 0. Then the other two of these indices take values different from O and ;. In our totally symmetrized

notation in (3.5.6) this simply boils down to
)= )P Dy (GENBEMNEE). 3:57)

Now we have

xh = xkt,E(x)]. (3.5.8)

Taking the derivative wrt. ¢ at fixed X for a spatial component x* this leads to
0= = (. D)lz_z +@OENGR (1. D)z =)+ @ENG . 659

From this we find

chEA =—0"g, &4 (3.5.10)
Plugging this in 7) after using ¢/92¢ = —¢%%¢ indeed leads to the expected result:

. 1.2 1 be . .
]1<I 2_ (5) OJbCAABCvﬂ(aaSAxabgB)(acgc): E/ONA]b Aabc{v :PNWJ' (3511)

From the derivation of the current (3.5.6) it is also clear that it must obey the continuity equation.
Formally this is easy to prove, using (3.5.6):

9N = ie*‘“ﬁy%c [(Go7)(3,EPN3,EM)3pE "), € ) +3i(3,0,6")(35E")(3,)]. (3:5.12)

Both terms in the square bracket vanish due to the contraction with e#*57: The first term, because any
non-vanishing contribution mast have {4,B,C} = {1,2,3}, and thus D is necessarily equal with one
of these indices (4,B,C), e.g., A. Then (J,& Dy(d4) is symmetric under exchange of u and  and this

cancels any such contribution when contracted with €#%57. The second term in the square bracket
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3.5. Continuum mechanics

is explicitly symmetric under exchange of the indices u and « and thus its contraction with e“*£7
vanishes too. Thus finally indeed

3,J5=0. (3.5.13)

Next we consider the deformations of the medium as a function of (proper) time. By using proper
time rather than coordinate time to describe the motion of the infinitesimal volume elements of the
medium we already use an invariant description of time by defining it in the local rest frame of the
medium. Further we also have to distinguish between true physical deformations of one such volume
element relative to some other neighboring element and the effect of length contraction. This can
also be achieved by looking at these deformations in the local rest frame of the medium. Finally, as in
non-relativistic fluid dynamics, which is locally valid in the local rest frame, we have to also separate
the rigid rotations of the medium element as a whole from the true intrinsic deformations. To this
end we consider the volume element at x# = x#(r,&4) and an infinitesimally close volume element at
x4 Ses, where s# = s#(x) is an aribtrary space-like “displacement vector”. For the proper velocity
of the displacement vector we find on one hand

D.s,=cu’ds,, (3.5.14)
as for any vector field. On the other hand
cut(x+Ses)=cut(x)+cSes"dut(x)=cu(x)+cSeu’d,s". (3.5.15)
From this we finally get
D.s,=cu’ds, =cs"0u,,. (3.5.16)

The deformation is thus given as a linear mapping with the tensor J,#,,, and we have to decompose this

deformation in the above described covariant way. To that end we introduce the projection operator
to the local rest frame,

A ” (3.5.17)

uv = Nuy — Wy

First we note that
u,= (A7 + % n, (A, + u’n,)o, ", = AYAR, u,+a,n, (3.5.18)

where we have used (3.5.4).

The first term now can be decomposed first in its symmetric and antisymmetric part. Since the projec-
tors Af project to the space-like hypersurface Minkowski-orthogonal to #,,, i.e., to the local rest frame
of the medium, this is merely a tensor in 3D space, and thus the antisymmetric part is already irre-
ducible under the symmetry group of rotations of this hypersurface. The symmetric part can further
be decomposed in two irreducible pieces, namely a scalar part transforming trivially under rotations in
the hypersurface and the remainder. The scalar part is given by the trace, i.e., we have

1 1
_ I AP —
®Vﬂ_EAVA/-‘(QUMP—'_QPM‘T)_O-VH—i_EG)AV/U’ (3519)

where

© =0} =Jd,u’, (3.5.20)
where in the final step we have used (3.5.4) again. From (3.5.19) we immediately find

oy =0. (3.5.21)
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3. Classical fields

So, finally we have the displacement (3.5.16) decomposed in the irreducible parts
— ¢
D s, =s <a#uv+cww+caw+3®Aw>. (3.5.22)

The first two terms describe the rigid displacement of the medium cell in the local rest frame} acceler-
ation and rotation, where w,, = —w,, is the kinematic vorticity of the fluid cell, and the 3rd and 4th
terms the intrinsic deformations of the cell. The term with o, describes the shear deformation of the
cell, perserving its proper volume, while © describes the change of the proper volume by compression
or expansion.

After having some intuitive picture of the kinematics of the fluid cell we can look at this kinematics
again using our field-theoretical description with the three scalar fields £4(x) introduced above and
which we can use in our Lagrangian framework to derive equations of motion for (perfect) fluids and
(nondissipative) elastic bodies. Since the Lagrange density should be a Lorentz scalar, it is clear that the
basic building block are the six scalars,

G =—(3,6Ma1EP), (3.5.23)

the deformation matrix.

Its meaning becomes clear in a local rest frame of the medium cell, where g;'¢4 = 0| There the
deformation matrix is obviously given by

GAB = (3£ (97 &B). (3.5.24)

This matrix encodes information on the displacement of the fluid cell in the same sense as s# above,
but now looked at from the “laboratory frame” at a given time ¢ in terms of the material coordinates:

EAL, R+ 8%) =EN1,%)+ 8x 9,84 = EA(1,%) + Sx* M2, (3.5.25)
Obviously we have
G =M MP & G=mM", (3.5.26)

and G is a positive definite symmetric matrix, from which we can get M up to a rotation. Indeed, if we
write M = M'R, where R € SO(3) we find G = MMT = M'RR™M'" = M'M’". So we can write

M=V GR. (3.5.27)

A
So G describes the deformation of a medium cell at a given time ¢ modulo a rigid rotation. So it is
perfectly suited to describe, e.g., an elastic body, whose elastic energy depends precisely on the de-
formations of different parts relative to its “relaxed state” but not on rigid rotations of the body as a
whole.

It is also easy to find the relation of the deformation matrix to the above discussed particle-number
current. Using (3.5.5) in the local rest frame we have

I =(nc,0,0,0) (3.5.28)

3This term arises, because we consider neighboring medium cells at constant proper time. In the local rest frame we have

u* =(1,0,0,0) and thusa* = (0,), i.e., the term describes the change of the displacement’s velocity during the corresponding
time 8t =87 =8es%/c.
*Here and in the following we write x** for the space-time coordinates wrt. the local rest frame of the fluid cell.
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3.5. Continuum mechanics
with
= #(&)det M = #(E)V det G+ (3.5.29)

In a general frame we obviously have

Je=cnut = n= [N, =HE)WV det 6. (3.5.30)

Here we have used that G = (G*?), given in the manifestly covariant form (3.5.23), are Lorentz scalars,
and thus also det G is a Lorentz scalar.

3.5.2 Dynamics of a medium

Now we can write down the Lagrange density for a general continuous medium. According to the above
kinematic considerations we write the Lagrange density as a function of the three “material coordinates”
&4(x) and the deformation matrix G42, which is a function of the derivatives. For the following it is
most convenient to also separate a factor 7,

L&A, G =—nU(EA, G1B). (3.5.31)

To interpret this ansatz and find out the physical meaning of U we calculate the canonical energy-
momentum tensor using (3.1.20) for this Lagrange density:

¥

Ot =———__JfA— 28 (3.5.32)
(9,64 "
First we determine the derivative of 7:
n 1 d(n)?
@8~ 2 23,27
1 bl
o= /NN
2 A a
229, (3.5.33)
]Na alN
C2n 3(3 &A)
= e enneog g8 g€
" 2cn
Here we have used for the current. Within we need the combination
on N, 7
— _gfA=me appo g £AQ EBJ £C 3.5.34
3(3#514) vg cn 2€ABC€ vg Pg ag ( )
Fen,
Now Fe = —FH#? _i.e., this expression is only nonvanishing if 4 # a. For a nonvanishing con-

tribution we must also have either v = y, for which case F#*, = J%/c, or v = a, for which case
Fa# =—J1/c. Thus we have

Far, = L (jasy —sagt). (3.5.35)
C
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3. Classical fields

Using this in (3.5.34) with /& = ncu® leads finally to

dn
—— & =n(8f —utu)=nAl. 3.5.36
Using this in with the Lagrangian after some simple calculations, using
9GP _ _(quECHD | gugD §ACy, (3.5.37)
23,84 -
we finally get
©) Uu,u,~+2 ou (3,£9)3,6P)= (3.5.38)
w=nUnyin, +2n5 w5 5.

were in the final step have we used the symmetry ©,,, =0, ,, i.e., as usual for field theories involving
only scalar fields the canonical energy-momentum tensor is symmetric and thus identical with the
symmetric Belinfante energy-momentum tensor.

In the local restframe of the medium we have () = (1,0,0,0) and thus we can identify ¢* = nU as
the energy density measured in this local rest frame, and thus U is the energy per particle, and 7% =

—§*ab \where $*4% is the stress tensor in the local rest frame. The latter follows from momentum
conservation d,7#* = 0, and it is characteristic for the continuum-mechanics equations of motion

that the three equations for energy and momentum are equivalent to the Euler-Lagrange equations of
motion, because

d
R
2% 2% 0% 2%
:(aﬂang)g(gpgA) AN Ha(a ) — (2" 5A)35A (a@&om (3.5.39)

pen(s 2% 2%
=@ 5)<”8<85A) 35A>'

Since by assumption the ¥ are diffeomorphisms of the £4(x°, X) for all x° = ¢z, the momentum conser-

vation equations, i.e., (3.5.39) for v =a € {1, 2,3} are indeed equivalent to the Euler-Lagrange ei uations

for the fields &4, and as expected from Noether’s theorem also energy is conserved, i.e., (3.5.39) for
v=0.

3.5.3 Ideal fluid

To apply our formalism of the previous Sect. to the case of an ideal fluid we have to use some ther-
modynamics, which in the relativistic context we will treat in detail in the next Chapter. Here, it is
sufficient to know that the usual formalism of thermodynamical quantities apply in the (local) rest-
frame of the fluid independent of whether we work within Newtonian or special-relativistic physics.
For the internal energy of a fluid for a (reversable) change of state we have

d% = TdS—PdV + udN, (3.5.40)

where T is the temperature, S the entropy, p the pressure, V the volume, N the particle number, and
 the chemical potential of the fluid, and % = UN the internal energy of the matter in the fluid cell
unter consideration with all these quantities defined in its local rest frame. Thus also z =N/V.
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3.5. Continuum mechanics

Thus the “natural” choice of independent variables for the internal energy are the extensive quantities
S, V,and N, of which %, which is an extensive quantity itself, must be a homogeneous function of
order 1, i.e.,

A(S,V,N)=U()S, AV, AN). (3.5.41)
Taking the derivative of this equation with respect to A and then setting A =1 leads to
U(S,V,N)=S3U +V3,U +N3U. (3.5.42)
From this yields the Gibbs-Duham relation
U =TS—PV + uN. (3.5.43)
Taking the total differential and using again gives
SdT —VdP + Ndu =0. (3.5.44)

Deviding this by N and defining s = §/N, the entropy per particle,
1
sdT ——dP+du=0. (3.5.45)
n
Deviding the Gibbs-Duham relation (3.5.43) by N and taking the total differential yields

dU = sdT + Tds— ~dP + — Pdn +dg, (3.5.46)
n n

and using (3.5.45) leads to
p p
dU =Tds + —zdn = U=U(n,s), dU=T, J,U= - (3.5.47)
n n

In the following we also need the corresponding relation for the enthalpy per particle, » = H/N =
(% +PV)/N=U+P/n:

PP &P g 92 (3.5.48)
n  n? n

dh=dU +

For an ideal fluid we thus have
L =—nU(n,s). (3.5.49)

Using (3.5.36) we find for the energy-momentum tensor

T _d¥ In

On J(JHEA) A_ - - * oJe
# In a(aygA)av‘f L0y =0U+Pu,n,—Pr,, (3.5.50)

Usually one also uses ¢ = nU, the energy density in the local rest frame of the fluid cell, i.e., a scalar
freld [O1108]]:
I, =(e+P)u,u,—Pn,,. (3.5.51)

According to the above derivation, the equations of motion now are
3,T# =0, 3Jt=3,(nu)=0. (3.5.52)
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Since the energy-conservation equation, i.e., the first equation for v = 0 follows from the spatial equa-
tions for v € {1,2,3} these are four independent equations of motion for the 5 independent fields #*
(only # are independent, because #,#* = 1) and two independent thermodynamic quantities. So in
addition one also needs an equation of state like P = P (e, n).

One important consequence of the ideal-fluid equations of motion is that the fluid motion is isentropic.

To derive this, we contract the first equation in (3.5.52) with #,, and plug in (3.5.50), using the 2nd
equation (3.5.52), u,d,u" = J,(u,#")/2=0, and (3.5.48)

u,0,T" =3 [(U+P/n)nu"]—u"d,P=Tnu"d,s =0. (3.5.53)
h

This means that the entropy is conserved. To see this we can rewrite the latter equation as
nutd,s=2J, (nsu")=0. (3.5.54)

Here 75 is the entropy density as measured in the local rest frame of the fluid and thus, since /¢ = nsu
it the entropy four-current, (3.5.54) has the meaning of (local) entropy conservation.

3.5.4 “Dust matter” and a scalar field

From a more fundamental point of view, one can treat matter as interacting with fields like the elec-
tromagnetic field, which we shall treat in Chpt. {4|in great detail. In this Sect. we restrict ourselves to
the interaction of “free particles” (often called “dust matter” in relation with general-relativistic astro-
physics). Since for non-interacting particles the energy per particle in its rest frame simply is U = mc?,
where m is the invariant mass of the particles, the corresponding contribution to the Lagrange density

(3.5.31) 1s

gimet) = _metn, (3.5.55)

Now we like to couple the particles to a real scalar field. The Lagrange density for the free field reads

. 1 M?
g feld) 5(0,2)(048)— =2, (3.5.56)

where M is a parameterf} The simplest interaction term between the dust medium and the field is
L) = _ond, (3.5.57)

where g is another constant.

The equation of motion of the field is directly derived from the corresponding Euler-Lagrange equation

(3.1.4) for the single scalar field ®:
g

9L _ 6-9% _ _ipo_

This implies the inhomogeneous Klein-Gordon equation

(O+M*)®=—gn. (3.5.59)

3In the quantized version, M 7 /c is the mass of the corresponding “scalar particles”, described by the (quantized) Klein-
Gordon equation.
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3.5. Continuum mechanics

The equations of motion for the medium is again most simply derived from the energy-momentum
conservation law, cf. (3.5.39). To this end we evaluate the energy-momentum tensor. For the three
contributions (3.5.55}{3.5.57) we get, using (3.5.32) and (3.5.38) for the mechanical and interaction part

gr:ech) = m(;znuyuv, (3.5.60)

v 1 a )
G(Mﬁeld) =(9"2)(d"®)— > [(2,2)(3®)— M@ n* (3.5.61)
O =g®nutu’. (3.5.62)

(int)

The equation of motion for the medium then follows from energy-momentum conservation 9,0 =
0, using J, (nu) =0,

n(mc* + go)utd, u” = gn(n® —utu")d,:=K". (3.5.63)

The scalar field thus provides a contribution to an “effective mass” of the particle, corresponding to
the left-hand side of (3.5.63), as well as a Minkowski force given by the right-hand side, fulfilling the
constraint equation #,K" as it is enforced by the identity u,4" =0, from which 9, u, 4" = 2u,0,u” =0
follows.
One should note that one gets back to the point-particle limit by writing the particle-number current
for a single particle as

dy“(A)

J&(x) = cf de(S(‘*)[x— y(A)], (3.5.64)

where A is an arbitrary world-line parameter. Written in this form the current is written in a parameter-
independent and manifestly covariant way. Here y#(A) is the necessarily time-like world line of the
particle.

One common physically motivated choice for A is the coordinate-time ¢, = y°/c,

Cc

Hlx) = N )8R — ()] = Oz —3
Ja(x) = cf dt, <dty37(ty)> Se(t—1,)]8V[x—y(t,)]= 4.5(1) SW[x—7y(1)]. (3.5.65)
Form this expression it is most easy to prove the particle-number conservation,
3, = (3, +d,5- V)8 [E—j(1)]=0. (3.5.66)

To derive the point-particle equation of motion we note that from (3.5.65) we get, using #* = y(1,d,y/c)

and y = u° =1/4/1—(d,¥/c)?,

Ji(x) = CurSOF—5(1)] = n=~-8O%—(t)]. (3.5.67)
Y

=2

To derive the point-particle equation of motion, we note that from (3.5.55) and (3.5.57)

mech in =
rime) t>:fR3 Px[—mc? — g®ln =—/1—(d,5/c)[mc* + g®(»)]. (3.5.68)

The Euler-Lagrange equations for variations of this Lagrangian with respect to y and rewriting the time
derivatives in terms of proper-time derivatives yields

1
[m + f—2<1>(y)] d2xt =g [V}W - C—z(dfyy)(dryv>] 9,9 (3:5.69)
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This is a well-defined equation of motion, if one takes the field @ as an external given field, but one
should note however, that in this point-like limit a self-consistent solution of (3.5.69) and the field

equation (3.5.59) is not a well-defined problem. For the analogous case of the electromagnetic field this
is known as the radiation reaction problem. This will be discussed in some detail in Chpt.
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Chapter 4

Classical Electromagnetism

4.1 Heuristic foundations

We start with the usual form of “microscopic electromagnetism”, defined by the Maxwell equations
for the electric and magnetic field components E (t,X)and B (t,%). Throughout this manuscript we use
rationalized Gauss units, also known as Heaviside-Lorentz units. This is the usual choice in relativistic
high-energy physics. In this system of units the Maxwell equations read

V-B=0, 4.1.1)
%xEJr%atl?:o, (4.1.2)
V-E=p, (4.1.3)
%xé—%&j:%f (4.1.4)

Egs. and are the homogeneous Maxwell equations. They provide merely constraints on
the field components rather than being dynamical equations for the field, as we shall see in the follow-
ing analysis in terms of the relativistic formulation we are aiming at. Nevertheless the homogeneous
equations have profound physical content. As any fundamental laws of nature they cannot be derived
but summarize empirical evidence. Gauss’s Law for the magnetic field summarizes the empir-
ical lack of evidence for the existence of magnetic monopoles, i.e., there is no generic magnetic charge
seen in nature. Faraday’s Law of induction means that the solenoidal part of the electric field
is due to the changes of the magnetic field with time.

The inhomogeneous Maxwell equations, Gauss’s Law for the electric field (4.1.3) and the Maxwell-
Ampere Law (4.1.4), describe the dynamical laws determining the electromagnetic field due to the
sources, i.e., the electric charge distribution, p(¢,x), which is the amount of electric charge per unit

volume at position X, and the electric current density, j(z,x). For an arbitrary surface element with

-

surface-normal vector d? ]? around position X, dI = d?f - j(¢,%) is the amount of charge per unit time
flowing through the surface element with the meaning of its sign given by the (arbitrary!) orientation
of the surface-normal vector.

The physical meaning of the electromagnetic field is provided by “mediating” the forces on electric
charges. We have already discussed this in the context of point-particle mechanics in Sect. where
we derived in the equation of motion of a point particle with electric charge ¢ in an external
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electromagnetic field (E,B ) as

d mx > q. =
2RV =yE+15xB (4.1.5)
Clt< /1—9—52/C2> c
or, in manifestly covariant form (2.4.33)
d? d
m—x =1F x*. (4.1.6)

R R P

Here, 7 is the proper time of the partice along his world line. The spatial part is also readily derived

by using dr = dz4/1—x2/c2 from (4.1.5) by deviding this equation by this square-root factor. Using
ut =1/cdx#/dr then gives

md2% = q(u°E + 7 x B). (4.1.7)
In any way, provides the Lorentz force for the motion of a particle in an electromagnetic field.
However, one should be aware that this is only an approximate equation of motion since it does not
take into account the interaction of the charged particle with its own electric field. As we shall see this
radiation-reaction force provides an unsolvable problem in relativistic dynamics, which finally leads
to the conclusion that the notion of a strict point particle is at least problematic in relativistic theories.
Thus in the following, we shall first discuss the usually treated problem of finding the electromagnetic
field for a given (continuous!) charge-current distribution from Maxwell’s equations ina
relativistic covariant way. Only later we shall also address the problem of a completely closed self-
consistent dynamical system of continuous charge-particle distributions and the electromagnetic field.
We shall deal with the problem of a “point particle” as one example in describing it as a small Born-rigid
body of finite extent and then discussing possible approximations for the carefully taken limits of the
finite extension to a “point”.
Thus, in the following we consider the charge-current distributions in terms of a continuous fluid,
described by the charge-current distribution, which is given in terms of the fluid-velocity field 7(z, x)
as

-

j(2,%) = p(£,%)0(t,X). (4.1.8)
Then the force density is given by

F(6,3) = o6, D)E(t, )+ 27 x B, (4.1.9)
C

i.e., the force dF on a charged-fluid cell around x due to the presence of the electromagnetic field is
given by dF = &®x f(¢,%).
In the next section we aim at a manifestly covariant description of these heuristic ideas.

4.2 Manifestly covariant formulation of electrodynamics

We start with the discussion of the charge and current distribution. It is remarkable that already from
the Maxwell equations (4.1.1f}4.1.4) we can conclude the conservation of electric charge, without the
necessity to discuss the details of the dynamics of the charged fluid. Indeed taking the divergence of

(4.1.4) and using (4.1.3) we find

l= = 1= =
-Vj=—-V-9E=—

1
c c c

> = 1 = =
OV-E=—=0d,p = dp+V-j=0. (4.2.1)
C
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4.2. Manifestly covariant formulation of electrodynamics

The latter equation is the continuity equation. Its physical meaning becomes clear when integrating
(4.2.1) over an arbitrary volume at rest. Then we find, using Gauss’s theorem

J d’x3,p(t,%) J dPxp(t, x)——QV f PxV-j(t,%) J dzf (6,%). (4.2.2)

Here dV isthe (closed) boundary surface of V with the convention to orient the surface-normal vectors

d ]F to point out of the volume. Now Qy,(¢) is the total charge of the fluid contained in the fixed volume
V at time ¢. According to the equation its change Qy, is entirely given by the total current flowing
through the boundary surface.

Now (4 can be brought in a form that we shall prove to be covariant under Lorentz transfor-
mations. To that end we realize that (x#) = (ct,X) is a four-vector and d, = ¢d),, where we define the
four-dimensional Nabla operator as

4
“ ek
We will prove in a moment that putting the index as a lower index when deriving with respect to x*

provides the correct transformation property of derivatives of scalar vector, and more general tensor
fields. In terms of this 4-dimensional Nabla operator we can write ( as

(4.2.3)

d,jH(t,%) =0, (4.2.4)

where we define the current four-vector field

g [€p(E:X)
JH(x) = < 63) > (4.2.5)

To confirm that (4.2.3) really defines an operator that acts formally like co-variant vector components
we start with the definition of a tensor field by its components as a function of the space-time four-
vector components, 74" (x).

Now, as detailed in Sect. the contravariant components of the space-time four-vector transform
under a Lorentz transformation as

xH :A,vav’ nppA#vApa =N = UVU(A_l)UIB = 77,(1,3A/uv = (A_l)aﬁ = nyﬁnvaA[uv' (426)

From this the transformation of the co-variant components read

=7, M X =7, 0 A X, = (AT o 4.2.7)
Now by definition the transformation rule for the tensor-field components reads
TR (%) = A# LAY A TP (x). (4.2.8)

From this we immediately find the transformation rule for the partial derivatives of these components
to be

. 5
3, THP(3) = M\ g AP - gx
x(T

TePr(x) = M N g AP oo (A1) O TP (x),  (4.2.9)

which indeed means that the derivative J, transforms like the components of a new tensor field with
one more covariant index.
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4. Classical Electromagnetism

This implies that the left-hand side of (4.2.5), the four-divergence of the vector field (j#), is a scalar
field, and thus the continuity equation a Lorentz-invariant property, as it should be for a relativistic
physical law.

To also express the components of the electromagnetic fields in a manifestly covariant way, next we aim
at writing them in terms of appropriate four-tensor components. To that end it is easier to first exploit

the homogeneous Maxwell equations (4.1.1) and (4.1.2) to introduce the electromagnetic potentials.
b

From (4.1.1) we know that B has a vector potential A such that
B(£,%)=V x A(t, 7). (4.2.10)

Using this in (4.1.2) we find
v x <1§ + 1@2) —0, (4.2.11)
C

from which we can conclude that the expression in the brackets is the gradient of a scalar potential @,
o 1. - . e . R N R -
E+-8A=—V® = E(t,3)=—V(t,})— - dA=—V(t,7)— QHA. 4.2.12)
c c

This indicates that we can combine the potentials to a four-vector potential,

[A¥(x)] = <¢(x)> (4.2.13)
“\Ax)) -

and that then the electric and magnetic field components are found as the tensor components of a
kind of four-dimensional curl, i.e., the antisymmetrized derivatives of A¥, which leads to the Faraday
tensor,

F,p5(x) = d,Ap(x)— dpA,(x). (4.2.14)
It is clear that the observable phenomena are described by this Faraday tensor, which can be expressed
with the electric and magnetic field components (E, B), as we shall see next. This implies that the same
physical situation is described also by the four-potential,

A, =A,+3,x (4.2.15)
with an arbitrary scalar field y. This is known as the gauge invariance of electromagnetism. We come
back to this very important property in Sect.

To find the relation of the tensor components F, 5 with the usual electric and magnetic components
E and B of the non-covariant formalism, we have to be careful with the signs. We als note that £ and

B are not the spatial components of a four-vector. In the following we write always lower indices for

these vector components, i.e., E= (Ey,E,, E5) and B= (By,B,,B5). This is the case for /_f, according to
(4.2.13). Since F, g = —Fp, we just need to calculate the six components 5 and F,, with a, be{1,2,3}:

1
Fy, = A, — Ay =—3A" — 3,A° = —;&’[Ab —3,8=E,,

(4.2.16)
Fab = aaAb - abAa = _aaAb + abAC = Ebac(v X A)c = _fachc'
Weriting the the Faraday-tensor components in terms of a matrix we get
o E E E
_|[—E O =B B
(Fluv) - —E2 B3 0 _B1 (4217)
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4.2. Manifestly covariant formulation of electrodynamics

Raising both indices we get

0 —E, —E, —FE,
E, 0 —B, B
E, B, 0 <—B
E, —B, B, 0

(F#) = (4.2.18)

Now the Maxwell equations are first-order differential equations of the field components. Since we
expect that the Maxwell equations are in fact a relativistic field theory, it should be possible to write
these equations in terms of manifestly covariant differential manipulations. The most simple possibility
is to contract the Faraday tensor with the four-dimensional Nabla operator, 1.e.,

¢ P\ 1.
a,F% = - - S ]=l= == 4.2.19
5= ag ) ()10 o

In the second step we have used the inhomogeneous Maxwell equations and thus brought
them already in a manifestly covariant form.

To also find the covariant form of the homogeneous Maxwell equations we note that the Levi-Civita"
symbol, ¢2°7% | which is defined to be totally antisymmetric under exchange of any pair of its indices
and €%1% = 1, are invariant under proper (and thus particularly under proper isochronous) Lorentz

transformations, because
T = N N AP N 5T = P9 der(R) = P (4.2.20)

In the same way we find for the covariant components

€ oo = €177 det(7) = —F7. (4.2.21)
Finally we note that

€apro€t’ ==005"5 (4.2.22)

where PR

g 8,6 3, Jy

Voo sy & 8y 8%
Biy =det| gt 85’ é‘% é\% (4.2.23)

o 3; 8y 8y

This means that 8“7°% is antisymmstric under exchange of any lower or any upper index pair, and

afByd
83133 = 1. It is also clear that this symbol defines invariant tensor components under any linear trans-

formation, particularly also under arbitrary Lorentz transformations.

With help of (4.2.22) and the properties of the determinant (4.2.23) it is easy to evaluate all possible

contractions of two Levi-Civita tensors,

su 8t 8t
€, p,e€P0 =—det| &) 8y & |=—8"F, (4.2.24)
Bys 55 35 3? 2By
a2
€aprs e :_Zdet< 5 %):—wcfjﬁ, (4.2.25)
€apyo€ P = =63 (4.2.26)
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4. Classical Electromagnetism

The Levi-ivita tensor allows us to define for each completely antisymmetric tensor of ranks 2, 3, or 4
another antisymmetric tensor by contraction with the Levi-Civita tensor, e.g., for the Faraday tensor

1
TF# = EE’WPUFIOU. (4.2.27)

The tensor defined by the components TF#” are called the Hodge dual of the Faraday tensor. Using
we find that the operation of forming the Hodge dual of an antisymmetric tensor is a
one-to-one mapping in the space of the antisymmetric tensors. The inverse is given, up to a sign, by
the Hodge-dual operator itself. E.g., for the Faraday tensor we get

1 voo
T(TF)(ZIB = Eeaﬁluvelu P Fpa

1
=+4-c ePTHF
4 @bu Fo 4.2.28)

1 S\ e
_z(é\aa _é\a Slg)Fpa
:_SggﬂFpU :_Fa,@‘

To see the relation of TF%5 to E and B we first note that €% is only non-zero for u,v,p € {1,2,3}.
This means that

1
tEOv — E(T,Ovatﬁ]:mﬁ =—B, ve{1,2,3} (4.2.29)

72
In the following we define that latin indices always run over the set {1,2,3} and greek ones over
{0,1,2,3}. For m,n € {1,2,3} we then have

1
Tpmn — zémnazﬂFo[ﬂ — €mnObFob — GmnbEb. (4.2.30)

In matrix notation this reads

0 —B, —B, —B,
B, 0 E —E
B, —E, 0 E
B, E, —E, 0

TFw = (4.2.31)

We can express this also in a different way: We can identify the 6 components of F#” with the ordered
pair of three-vectors (E,B). Then TF#” is identified with (B,—E).
Thus we get for the contraction with the four-Nabla operator from ¢4.2.19)

HFTFW:< V-8 #> =0, (4.2.32)

where in the last step we have used the homogeneous Maxwell equations (4.1.1{4.1.2). So the Maxwell

equations are equivalent to the manifestly covariant relativistic field equations for the Faraday tensor
and its dual (4.2.19) and (4.2.32):

1.
g F = - 7 4k, =o. (4.2.33)
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4.2. Manifestly covariant formulation of electrodynamics

We just note that we can establish a four-dimensional definition of an electric-field four-vector and
a magnetic-field four-vector. It depends on the four-velocity #» = (##) of an inertial observer who
measures these fields,

->.E_.’ »‘B’
E‘u:F’WMV:< s Q>, B”:TFW%V:< I #>. (4.2.34)
u u’B—u

Indeed, for the observer at rest in the reference frame at hand, we have # = (1,0,0,0)" and for this
observer we have (E#) = (O,E) and (B*) = (O,E).

gives the components of the four-vectors of the electric and magnetic field with respect to the
reference frame, where this observer moves with four-velocity #. In his own rest frame he finds the
field components by applyting the appropriate boost matrix

. /0 T
A:<—ZZ 1+ (u® —1)au" ) i? > (#.2.35)

to the vectors given in (4.2.34),
: 0 - 0
(E#):(AHVEV):<E>, (B/“):(A/JVBV):<B_§>, (4236)

where after some simple algebra, using #° =y =1/4/1— 2 and » = }/,é with /é =3

3 o - - 2L,
B=B+y(B,—BxE)=y(B - xE) 11}/ﬁ(,@-3). (4.2.38)

Here we have used the projection of the 3D-field components to a part longitudinal and perpendicular

with respect to 3,

— ﬁ \7 g —

and

2

- - —)/-’ - - — - -
E=yE+— -EY=vE+ E E=yFE—
1=vE+ % B(B-E)=y 1/ zﬁ(ﬁ =rE=rE=1

" _B(B-E) (4.2.40)

and the analogous equation for EH'
Of course, one obtains the same result by applying the boost transformation to the Faraday tensor and
then reads off £ and E, using (4.2.17),

FE = A# N, FPO. (4.2.41)

From (4.2.34) with some algebra one can derive that

Fo=Eu,—Eu,—¢€, Bu’. (4.2.42)
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4. Classical Electromagnetism

Now the homogeneous Maxwell equations (4.2.19) read

1.
I F* =0, Elu” —u0 E” — P (9,B,u,) = ;]". (4.2.43)
The dual tensor is .
tpsy — EGWPUFPJ = ePUE u, + B u’ — B u", (4.2.44)
and the inhomogeneous Maxwell equations (4.2.32) become
Tpuy — uvpo M,V v
g,/ F" =¢ gﬂEPMO +3,Bu" —u"d,B". (4.2.45)

With the tensors F#* and TF#” we can build two independen invariants of the fields,
F, F*=—1F TF®=_2E*—B?), F,'F* =—4E-B. (4.2.46)
This leads to the idea to build a complex three-vector, the Riemann-Silberstein vector,
F=FE +iB. (4.2.47)
Keeping the usual scalar product from Euclidean R?, this leads to
F2=F?_ B _iF -B. (4.2.48)

This shows that the invariants of the electromagnetic field (4.2.46) under Lorentz transformation occur
as real and imaginary parts of F2. This indicates that the transformation of the field components un-

der proper orthochronous Lorentz transformations can be expressed as a complexified
rotation matrices O € SO(3,C), i.e., matrices O € €3 with detO = 1 and OOt = OTO = 1. Of
course, the rotations are given by the subgroup SO(3), i.e., the usual rotation matrix. Indeed both the
electric and magnetic field components transform as usual three-vector fields under rotations, and thus

this holds also for F. Now from 1 i we find

F=B(B-F)=ifyBxF+y[Bx(F x Bl =D yin)F, (4.2.49)

12

where ,BA = /5 /B and n = artanh 3. For real arguments ﬁ;l(a) denotes transformation of the three-
vector components under usual rotations of the spatial basis vectors with rotation axis 7 and rotation
angle @, cf. the spatial part of the four-vector in (1.7.23). Thus, the Riemann-Silberstein vector indeed
transforms under proper orthochronous Lorentz transformations according to the complexified group
SO(3,C). The usual rotations are represented by the subgroup SO(3) and rotation-free boosts by those
with imaginary rotation angles iz, where 7 is the rapidity of the boost, introduced in (1.7.28).

To derive the Maxwell equations in terms of the Riemann-Silberstein vector we can simply use the

three-dimensional form (4.1.1f}4.1.4). Taking the divergence reads

V-F=p (4.2.50)
and the curl : ] ) ]
VxF=Vx(E+iB)=—8B+-3,E+2]=23F+])) (4.2.51)
C C C C
or . .
VxF—tdF=-]. (4.2.52)
C Cc



4.3. The Doppler effect for light

4.3 The Doppler effect for light

As an application of the above derived transformation laws of the electromagnetic field components we
consider, how the frequency and intensity of a plane wave changes when its source moves with constant
velocity ¥ = [Bcé, in the reference frame . Then the source is at rest in the reference frame 3.

We assume that the wave vector k& = k(cosa,sina,0) = k7. Then also in the frame ¥’ we have &’ =
k'(cosa’,sina’,0) = k’7’. As we shall see, the parameters &' = cw’ and @’ are different from the
corresponding values £ = cwc and @, where the source is moving with o = Scé,, i.e., both the frequency
of the electromagnetic wave changes when the source is moving compared to the frequency when the
source is at rest (Doppler effect of light) and also the propagation direction (aberration of light).

In the frame, where the light source is at rest a plane-wave solution for the electric field reads
E'(x')=E[cos(k’ - x'). (4.3.1)
We assume that in &’ the axes are chosen such that 77’ = (cos &', sin’,0)T and E}, = E}, &, +E[,¢,. Here

—sina’ 0
e =| cosa’ |, &=|0 (4.3.2)
0 1

are two vectors perpendicular to 7’ such that €] x €, = #’. The magnetic field is uniquely determined

by B} =7’ x E' = (E}, &, — E},¢,) and

o/

E'(x')=Ejcos(k'-x'), B'(x')=Bjcos(k-x). (43.3)

B
Further due to Lorentz invariance we have &’ - x’ = k - x and thus because of (4.2.37)

E(x)=Eqcos(k-x), B(x)=Bycos(k - x) (43.4)
with L S
. —Ej sina . Eq,sina
Ey=| yE,(B+cosa’) By =~ —Eg,y(B+cosa’) |. (4.3.5)
ElLy(14 Beosa’) ¢ Ely(14 Bcosa’)
Now
k' yk'(1+ Bcosa’)
Al A1 | & cose’ k'(B+ cosa’) k
_ Al A1 _|7 —
k=A"k=A k'sina’ | k'sina’ ~\kn (4.3.6)
0 0
and thus
(B+cosa’)/(1+ Bcosa’) cosa
k=yk'(1+ Bcosa’), 7=|+/1—p2sina/(1+ Bcosa’) |=| sina |. (4.3.7)
0 0

As expected the fields (4.3.5) in X are of the same form as in 3, i.e.,

—sina 0 )
&,=| cosa |, &=|(0|, E=(Ey€; +Eyé,)cos(k-x), B=-nxE. (4.3.8)
¢
0 1
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Figure 4.1: Leftr Doppler effect for light according to (4.3.14); right: aberration of light according to
(#.3.12).

Also the observer in ¥ thus sees a plane wave as in the restframe of the souce, >’ but with different
parameters. This must be so, because the Maxwell equations are a system of relativistically covariant
field equations, as discussed above, and the plane-wave solutions of the (free) Maxwell equations are
uniquely determined.

According to (4.3.6) the frequency changes from its rest-frame value to
w=ck=yew' (14 Bcosa’). (4.3.9)

This is the Doppler effect for light, and analogously to the Doppler effect for sound the frequency
depends on the speed of the light source and the direction of observation, 7 (parametrized with the
angle @), relative to the direction of the velocity of the light source, 7 = Bce,. The effect gets largest,
it the light source moves directly towards the observer (@ = 0) or away from him (@ = 7). Then from
also @’ =0 or &/ = 7, respectively. According to we get for these cases (upper sign is for

a = a’ =0 and lower sign is for « = &’ = 77)

1+
wy =y’ (1£8)=0’ % (4.3.10)

If the light source is moving towards the observer w = w_ > «’. If the source is moving away from
the observer we get & = w_ < «’. That means a light-source moving towards the observer leads to a
blue-shift of the light, one that is moving away from the observer to a red-shift.

Another interesting case is if the light is observed in ¥ in the direction perpendicular to the source, i.e.,
for @ = 7t /2. According to this implies cose’ = — 8 und sina’ = 4/1— 2. Using again
we find

w=yo0'(1—pB)=w'y/1- 2 (4.3.11)

L.e., contrary to the case of the (non-relativistic) acoustic Doppler effect one also has a Doppler shift
of the frequency when the light is observed in a direction transverse to the velocity of the source,
i.e., a transverse Doppler effect, and it’s a red-shift by the inverse Lorentz factor 1/y. This can be
understood as an effect purely due to time dilation: Considering the light wave as a clock, which ticks
at a rate 7/ = 27/’ in the frame it moves with v = [c it ticks at rate 7 =27/ = yT' = y2n /o’
and thus w = o'/y.
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4.4. The Lagrangian for the electromagnic field

Further the angle @ is changed against the angle @’ in the restframe of the source. This is known as the
aberration of light. Defining ,a’ € (—, 7] we get from (4.3.7)

B+ cosa’ >

T Boosa 4.3.12)

a =sign(sina’)arccos <

As can be seen in Fig. 4.1} that usually @ < o’ (except for the special cases, discussed above, @ = a’ =0
and @ = o’ = 7. The direction of the one polarization vector changes correspondingly according to
(4.3.8). The other polarization vector perpendicular to the plane spanned by the velocity of the light-
source and the direction of the wave vector (given in the frame X and in our choice of coordinates the
(12)-plane), does not change.

Of course we can express the Doppler effect also directly with the angle @, defined in 3, because obvi-
ously

k yk(1—Bcosa)
Ak =A|Foose | 2| rk(=F +cosa) 4.3.13)
= = Esina Esina

0 0

As to be expected this deviates from (4.3.6) only by substituting (k,a) — (k’,o’) and 8 — —f3. From
the temporal component of (4.3.13) we get (see the right plot in[4.1)

, 1— Bcosa , V1= /2
o' =w w=w——"

V1I—32 - @= 1—Bcosa’

Finally we compare the intensity of the light wave as observed in the two frames. The intensity is given

by

(4.3.14)

12 12 2

£= EEg = EEéz}/z(l + Beosa’ ) =& <%> : (4.3.15)
The light intensity changes in comparison to that measured in the rest-frame of the source with the
square of the “Doppler factor” w/w’.

4.4 The Lagrangian for the electromagnic field

In this Section we analyze first the free electromagnetic field and then the “dust medium” as the most
simple continuum-mechanical model for charged particles interacting through the electromagnetic in-
teraction in terms of the field-theoretical action principle discussed in

For the free fields we can find the Lagrangian for the electromagnetic four-potential A“ quite easily from
the fact that the (inhomogeneous) Maxwell equations are linear, i.e., the Lagrangian must be a quadratic
form of the A* and its derivatives d,A*. Further the Maxwell equations are gauge invariant, i.e., also
the action should not change under a gauge transformation (#.5.2). Thus we expect the Lagrangian to
be a bilinear form of the gauge-invariant field-strength tensor F,,,. The two possible Poincaré invariants
are

v v 1 o
& =aF, F*, £ =pF"F, = ,BEGWP F,F,, 4.4.1)

with some constants & and 3. The second candidate for a Lagrangian is however ruled out by the
empirical fact that the electromagnetic interaction is invariant under spatial reflections, which is a
Lorentz transformation with determinant (—1). Since the Levi-Civita tensor changes its sign under such
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4. Classical Electromagnetism

Lorentz transformations, .%, is a pseudoscalar rather than a scalar quantity under spatial reflections.
Thus we set 8 = 0. So up to the factor o the Lagrangian for the free electromagnetic field is determined

to be Z,. The usual convention for the choice of the coefficient is « = —1/4. Thus we have
plem) __Lowp _ lowg (4.4.2)
0 - 4 uy = ) wilye 4.

To see that this leads to the correct source-free Maxwell equations, we calculate the variation of the
corresponding action,

Sstem = f d'xF@SF,, f d*xF*3, 84, = +J d'x84,3,F* =O0. (4.4.3)

Since this should hold for all A4, the equations of motion indeed are the source-free inhomogeneous

Maxwell equations, i.e., (4.2.33) with ;¥ =0,

3,F* =0, (4.4.4)
Next we evaluate the canonical energy-momentum tensor. From the general formula (3.1.20) we get

@(em) ag(em)

= G (4.4.5)

1 o
3A .,%ryw—FpﬂavAP+ZFng/° 7y

We note that this cannot be the observable energy-momentum tensor since it is not a gauge-invariant
expression. As discussed in Sect. Noether’s theorem does not uniquely determine the “conserved
currents” of a symmetry (here the symmetry under space-time translations) but only up to a “pseudo-
gauge transformtion”, i.e., one can introduce an alternative energy-momentum tensor of the form,

T(em) —

o =0l + 9 e (4.4.6)

with an arbitrary field Q“°” obeying Q“f” = —Q*PH. For (4.4.6) the same local conservation law holds

as for (4.4.5),
HTIM = drelem =o, 4.4.7)

and the total energy-momentum vector,

P=| &IxT =] dIx0% (4.4.8)
R3 R3

is also the same for both energy-momentum tensors. To make (4.4.6) gauge invariant, we should have
3,01 = —prra A Y2V g (FPRAY) = Qe = —FPRA, (4.4.9)

which is indeed antisymmetric under exchange of the indices p and u. With this choice we get the
symmetric energy-momentum tensor of the electromagnetic field,

(4.4.10)

(em) _ 2 po, 1 PO, P
T, =I,,Ff+ - F FE7n 4FpaF Ny — o, F2 s

which is also obviously gauge invariant.
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4.4. The Lagrangian for the electromagnic field

Now we consider a charged dust medium as introduced in Sect. as the most simple example of
a charged medium interacting via the electromagnetic interaction. The Lagrangian for the free dust

particles is again given by (3.5.56),

gimet) = _metn, (44.11)

The interaction with the electroamgnetic field is described by

int) 4
gl —_1 flﬁAw (4.4.12)

where g is the charge of the dust particles. We first note that this provides a gauge-invariant contribution
to the action, because for A/H =A,+ 3# x the gauge-transformed Lagrangian reads

plinty _ cplint) _ ]151 — cplin) _ %gﬂ <]§){>’ (4.4.13)

due to particle-number conservation. Thus the gauge-transformed interaction Lagrangian differs from
the original one only by a total divergence and thus the corresponding action functionals are the same.

We also obtain the correct inhomogeneous Maxwell equations since the variation of the interaction
part of the action wrt. the A* is

88, = Jd‘* 1resa, (4.4.14)

Adding this to the variation of the action for the free electromagnetic field (4.4.3) indeed leads to the
correct inhomogeneous Maxwell equations with non-vanishing sources,

3, F* = ]N (4.4.15)

As to be expected the electromagnetic four-current density is

I'=ql\=qcnu’. (4.4.16)

To find also the equations of motion for the medium we use energy-momentum conservation. First

we work with the canonical energy-momentum tensor. In addition to (4.4.5) we have the energy-
momentum tensor for the free dust particles (3.5.60),

@iﬁleCh) =mc*nutu’, (4.4.17)

and with (3.5.32}3.5.34) we find for the contribution of the interaction Lagrangian
@ int) ]N A, =pnu A, (4.4.18)

The equations of motion for the medium follow from the local energy-momentum conservation after
some algebra,

1
MV _ 2 _ uv w o v .
OO pech = M " = =0, Om — 3,0, = qnF*Pu, = p (4.4.19)

We note that despite the fact that the canonical energy-momentum tensors for the fields (4.4.5) as well
as from the interaction term (4.4.18) are 7ot gauge invariant, we obtain the expected gauge-invariant
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4. Classical Electromagnetism

equations of motion, since obviously on the right-hand side of the expected gauge-invariant
Lorentz-force density occurs.

This 1s, of course, expected, because the equations of motion for the medium also follow from the
variation of the action, which is gauge invariant (cf. Sect.[3.5.2).

Again, we can use the same pseudo-gauge transformation as for the free field (4.4.9) to obtain a gauge-
invariant total energy-momentum tensor for the electromagnetic field and the interaction, because with

we ge
3 = —3 (FPHAY) = —nqut A’ — FFHG A", (4.4.20)

This leads to
1 1
w_ kY w upy — POpMY _F BEPY — FH FPY 4 Z kv PO
T =Om+O; +8PQ = 4FPOF n Fp FP"=F PF + 4;7 FPJF , (4.4.21)

which is formally the same gauge-invariant expression as for the free electromagnetic field. The inter-
action term is now “hidden” in the field expressions.
Of course the same equation of motion for the medium (4.4.19) can be derived from this, using (4.4.19),
because
uo 2, u v_ wo_ uv U uev\ — uv uv

3,01 | =mcnutd,u’ ==3,Th =—3,(0k + 0L + 3,0 ) =—3,(0im+0).  (44.22)
The expressions for the various quantities defined by the components of the symmetric and gauge
invariant energy-momentum tensor of the electromagnetic field (4.4.21) in terms of the 3D formalism
of electrodynamics can be simply read off the definition (4.4.21) by expressing the Faraday tensor in
terms of (E,B). The result is

1 = =
€em = Te?‘?l = E(Ez +B2), (4423)
(I, ==-8"=T% =E x B, (4.4.24)
C
. . 1 > R . . .
Tk = TP = E(Ez + B8k —EiE* ik, (4.4.25)

Here, ¢, denotes the energy density of the electromagnetic field, IT its momentum density, S the

. . ik .
energy-current density (or Poynting vector), and Tl\]/[ax the Maxwell stress tensor, expressing the
stress tensor of the medium due to the electromagnetic interaction.

4.5 Gauge invariance and retarded potentials

As we have already mentioned in Sect.[4.2]the homogeneous Maxwell equations guarantee the existence
of the four-vector potential A, with

F,=3d,A,—3A,, (4.5.1)

and for any scalar field y
/ —_—
A,u _AH+3MX (4.5.2)

we get the same Faraday tensor (4.5.1) since J, 0,y —J,d, y = 0. This is called gauge invariance of

the electromagnetic potential.
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4.5. Gauge invariance and retarded potentials

Plugging (4.5.1) into the inhomogeneous Maxwell equation (4.2.19) we get the equation of motion for
the four-potential,

1.,
gluF,uv = alu(aluAv - avA[u) = DAV - ava[uA[u =-7]- (453)

c

C C ' o

Now due to the gauge invariance the electromagnetic potential is determined only up to the gradient
of a scalar field. This means that we can apply one additional constraint on A ,, which of course has to
be consistent with the equation (4.5.3).
Obviously the equations become separated for the four components of A if one chooses the
Lorenz-gauge condition,

J,A4 =0, (4.5.5)

which has also the advantage of being a covariant equation, i.e., if one evaluates the four-potential in
one inertial frame of reference subject to fulfill (4.5.5) this condition is also fulfilled in any other inertial
frame.

Thus with the Lorenz-gauge condition (4.5.5) the equation of motion for the vector potential (4.5.3)
simplifies to

OA = - . (4.5.6)

c

This equation is consistent with the gauge condition, because

0=0dA" = % 77 (4.5.7)
and this is fulfilled according to the conservation of electric charge, which leads to the continuity equa-
tion (#.2.4). This condition of charge conservation has to be fufilled thus not only as an integrability
condition for the Maxwell equations but also to fulfill gauge invariance.

Now we investigate, how to solve with the sources, 7#(t,x) considered to be given. Then this
is a set of wave equations, which are, thanks to the choice of the Lorenz gauge, uncoupled. It is a
(hyperbolic) linear partial differential equation of second order in time and thus its general solution
can be written as the sum of a particular solution of the inhomogeneous equation and the general
solution of the homogeneous equation. To make the solution unique one needs initial conditions, i.e.,
the specification of A“(t =0,X) = AJ(X) and J,A#(t =0,X) = J,A#(t = 0,%) or, equivalently in terms
of the physical fields, F#*(t =0,%) = F/"(%).

We start to look for a solution of the inhomogeneous wave equation of a scalar field. This is then
applicable to the four separated equations for the components of A¥. So we try to solve

O®(x) =J(x), (4.5.8)

with ® and J scalar fields. The usual way to solve such an inhomogeneous linear equation is to look for
a Green’s function of the corresponding differential operator on the left-hand side, i.e.,

0,.D(x,x") = 8W(x —x'). (4.5.9)
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4. Classical Electromagnetism

Having found such a solution, a particular solution of the inhomogeneous equation (4.5.8) is given by
P(x)= J d4x/D(x, x/)](x/). (4.5.10)
R4

This already provides a hint, how to specify the Green’s function needed for our purposes further: The
integral over x’° = ct’ integrates over the entire “history” of the source. Since we observe the field ®(x)
at a given time, t = x°/c, due to the causality principle, it should be determined only by the “past” of
this history, and the future states of J(x'), i.e., at times ¢’ > ¢ should not contribute. One should note
that at this point we bring in the notion of a time direction, i.e., we distinguish past from future by
envoking the argument with the causality princple, defining the causal time arrow. Thus, we look for
the socalled retarded Green’s function, subject to the constraint

D(x,x")=D(x —x") = O(x° — x")d (x — x). (4.5.11)

In this ansatz we have already taken into account that is invariant under space-time translations,
i.e., D(x,x’) can only depend on the difference x —x’ of its arguments. Thus setting y = x —x’ we have
to solve

OD(y) = 8W(y). (4.5.12)

To this end we express D as a Fourier transform wrt. y°

0
D(y)= ii exp(—ik®y°)D(k°, 7). (4.5.13)
R «7T
Then we get from (4.5.12)
0 0
590 =506) [ Lexpit®y)= [ Lo np@y) sy
R 27T R 27T
or )
—(k%+ A)D(k°,5) = 8O(5). (4.5.15)

Due to the invariance under rotations, this suggests the ansatz D(k°,y) = F(k°% r)/r with r = ||

Then for r # 0 simplifies to

I?F(k°,7r)=—k%F(k°, r) = F(k° r) = Aexp(ikyr)+ Bexp(—ik°r)

4.5.16
= D(k% 7)) = éexp(ikor)+ §exp(—i/eor). ( )
r r
Plugging this into (4.5.13) we get
A B
D(y)==80"=7)+—-30°+7) (4.5.17)

Due to the above introduced retardation condition that D(y) = 0 for y° < 0 we must have B = 0.
Further, for £%2 = 0 and B = 0 (4.5.15) must reduce to the known Green’s function for —A which is
1/(47r), leading to A = 1/(47). So we finally obtain

1
47yl

D(y)= 8=y (4.5.18)
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4.6. The retarded fields

As we shall see below, for many applications it is more convenient to rewrite this in a manifestly co-
variant way:
D()=5-00°)80% —7) = 00780 1) = --06)30?) (45.19)
s 2r 27
We note that this function is invariant under orthochronous Lorentz transformations, which do not
change the sign of the time component of any four-vector. This again reflects our particular choice of
the Green’s function of the D’Alembert operator, i.e., the retarded one.

To solve (4.5.6) it is most convenient to use the form (4.5.18) of the Green’s function, leading to the

retarded four-potential,

8 0__ . . v a4
A”(x):J POVl Gt xD]#(x/):J Py L EZFLE) (4.5.20)
R 4rrc|x —X/| R 4rre|x —X'|
Rewriting this in terms of ¢ = x%/c we get
t_ _ !
A*‘(x):f PN Gl i /1250 4.5.21)
R 4rc|x —X/|

The latter equations makes the physical interpretation of the retardation effect simple: The contribu-
tion of the sources at position X’ to the fields observed at position X at time ¢ originates from the state
of the sources at the retarded time, 7, = t —|X —X’|/c, which is earlier by the running time of light
from X’ to X. This reflects the relativistic causality structure, limiting the speed of signal propagation
to the speed of light in a vacuum.

To see that (4.5.21) is a valid solution for potentials, leading to a Faraday tensor that solves all Maxwell
equations, we must check that the Lorenz-gauge condition (4 is fulfilled, because only then the
solution of (4.6.6) leads to a valid solution of the Maxwell equatrons To prove this, we write the
solution in unintegrated form,

#(x)

A/‘(x):f d4x/D(x—x/)j ( , (4.5.22)
R4

c

and then, via an integration by parts assuming that the boundary terms do not play any role, because
the current vanishes sufficiently fast at infinity, we indeed find

) 2 nH(x)
d,A%(x) = d4x aTD(x—x ) ;
:_J dtx’ a, D(x— )2 (4.5.23)
R dx'v c

_ 4/ —
_J d*x'D(x —x)a P =0,
R4 X 4
where in the last step we have made use of the continuity equation (4.2.4) again. Thus the retarded

solution (4.5.21) indeed fulfills the Lorenz-gauge condition (4.6.5) and the wave equations (4.6.6) and

thus provides a valid electromagnetic potential.

4.6 The retarded fields

With (4.5.21) we have a valid solution of the Maxwell equations for the four-potential, and to find
the corresponding field components F,, or, equivalently, £ and B we could just take the derivatives,
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4. Classical Electromagnetism

F,,= QﬂAV —JdA 4+ It is, however, simpler to use the non-covariant notation,
- N - o 1 - o - N - - N
E(t,X)=—VA%t,X)— -3,A(t,%), B(t,X)=V x A(t,%). (4.6.1)
¢

To evaluate the derivatives, it is generally more convenient to work with the four-dimensional integral
(4.5.23), taking the derivatives and only afterwards perform the x” (or ¢’ integral) to get rid of the &

distribution: 5 ,
”(t,f):f dt’f gy Ot —R—% ) iyt 30, (4.6.2)
R R3

4rrc|x —X/|

Now we evaluate the derivatives we need in 1i Introducing the abbreviation R=7—7 and
R=[7—7|=|R]|, we find
3,8(t—t'—RJc)+ , .
t x) J dt d3 / ( /C)j(t/,x/)
R3 47tcR

f d’ JR3d3 g 47IZR_R/C) (5

(4.6.3)
Jdtf P ;0 R/C) /](/—>/)
R3 47tcR
_ 3.0 1 -
_fmsd * 47'ccR[ t]( )]t’Zf—R/f'
Further we have
f dt d3 / ->/ aa(t—t _R/C)
R3 47R
— / 3.7 !/ =/ _ _ /_R _ _ /_R
JR} dt R301 x'p(t',X )[ g 8(t—t /C)4ncR2 S(t—t /C)4nR3
:J dt’ | &Ex'p(t’,3)| 8/8(t—t'—R/c) R —8(t—t'—R/c) R e
R3 R3 P ! 47cR? 47tR3
:_J G x)R+P( v, )R
R 47cR? 47 R3 V=t R/c
and
oL R R .
VxA(t,x):f dt’fRs d3x/|:3t/8(t—t/—R/c)4ﬂc—2RZ—8( —t'—R/¢) ncR3:|](t/ X'
170 20 ) 1= n (4.6.5)
_+J Py 3, x)xR+](t X)X R
R 47tc2R? 47cR3 s R/C.
Plugging (4.6.3}l4.6.5) into (4.6.1) we find the Jefimenko equations,
R /I 2N I (el 2 R /
E(t,ﬁ?):if d3x’[’°(t’x)R+3’°(t %) aj(t x)] , (4.6.6)
47 Jgs R3 cR? c?R Py
N / ! =/ R
B(t,z):ij bt X)XR+8”(t *)x . 4.6.7)
47 Jgs cR3 c2R? ViR
/c
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4.7. The Liénard-Wiechert potential

4.7 The Liénard-Wiechert potential

Now we analyze the special case of a point particle. As we shall see, there is no principle problem
in answering the question, which electromagnetic field is created by an arbitrarily moving massive
particle. So let y#() describe the world line of the particle as a function of its proper time 7. This
world line is necessarily time-like everywhere, i.e., the four-velocity ## = y# /¢ everywhere fulfills the
constraint #,#" =1 with u=y> (ﬂ

First of all we need a description of the charge and the current density. For a charged fluid in continuum
description with the fluid-flow field ¥(z,x) we have ;(t,?é) = p(t,x)0(t,x), where p is the current
density as measured in the computational frame. This can be written in manifestly covariant form as
follows: The charge-current four-vector j# = (c,o,;) = (cp, pcB) is a time-like vector field, and thus

Jult = (1 —Iéz) > 0is a scalar. Then, defining p* =signp,/7,7", we have

From this we see that p* is the charge density as measured in the instantaneous rest frame of the fluid
cell. A more convenient covariant definition of this proper charge density is

pr=u,it (4.7.2)
Now for a point charge g we have
: d N d y
=g O8O0 =qc | dr Syl 7

Since this is invariant under reparametrization of the world line, we can rewrite this immediately in
manifestly covariant form as

= qcf deyH(t)8W[x —y(7)] = qczf drut(1)8W[x —y(1)]. (4.7.4)
R R

Here and in the following we write a dot for a derivative with respect to proper time of the particle.
Now we check the continuity equation. To that end we note that

d

53“)[96 —(7)]=—5#(7)8,8W[x —y(v)] = —cu#()3, W [x —y(7)]. (4.7.5)
From this we immediately find through partial integration,
. d
37" (x) = gc? J;R dT%H(T)3#3(4)[x —y(7)]= —qcf drgé\(“)[x —y(7)]=0. (4.7.6)

One can of course also verify the validity of the continuity equation, using the (1+3)-form in (4.7.3),
according to which

—

V- ]—6]; ¥(t)- VEO[E —5(1)],

. d O d. = - 4.7.7
&% =478V F—5()] =—q 7 7(0)- VO [E—3(0)] 477
u_
= d,j“=0.
! As we shall see, some problems occur, if |B| |#]/#° = |dy /dt|/c approaches asymptotically 1 for T — Fo00, as for, e.g.,

hyperbolic motion. In this cases one has to carefully consider regularized problems and the corresponding limits towards the

problem with the | ,3| — l-asymptotic behavior.
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Now the four-potential is easily evaluated using (4.5.22) and the manifestly covariant expression (4.5.19)
for the retarded Green’s function of the D’Alembert operator. With the covariant form for the four-
current density (4.7.4) we integrate out the & distribution, using 8[f(7)] = 2 S(t—1y)/|f (7o)| to
get

)= 2L [ et — (18 [ =3P 479
q (% ut(x)
=— d S(t— 4.7.9
= e 7
q #H(Tree)
-2 , (4.7.10)
47 ”(Tret> ’ [x _y(Tret)]
where the “retarded proper time” of the particle, 7,,,, is the solution of the equation
10— %(Te) = [F =57l (4.7.11)
Of course, the four-vector
Z(Tret’ x) =X _y(Tret) (4712)

is light-like, i.c., z- z = 0 and z° > 0. One should note that in thus 7., = 7,(x), .e., when
taking space-time derivatives of A¥ to obtain the Faraday tensor, using this fully integrated form (4.7.9),
one has to take this x-dependence of 7,,, into account. As we shall demonstrate below, it is again more
advantageous to use the unintegrated expression (4.7.8).

This means that we can determine the retarded proper time in a Minkowski diagram by drawing the
particle’s world line y(7) and then construct the light cone around the space-time point, where the
fields are observed, x. The intersection of the past light-cone with the world line of the particle then
determines 7. Since z° is a monotonously decreasing function of 7, for each x the retarded proper

time T, is uniquely determined.

ret
To get the electromagnetic field we have to evaluate F,, = J,4, —JA,. Instead of using the fi-
nal result it is more convenient to use the form (#.7.8). We start to note that for the time-
derivative, there is in principle a contribution due to the derivative of the Heaviside unit-step function,
3,0[x° —»°(1)] = 8[x°—9°(7)]. From the S-distribution that implies that this only gives a diver-
gent contribution for the field at the corresponding (retarded) position of the particle. Since the fields
are undefined at the world line of the particle anyway we exclude this contribution, because we can
calculate the field only for x not on the particle’s world line.

Thus we only need to consider

8,0 ([x —(2)F) = 20x, —y, ()18 {[x— (7))
=2, ~2, O lx =) 28 (x—y(F) .
x[u_y[u(T) d

=i T ypaes

Inserting this into the corresponding derivative of (4.7.8), and integration by parts, ignoring the singular

82



4.8. Field of a uniformly moving point charge

distribution through the derivative of the Heaviside unit-step function as argued above, we finally get

9 d [xlu_y/u(T)]%v(T) 0 0 2
o= [ ar (B D oo e tx—s (o

sreraten|
N 4reu(r)-zdr | u(r) -z o ’

ret

(4.7.14)

where in the final step we performed the same evaluation of the integral over = which lead from (4.7.8)
to (4.7.10). Antisymmetrization of this expression wrt. the indices x4 and v finally yields

q d [Zut— 5%y
_ d . 7.
Fulx) [4ncu(f)~z dr[ "z }]T:T o

ret
From now on we write

1 1 1
R=u(t)-z=-y-2z, Q=-u(t)-z2=—3-z. (4.7.16)
c c c?

One should note that, for = = 7, R is the distance of the particle at proper time 7,,, from the obser-
vation point X as measured in the momentary rest frame of the particle, i.e., R > 0. Working out the

proper-time derivative in (4.7.15) we find

q

R, . .
= TR {;(zﬂyv—zvy’u)— Q(z#uv—zvu’u)+(zﬂuv—zvu#)}. (4.7.17)

One should note that the first two terms o< j parametrically fall off with 1/R, while the remaining
part falls off like 1/R?. As we shall see, this first part is the radiative part, i.e., the part of the field that
describes the propagation of energy and momentum to “spatial infinity”, while the second part de-
scribes the particle’s electrostatic Coulomb field as observed from a reference frame, where the particle
moves with four-velocity #.

4.8 Field of a uniformly moving point charge

As the most simple example for an electromagnetic field we consider the charge of a uniformly moving
point charge. Its trajectory in terms of its proper time is given by

y(t)=cut, u=const. (4.8.1)
For given x the retarded time is determined by the equation
2(t)=[x—y(t)=0, x°>»%x). 4.8.2)
Inserting (4.8.1), evaluating the square and simplifying a bit, we find the quadratic equation for ©

2u - 2
2o o (4.8.3)
c c?

with the two solutions .
T, =——=x -y (n-x)>—x2 (4.8.4)
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It is clear that only the lower sign can lead to the retarded proper time,

. 1
Tper = T_ = u——\/ (n-x)2—x2. (4.8.5)

C C

R=u-z=u-[x—y(t )] =u-x—[u-x—+/(n-x)2—x2]=/(n-x)>—x2. (4.8.6)
Thus the four-potential is
qu”

Ax)= 4104/ (1 - x)? —xZ

(4.8.7)

That this is the correct result can be easily veryfied by noting that for a particle at rest, we have (#*) =
(1,0,0,0)T and (# - x)? —x? = ¥2 = r2. In the rest frame of the particle we thus find

Ax)=-2_ Ax)=o. (4.8.8)
4y
This is the well-known electrostatic Coulomb potential, which is indeed the solution for a point
charge at rest located in the origin of the spatial coordinate system. Since is the only covariant
generalization of which can be built with the only four-vectors # and x present in this problem,
it must be the solution for a uniformly moving point charge. One can also find it by Applying a boost-
transformation matrix to the rest-frame solution (4.8.8).

The fields are given by (4.7.17). The radiative part o< j vanishes and thus

_ q
For = o ln ) w2 oy~ ) (4.8.9)

In (143)-notation, using (4.2.17) we can read off the electric and magnetic field components as

= q  y(x—71) - g i x % .
E=ix , B=— = B xE. 4.8.10
47 [(n - x)? _x2:|3/2 47 [(u - x)z_x2]3/2 /8 ( )

In the final step we have used # = y ,g = y7/c. The same result can of course be obtained by taking
calculating £ = —3,A/c —VA® and B =V x A for the potentials given by l)
To put this in a more familar form, note that

-

(n-x)—x* =y (ct— B} =2+ % =y (% — Tt + %], (4.8.11)

where
3 -
. X =

are the projections of the position vector x to the direction of the particle’s velocity ¥ and perpendicular
to it, leading to
- X—ot
o4 r( )

47 [}/2()_6')” —"Z_;t)z +)?J2_]3/2 .

(4.8.13)

Note that the retarded solution finally leads to the somewhat surprising result that the electric field is
in radial direction relative to the instantaneous position y = Ut of the charge, i.e., E o< X — 0t.
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4.9 The radiation-reaction problem

While the treatment of the interaction between a charged mediumf|and the electromagnetic field is well-
defined, i.e., it is, at least in principle, possible to solve the coupled equations for the electromagnetic
field and the continuum-mechanics equations of motion for the charged medium self-consistently.

As we shall show now, the task to formulate a self-consistent theory for point particles is plagued by
notorious problem, well-known since the first formulations by H. A. Lorentz and M. Abraham. A
relativistic generalization has been derived by Dirac. For a nice review of these and other “classical-
electron models”, see [[Erb61]]. Here we shall follow a modern derivation in the spirit of regularization
and renormalization known from modern quantum field theory [Lec18, LMO07]].

The problem is to describe the influence of the electromagnetic field of the point article on its motion.
It is clear that this “self field” of the particle is singular along its world line. Of course, a free electron
should simply move with constant velocity. As we shall see in the next section, of course a free point
particle does not radiate and thus there should also be no self-interaction of it with its own electro-
magnetic field, which is nothing than the “boosted Coulomb field” as calculated in Sect. On the
other hand if we want to calculate the proper total energy of such a particle (i.e., the total energy of the
electron and its Coulomb field in the particle’s rest frame), we find a diverging result, because of the
singularity of the electrostatic Coulomb potential at the position of the particle. Now, on the other
hand, we can interpret this proper energy of the particle simply as described by its observed physical
mass, m, which implies that already for the most simple case of a free charged particle we somehow
must handle the unphysical infinite Coulomb-field energy and then take the unobservable “bare mass”,
i.e., the mass of a fictitious particle neglecting the energy of the Coulomb field, such that it cancels the
diverging field energy of this Coulomb field, leading to the observed mass of the particle.

Now, if the particle is accelerated by some external force (which can well be by an additional elec-
tromagnetic field as, e.g.. in a particle accelerator), there are electromagnetic waves emitted carrying
energy and momentum away from the particle. Thus we expect that the equation of motion for the
particle should contain some radiation-reaction force or self-force acting like a friction force due to
the loss of energy and momentum due to the radiation field.

Formally we shall handle this by applying a covariant regularization of the Liénard-Wiechert fields,
making the parts that diverge along the worldline of the particle finite and enabling us to formally
subtract the divergent self-energy of the particle and also obtain an expression for the radiation-reaction
force, which will turn out to be formally finite. Then we shall investigate the notorious problems of
the resulting Lorentz-Abraham-Dirac equation as runaway solutions and preacceleration, which
indicates a violation of causality of this classical theory of a charged point particle. It should, however,
be kept in mind that quantum effects become important already at much larger spacetime scales than
the preacceleration time scale, which is closely related to a typical length scale, called the classical
electron radius, which is defined as the typical radius of a particle of finite extent for which the entire
mass is given by its (then of course finite!) electromagnetic self-energy. In this sense one can say that
the classical theory of charged point particles itself hints at its invalidity!

4.9.1 The energy-momentum tensor of the Liénard-Wiechert field

We use the electromagnetic field of an arbitrarily moving massive point charge, given by the Liénard-
Wiechert field (4.7.17) in|4.4.10to evaluate the energy-momentum tensor of the electromagnetic field.

20f course the medium model can be changed to an ideal fluid, leading to magnetohydrodynamics or an elastic medium
as a simple model for a dielectric.
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utcdr

i

Figure 4.2: Radiation originating from an infinitesimal piece of the particle’s worldline.

After a longer but straight-forward calculation we find

2 2
___4 Q
T(x)=— 16ﬂ2R4< +R2> 2,7, (4.9.1)
2
9" [2Q 1
16n2R4[FZﬂ 2,4 (2,5, +3,2,) — QR(z 1, + n,2 )] (4.9.2)
2 R2 ,
+1622R6 [R(Zﬂ”v” Z)—Zyzv—jﬁ” ] (4.9.3)

Since parametrically Q,z, ~ R the contribution (4.9.1) goes like 1 /R2 - ) like 1/R3, and -

like 1/R*. One should note again that for any x the argument for 7 in the above quantities has to be

taken T = 1, = T, (x), cf. the solution of {#.4.11).

To evaluate the energy and momentum [Sch60]] transferred from the accelerated particle to the electro-
magnetic radiation field, we note that the field due to an infinitesimal piece of the particle’s worldline
between proper times 7 and d is located between the corresponding two light-cones cf. Fig. 4.2, where
we have choosen the inertial reference frarne such that the particle at the considered moment 7 is at
rest. Since the in the green four-volume V® we have 9, T+ =0 we have

f d4x31uTW:J d32HTW:o
v EAVC)]

To evaluate the irradiated total momentum we can push the integration volume, V™, very far away
from the considered piece of the particle’s world-line to get only the part of the energy and momentum
which is carried to spatial infinity by the electromagnetlc field. Then only the piece (4.9.1) contributes,
and the parts of the 3D boundary 8 V™ along the light cones do not contribute, because the corre-
sponding normal vectors d¥# o< z#. Then it is clear that the total irradiated momentum from the
considered infinitesimal piece of the particle’s trajectory can be evaluated using any of the space-like
hyper-surfaces like §; and §,. For convenience we choose S,:

p=l &x, T 4.9.4)

5
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4.9. The radiation-reaction problem

is a four-vector, which becomes clear from using the 4D Gauss’s integral Theorem to the shaded re-
gion in Fig. 4.2/ [Sch60]. If we integrate between two regions very far away from the infinitesimal
piece of the particle’s worldline under consideration, i.e., in the limit R — oo the only piece of the
energy-momentum tensor we have to consider in evaluating is the “radiation piece” in the far-
field approximation (4.9.1). Since the result is a four-vector we can also choose an arbitrary inertial
reference frame. The most simple is the rest frame of the particle at 7, i.e., ## = y¢/c =(1,0,0,0).
Then we can choose the spatial base vectors such that j = (0,0,0,4). We also choose the origin of the
frame such that ¢ = 7, and (7, = 0. As an integration region we choose the spherical shell with
R — o0 around y(7 ), i.€.,

ret

0
S: x= };Z’;Ziﬁg , Re(0,cdr), 9€[0,n],¢€[0,27). (4.9.5)
Rcos¥
Then
do = cdrdddysin 9R*(1,0,0,0) (4.9.6)
and thus 1
dp+ = _(4?;% Lﬂ d¢ Ozﬂ do(—a?)(1—cos* &) <§> = g:i 8 , 4.9.7)
0
i.e., in covariant form 2
pr = —6ZC4 G -5k, (4.9.8)

where the proper-time arguments are 7,,. One should note that this is only the radiation energy and
momentum carried to spatial infinity by the electromagnetic wave. The total change four-momentum
due to radiation is of course given by

APH =—

q2
o f de(j - §)ut. (4.9.9)
7Te R

We stress again that in order for having a well-defined finite total change of the four-momentum we have
to assume that 5 7 0 only in a finite spatial region or we must have a sufficiently strong convergence
j — 0for T — +o0. Note that this assumptions are ot fulfilled for hyperbolic motion, i.e., the motion
of the charged particle in an everywhere homogeneous constant electric field (which is anyway an only
academic example).

4.9.2 The Lorentz-Abraham-Dirac equation

The above consideration shows that there must be a backreaction on the particle due to the energy and
momentum radiated off as calculated by , 1.e., there must a kind of additional “friction force” for
a particle in addition to the external force (e.g., due to an external electromagnetic field) accelerating
the particle, caused by the interaction of the particle with its own electromagnetic field. Of course, this
field is dominated by the near-field part, i.e., the boosted Coulomb field part, of the retarded field due
to the term in proportional to z,#, — z,u,,. Obviously this Coulomb field diverges along the
worldline of the particle, and thus we have to regularize it in some way to be able to make mathematical
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sense of the self-force on the particle. A very convenient regularization scheme, provided in [[Lec18)|
LM07, [Nak13]], is to introduce a small spatial scale, ¢ and write as a regularized retarded propagator

D.(x)= 92(’; ) S(x?—e?) = % S(Xi/;z_ ”J’ij ) (4.9.10)

instead of (4.5.19). Using this instead of the original retarded propagator for the D’Alembert operator
in the calculation of the fields, instead of (4.7.14) one arrives at

—8(2 =€), (4.9.11)

z U
3,A(x)=—T f drO(x° — 20) -~
27 R .

where again z = x —y(7).
Now we want to evaluate this expression at x = y(7,), which thanks to our regularization is now
well-defined for any given time-like worldline of the particle. To this end we write

ié‘(z2 —H==22-98(2* =) = -1 -j/ié‘(zz —é%). (4.9.12)
dr e 7~ de
Plugging this into (4.9.11) leads to
¢ d
SA N =11 [ 4008 =BT =3 = Moo= (6913
7T€ A€ JRr

Since finally we want the expression for € — 07, it is sufficient to expand the expression in powers of
¢, which due to the & distribution is equivalent to an expansion of the trajectory around 7,:

2(7) = z(7) = J(To)(T — Tp) + %ji(To)(T - To)2 + 0(73)a (4.9.14)

from which
Sy —yo) —f]=8[*? =+ 0(T)]. (4.9.15)

Using this in (4.9.13) yields

(€) _ 4 d[1 y 2 Y 3 4
8400 =5 | 5 (e o =) mlra—o+ ()

q |1 . .
= E[ZMOILL)}OV + ﬁyO[uMOv (4916)

—€ <”0H /e +J’0H3’0v/c4 + 37 OV%OIu/C2> + 0(52)]-

Finally antisymmetrizing in the indices u and v leads to the regularized field-strength tensor at the
point zy = z(1y),

F,Si)(zo) = % [ﬁ(ﬂoﬂov — o, Vou) — 3%3(”0# Y oy — Moy '370#)} +0(e). (4.9.17)
Thus the regularized self-force reads
2 2
K., = aF )z = —83“2 o+ 6163 [ 50— (0 'o)toy, ]+ 0(6). (4.9.18)
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As expected this expression diverges for € — 0, but writing down the equation of motion leads to

2 2

. pext) q . q
moio, =Ky — smc2e ot o3 [y op— (o ) o)”oH] + 0(e). (4.9.19)

To make this finite, we argue that the 2nd term on the right-hand side is of the form of the left-hand
side with a diverging mass. Bringing this term to the right-hand side and interpreting the resulting
coefficient of jiy, as the observable finite mass m of the particle we find, now dropping the subsript 0
since obviously this equation holds for any choice of 7, the Lorentz-Abraham-Dirac (LAD) equation
of motion for a charged particle taking into account the interaction of the particle with its own radiation
field including the radiation-reaction force, considering that some amount of energy and momentum
is carried away from the particle to spatial infinity by the electromagnetic field,

2

pu=mj, :KSXt) + 67qrc3 [ylu —u,(u- y):l (4.9.20)
Since
yr=c?ut=c*=const = §-9=0=> § -9 +j-j=cy -u+5-5=0 4.9.21)
we can rewrite the last term in ,
: (), _4° 1
pu=mi, =K, +%[y'ﬂ+;uy(y-y)]. (4.9.22)

The radiation-reaction term contains a term o< )', the socalled Schott term. As we shall see in a mo-
ment, this gives rise to some characteristic problems with the LAD equation, since in contradistinction
to the usual point-particle equations of motion in Newtonian as well as special-relativistic mechanics
we have a third-order differential equation, and thus we need to provide initial conditions not only for
y and y but also for j.

Comparing the self-interaction contribution to the force with the momentum per unit time, which is
carried away by the electromagnetic field to spatial infinity, we see that the Schott term describes
a piece of energy and momentum that is “reabsorbed” again by the particle at later times. The total
momentum balance is nevertheless correctly taken into account under the assumptions made above
after Eq. (4.9.9), i.e., the last term in the LAD equation as written in balances precisely the
total energy and momentum carried away by the electromagnetic field, i.e., it describes the expected
friction force due to radiation damping. To qualitatively understand this, one should remember that

j -9 <0, because # -j =0, i.e., ¥ is Minkowski-orthogonal to the time-like dimensionless four-velocity
u and thus necessarily spacelike.

4.9.3 The free-particle solution

The LAD equation (4.9.20) is very unusual compared to the standard equations of motion in point-
particle mechanics, which usually are of 2nd order in the time derivatives and thus usually have unique
solutions when considering the initial-value problem, where y(v = 75) = y, and y(7 = 7) = c#,
are given. Since the LAD equation is of 3rd order, when considering the description of the motion
as usual as an initial-value problem, we need in addition an initial value for the proper acceleration,
j(t = 19) = ay. This is a priori not a problem. On the other hand, as discussed above, in order to solve
the radiation-reaction problem to have a proper balance of energy-momentum conservation, we rather

have to impose additional “asymptotic conditions” §(7) — 0 for T — to0.
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4. Classical Electromagnetism

We start our discussion of examples with the most simple case, where no external force is acting, and we
expect then that the particle should simply move with constant velocity, and the only electromagnetic
field thus should be the corresponding (boosted) Coulomb field. Of course, setting KLeXt) =0in (4.9.22),
indeed y = c# = const is a solution of the equation of motion. However, we wish to show that this 1s
the unique solution, given the asymptotic conditions. To that end it is convenient to define the time
scale 7, = g*/(6mmc?) and write the LAD equation for the free charged particle in the form

.o %_,u..z . . .2 4.923
V=1, yM+Cy = i, =Ty, +n,4°). (4.9.23)

As we shall see, it is useful to introduce the new independent variable A by [[Lec18]]

A=exp(t/7,). (4.9.24)
Then we have d 3
f= dadr_ —f'(A), (4.9.25)
drdd 7,
where the prime now denotes a derivative wrt. A. To express in terms of derivatives wrt. A we
need . . 2
y==y, j==y"+=" (4.9.26)
T, 75 T

Plugging this into (4.9.23) the equations of motion read
" n_
ny,+u,n”=0. (4.9.27)
Since further # - u = 1, we we have #’ - u = 0. Thus by multiplying this equation with #’ we get
nw-u"=0= u?=—K? (4.9.28)

Here we can assume K > 0 since # is necessarily time-like. With this (4.9.27) reads

n" =4+K?u = u=C exp(KA)+ Cyexp(—K A). (4.9.29)
From # - u =1 we find .
Cl=C;=0, C,-C,= > (4.9.30)

Now we investigate the asymptotic conditions. Since A — 0 f"ur T — —o0 and A — oo for T — oo
we find that indeed these conditions 7% — 0 for = — +00 can only be fulfilled for K = 0 and thus
u = C; + C, = const.

We note that for K # 0, the solutions are indeed unphysical since (a) the particle gets sponta-
neously accelerated although there is no other particle with which it interacts (“self-acceleration”) and
(b) the energy of the particle diverges for T — co. Indeed for T — 0o we have # ~ C, exp(K A) and thus

E=mc*u® =mc*CPexp(K ) = mc2|61|exp(K/1). (4.9.31)

These run-away solutions are excluded by the asymptotic conditions, as expected.
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Appendix A

Tensor calculus in Minkowski space

In this Appendix we briefly summarize the basic formalism of tensor calculus in Minkowski space.

A.1 Tensor algebra

We start with the general definition of a finite-dimensional real vector space. It consists of a set V/
of vectors, which we denote with bold-faced symbols a, b, --- together with an algebraic operation
(a,b) — a+ b, which forms an Abelian group, i.e.,

Ya,b,ceV:(a+b)+c=a+(b+c), (A.1.1)
Va,beV:a+b=>b+a, (A.1.2)
0eVVaeV:a+0=a, (A.1.3)
YaeVI—a)eV:a+(—a)=0. (A.1.4)

Further for each 2 € V and A € R there is an algebraic operation (a, A) — Aa that fulfills

YA, A4 ERaeV: A (4a)=(44,)a, (A.1.5)
YaeV:0a=0, (A.1.6)
YieV,a,beV: Aa+b)=Aa+ Ab, (A.1.7)
VYALALER, a€eV: (A +A)a=Aa+ Aa. (A.1.8)

Any finite set of vectors e; is called linearly independent if

Z,ljej:o = A =0. (A.1.9)
]

A.2 The fundamental form

A.3 Generalized & tensors in N-dimensional affine space

The alternating tensors (“k=forms”) play a special role, particularly in tensor calculus, as we shall see
in the following sections.
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A. Tensor calculus in Minkowski space

We start with the invariant generalized 8 tensors, whose components &'/ * with respect to an arbitry

Carstesian basis are defined as the determinant

B3

Sivo S L 8
I&Z 3/62 . 8/52

K (A.3.1)
Sl sH L of

This immediately implies that in N-dimensional space we have k € {1,2,...,N} because for £ > N all
the & symbols must be 0, because there are only N different values, {1,...,N} for the indice{]| since
the & symbol is obviously antisymmetric under exchange of any pair of lower or any pair of upper
indices. Also obviously & é: ‘V/f *#£0onlyif {uy,..., 4} = {¥>..., %}, because otherwise in each of the
products of k£ Kronecker 8’s summed over to calculate the determinant vanishes.

Obviously the & symbols for & = N are invariant under arbitrary basis transformations: Writing x# =
T*, x” and x,=U", x, which implies U*, TVP = T’up U’ = 8%, we find

3/’1 ‘PN _— TPl ... TPN

010N 7 MN

U, U, S8 = det(T) der( D)8 {05 = 8fv. (A3.2)

Vi YN Vi-YN Vi YN

Next we show that contracting the generalized &'- symbol of rank 2k over one index pair, gives the &-

symbol of rank 2k — 2. To evaluate the contraction é\w Vf kl ,ul,f * we use Laplace’s formula to the last
row,
£ k
Myt ]+ “e M- #/e '
St = Yy s a3

j=1

where the V; index in the last expression means to leave this one index out. Now we just calculate the
contraction by setting v, = u,,, which implies summation from 1 to N. Then we get

SH 1t _ 7 § ol 1+Z /€+]3f“1’ ’Nk 1 (A.3.4)

Vi Ve—1 Mk ViseeosVl—1

So in the sum we sum k—1-times over the same &' ";/* symbol, only the index v; is put to the (k—1) (ch)

position. We just have to bring it back to the original position, which needs /e — 1— exchanges, 1.e.,
we finaly get

Shtk = (N—k+1)85 4, (A.3.5)
Iterating this equation leads to the general contraction

S = (N—k+ DN —k +2)-- <N—j>8éf?.:;j‘f—§§_j€; S (A36)

Since now for £ = N the generalized & symbol is an invariant tensor according to (A.3.2), so are all
(2k)-rank & symbols since we can get them as contractions over the (N — k) other indices.

!In this section we count the tensor components with indices running over {1,...,N} for simplicity of the argument.
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A.4 Levi-Civita tensor in (1+3)-dimensional Minkowski space

Now we turn back to (1 + 3)-dimensional Minkowski space with all Greek indices running over
{0,1,2,3}. Of course, for the generalized & symbol nothing changes. Now we introduce the Levi-
Civita tensor by its pseudo-Cartesian contravariant components as

ePr =87, (A.4.1)

ie., it is +1 (—1) if the ordered quadrupel (u,vp, ) is an even (odd) permutation of the lexically or-
dered quadrupel (0,1,2,3 Then the covariant components are given by the usual rule of lowering
contravariant indices,

€afys = 77ap’7,6v’7yp’7w€wpg ="Pe det;] = _Ga,@y8. (A.4.2)
Since we have
6/1V,00€a16y8 = _85;7/2\7 (A.4.3)

because for (a, B,y,8) = (uvpo) = (0,1,2,3) the values of both sides of the equation are —1 and the
symbol is antisymmetric under exchange of any pair of upper and of any pair of lower indices. From

(A.3.6) we get the important formulas

vod v,
P, 5o :—3:/6?/, (A.4.4)

S 1%
1€, g8 :—23;%, (A4.5)
P10, 5 5 =—684. (A.4.6)

Now a k"-rank tensor is called totally antisymmetric if its components 7#1#¢ are antisymmetric
under exchange of any pair of indices. It is clear that only totally antisymmetric tensors of rank & <4
exist since each index can only take the four different values 0, 1, 2, or 3. Then one defines the Hodge
dual of this totally antisymmetric tensor as the (4 — k)-rank tensor by its components

1
T _ = [pe
TV/e+1-~-V4 o /el!€Vk+1-~-V4H1-~-H/eT s (A47)
TTV/e+1---V4 — E(f‘l"'/“kkarl"'vft TN1-~-H/e'
E.g., a totally antisymmetric Tensor T of rank 3 is mapped to a vector T T by
(T), =~c w0 (A.4.8)
0= 31 €wveo . 4.

Taking the Hodge-dual twice leads back to the original tensor up to a sign, because of (A.4.41A.4.6).

E.g., for our 3*-rank-tensor example we have
1 vpo 1 \a voo
(H7)2Pr = e/‘“rBV(TT)H — ifwﬁrgwpgf po — _ié\viff’g TvPo — By, (A.4.9)

In the last step we have used the total antisymmetry of the tensor components under permutation of
its indices. Thus Hodge dualization is an invertible mapping between totally antisymmetric tensors.

2Note that there are different conventions concerning the sign are found in the literature. Some authors define in this way
the covariant Levi-Civita tensor components, and this leads to a sign change
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A.5 Differential tensor calculus

Now we consider tensor fields. These provide tensor-valued observables T'(x) as a function of the
spacetime point given by the spacetime fourvector x. The transformation properties under proper
orthochronous Lorentz transformations for its components is obviously

(@) = AN, oo TP (xP), 5% = A% P, (A1)

It is now easy to show that the partial derivative of the components of a tensor field of rank & with
respect to x? leads to a covariant (lower) tensor index, i.e., it defines a new tensor of rank (& + 1).

To show this we remember the properties of Lorentz-transformation matrices:

vaAMpAva = Noo- (A5.2)
Contracting with n?% gives
Wyv’?aaAﬂpAva = 3;‘, (A.5.3)
Le.,
(A1) L= 0wl N = AL (A.5.4)

The covariant component of a fourvector thus transforms as

Xy =1 uX" = nwAaﬁxﬂ = r]Wn/BVA“ﬁxY =A,Tx, = (Afl)Vny. (A.5.5)
Now we have
= a IxP
T — T — A4 N ... 0, TP
@ I xe Ixa P B (A 5 6)
— (A1 v o.. D.
=(A )ﬁaA”pAo'”a,BT’o

=APA N - 0pTP,

and this is precisely the transformation law for tensor components with a covariant indices  and 3, as
claimed.

A.6 Integrals in Minkowski space

As in usual 3D Euclidean tensor calculus we can define various types of covariant integrals in Minkow-
ski space and derive integral theorems of the Stokes and Gauss type.

The most basic ones can be defined without taking recourse to any notion of a scalar product for
Euclidean spaces or a fundamental form (“pseudoscalar product”) for Minkowski space. Here a bare
differential manifold without any notions of a metric or pseudometric is sufficient. As for special
relativity we only need integration on affine spaces we restrict ourselves to this case, but the notion of
integrals on general differential manifolds is very similar.

The key are the generalized Kronecker symbols introduced in Sect. For Minkowski space we have
N =4 and thus three types of integrals, because we can define 1...4-dimensional sub-manifolds. Here
we only consider the most simple case that such a d < 4-dimensional manifold is defined by a set of
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parameters ¢* (k € {1,...,d}) with domain in a cuboid Q,(a, b,)® (a5, b,)®- - -®(ay, b;) by a function
x#(g*) with x# the spacetime four-vector. Then we can define integration measures by
daﬁlllz---/ld dx" Ix” .. Ix*

Vi Vy Yy aql aqz aqd

=dg'dg?---dgetrta det < g;k > :

The main reason is two-fold: First of all it generalizes the corresponding notions in 3D Euclidean space,
where for, e.g., d = 2 the above construction defines a 2D surface element d?09? | which usually is

(A.6.1)

mapped by a Hodge dualization to the surface-element normal vector d ]7 , but first we do not consider
the Hodge dualization but work with the integration measures of the type (A.6.1) only.

The second reason to use (A.6.1) is the independence of this description of the choice of parameters.

Using other parameters §* the (A.6.2) gets the same form again, because then we have

v k
d4 gtk ta — dgldg?- - d(;dfmww det < j:k > det < 221 >

v k
=dg'dg? .- dgéetrFa i det <%%>
9" o9

(A.6.2)

— dq~1dq~2 .. .dq"dfm%‘z...fud det<g)jl>
q

(i phgepsy 0% ™2 DM

_qs1 352 ~d
—dq dq ."dq 3\/1 Vy Vg 8q~1 842 : and

Since under proper orthochronous Lorentz transformations d? o #1#2#4 transform like contravariant
tensor components we can integrate antisymmetric rank-d tensor fields over such a d-dimensional hy-
persurface with a scalar as a result, i.e., we can define invariant integrals of the form

dxn dxv
d i = L dgdSHbataZ2 | 22
JM d O_’u Hd Tlul'“/“d (&) - fQ dq dq 8\/1 V22...Vdd c?ql qu T/‘l"'fud [&(q)] (A63)
Now the so defined submanifolds M have a boundary, which is defined as all points described by ¢/ = b,

and g/ =a j forone j € {1,...,d} and all the other g*’s running over their intervals. This manifold
we denote as M. Concerning the orientation of the corresponding hypersurface elements we use the
definition for the parts with ¢/ = b; = const

Jt g iripg _ gleag AXOx0T X dx (A.6.4)
v ...,;]. vy 341 gqj—l &)qj-q-l qu q/':b]» .0.
and for the parts with g/ =4 j = const
A ) v Vi-1 Vit v
dA—1 g ljpa — é\:zléz];ud 3x11 dx »]_1 dx ]_:1 ax; (A.6.5)
LY dgl o dqiTl dgi dq gi=a;

The hat over the indices indicates the ones to be left out in the expression, including an appropriate
sign convention,

Prefiepa Nl M H i
é\yl .A.‘Q]. vy _( 1) é\vl Vi Vigr VA" (A66)
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This defines the orientation of the boundary d M relative to M. The orientation of the latter is defined
by the parametrization. This definition is chosen in a way to make the statement of the generalized
Stokes theorem of integration most simple:

d _ d—1
JMd ot #damTM,M_LMd ghr AT, (A.6.7)

It is also very simple to prove since one has just to take each of the integrals on the left-hand side in
the sum over y, separately. To this end one uses the definition (A.3.1) of the §-tensor components and
expand the determinant wrt. the 1st row,

d E ,
d p— 1 d k_l,_l M Ugreeeee o Ya x’1 ax d
JMd ot #d&’HlTM.,W —ZJqu -+-dg®(—1) SVkISVZZ'"kalkaVd T%‘z“'%‘dg_q1"' 30

d d
_ 1 d k 1 [u ......... /u
_kZJQ dq dq (_1) * SVzZ"'qu"kH"dda_q/eT#z"'/Ud
=1
dx"  Ix%-1 dx%n Jx¥
dqt  dqk-tdqktt  dqd (A.6.9)
d
_ 1 k—1 4 k+1 d(_q\e+1 g2z H %w=be
_Z 0 dq dq dq * dq (_1) " é\VzZ"'Vk—lkaVdd[Tﬂz'“;ud]
=17 Q

=%

dxt Ix%—1 x¥ert JxV

gl dgh-10gk+1 " dqd

— d—1 ;g
_LMd i Ly

This is the general Stokes’s integral theorem.

Now we can also use the Levi-Civita symbols to consider the duals of the possible integration measures
Y p g

d?gtitd where d € {1,2,3,4}, and the corresponding Stokes’s integral theorem translates into the

general Gauss’s integral theorem.

To that end we define

. 1
d40' :—Z(Iulmlu‘ld“o-lul M4 :d4x, (A69)
My T3 Moty ’ -0-
1
2 % _ - 2 s
&0, = 2!‘fwzﬂsu4d o, (A.6.11)
3 % _ u
d Tty = (ﬂlﬂzﬂamda * (A.6.12)

This leads to scalar integrals of the type
2
fMd Oy, VI (A.6.13)

over totally antisymmetric tensor vields of rank k.
To state Gauss’s integral laws, it is more lucid to discuss the three different cases separately. We start
with
J do*d, vii=| do; Vi (A.6.14)
M M
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To prove it, we simply have to write out the integral on the left-hand side of the equation according to

the definition (A.6.9) and use the properties of the Hodge dualization operation discussed in Sect.

1
4 My = 4 Vi Us g Hq
JMd o gﬂlv o4 fMd i 6"1/‘12#3#48/41‘/

— l l d okt ke ¢ i g Ty
413! |y VikaHs e 1

VaV3Vy

- (A.6.15)
_ 4 UiYs V3 V. +
= +4_.! szd OV1H2H3H48V11;2;3;4 3/11 Vv2v3v4
1 4
- Mifha 3 i
_+3! fMd g 43#1 VN2#3V4'
With Stokes’s theorem (A.6.8) we get
1
4 P 3 MaisusT
fMd g aﬂlv 1_3!f9Md o VMZMM
1 3
- pafs p
=3 Lw[d otattse o VI (A.6.16)
— 3 u
_J;?Md o, Vi,
which is (A.6.14).
In a similar way we get for an antisymmetric 2nd-rank tensor field
1
35% Mty — 2 5% py
JMd aylé)#zv 1H2 = o Ja do, , Vi, (A.6.17)
M
for a totally antisymmetric 3rd-rank tensor field
l d2o* 9 Vs — l do* V H1kats (A.6.18)
20 )y Mipg~ U3 T3 M1t s ) e
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