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@ Development of causal theories of relativistic dissipative
fluid dynamics for heavy ion collisions is an important
achievement.

@ It has inspired many authors to apply its methodology in
describing observables from heavy ion collision
experiments and to compare to transport models

@ AM & D.H. Rischke, U. Heinz & H. Song, D. Teaney & Dusling, P. Romatschke &
M. Luzum, R. Baier, S. Baas, M. Bleicher, P. Huovinen & D. Molnar, T. Kodama &
T. Koide, S. Pratt & J. Vredevoogd, C. Greiner, A. El, Z. Xu, H. Niemi, & E.
Molnar, |. Bouras, G. Torrieri, G. Denicol, M. Martinez, H. Peterson, T. Hirano, C.
Nonaka, A. Monnai, R. Lacey ,... String Theorists
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@ causal theories are mainly furnished by imposing relativity
and entropy principles up to second order in dissipative
fluxes

@ we refrained from exploiting subsequent orders because
the methodology is long and cumbersome; also because
the contribution of these higher order terms to the solution
of the problem at hand might be negligible.

@ However, the exploitation of these higher order terms in
dissipative fluxes is desirerable for the following resons
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@ ... asecond order theory is necessary to link more closely
the relativistic case to the non-relativistic one; we are
happy just to know that the principle of relativity is not
violated

@ --- imposing the conditions up to order N we get the N-th
order equations. These equations depends also on the
lower order terms. Thus the conditions to the solution at
higher order constrain the lower order expressions.

@ we will present the results at third order because it is at this
order were all three main dissipative fluxes for a single fluid
component couple and this coupling is very interesting to
study in detail
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Notation and conventions

@ The metric tensor g*% = diag(1, -1, -1, —1);

@ The four velocity of the fluid is u“ and we have
T, = G = 1]

@ Projection tensor is A*? = g*# — y~u® and we have
ugA*® = 0.

@ The comoving time derivative: D = u®9d,.

@ The comoving space derivative: V® = A®A9,,.

@ Parenthesis around some indices denote symmetrization :

1 1
AuB)y = 3 (AuB, +AB,), A.B,)= 3 (A,B, —AB,).
@ The angular brackets around two indices denote
skew-symmetrization: a tensor that is symmetric,

traceless, and orthogonal to the fluid velocity:

Sleh) = (AgAE - %Aaﬁ Aw) g
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14-Fields Theory of Relativistic Dissipative Fluid

Dynamics :

The 14 fields are p(n, ¢), N, u®, g%, #'*%) and they are
governed by the following fields equations

d.N® = 0
0u T =0
O, FP = poB

For all thermodynamic processes the entropy principle holds

0,S* >0
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Representation of primary variables

N = nu®
Tozﬁ — Euoéuﬁ _ (p e n)Aaﬂ e 2q(auﬁ) e 7r<015>
P8 = Pan(A* — 3utuP) + 2Pyq“ud) + Prrloh)

Using of u® and A®? we can express local rest frame quantities
in terms of N® and T*8

1/2 Ne
n = (NO‘Na> ’ UQZT’ EZUaUBTO‘B
p+N = —%Aaﬁraﬁ, q* = A%u, T
1
(aB) _ apnB _ ' aap ny
n (A5A8— ZAAL )T

The coefficients Pr are related to transport coefficients for
corresponding flux F
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Zeroth order: Equilibrium

The equilibrium values of N, T*3, F*57 and S* are calculated
as moments of the Jutner-type equilibrium distribution function

Fa,B'y — 1].‘_?9(5“/8117) e 1]:3 <g(aﬂu’7) —2u“® UBUAY)
2 2
se = Shu~

where here and below the calligraphic coefficients are functions
of (¢, n) and thus determined by the equation of state.
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Febr() = Fin <A(aﬁm) e uﬁm>

+Fnlad) ym
S« = sinu® + Sig~
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Fof1@® = F2n2 ( AlB) _ B uv)
+F2 (q'/ g APy — 3yle qﬁqv))
+F2q’q, (A(aﬁ U — ueuP UW)
+F (3u°‘7r2<57> — w2 o yp u”)
+FEn?e) (A(aﬂ u) — ueub UV)
+F2 (C,(aﬂww) _ oylayBrnv qy)
P2 ( AOB ) g, — 5y yBrt) qy>

+FRNUC B 4 72 ( AlBg) _ 5glays Uv))
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s = <$12|'|2 —-829”q, + 8§7r2<””>> ue
+82MNg" + S2rl*vq,
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Third order

n 553 7T3(W>) >
+ (sgn2 +83q.,9" + S§7r2<””>) q”
+83Nmlon q, + 83 q,
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Dissipative fluxes: Zeroth order: Equilibrium

q° = Qg =0
7r<aﬁ> = 7T<EO(;.> =0
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Dissipative fluxes: First order

nM = Ng=-¢v.ue

VoT
a(l) _— ap
q g8 = KTA (<2 - )

rled) () ﬂg@:znmmﬁ”vmu@
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Dissipative fluxes: Second order

n® — My = —4[25% + sfvaqa]
¢ [n(s'f + S2V %) + ¢ (VaS2 — sfaa)}
q"® = Giys = KTAY |253Gn + SFVall + SEV 0|
FRTA [qa(s'g + S2V,UY) + N(VaS2 — S2a,)
71 (VPSE — S22 )}
@ =l = 2 ACEAP (251t o) + SEV (o)
oA APY [w<a5>($3 + 82V,

+(a(V ) S5 — 353[3))}
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Dissipative fluxes: Third order: Bulk equation

e = —¢[3s3M+2534,0" + 2837 (om "™

+Sg(r|vaq0‘ + qaval'l) + Sg(ﬂ-@ﬂ)vaqﬁ 4 qﬁva,].r(ocﬁ))}

~¢[ PS5 + S3Vau®) - °qu(S + 53Vat?)
+72(@B) (83 + 83V 4u”)

+NqY(VaSE — S3a,) + P qs(V,oSS — Sg’aa)}
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Dissipative fluxes: Third order: Heat equation

¢"@ = kTA|-S3(2Nda + Gal1) + 5257 ag) + P T(ap))

+283MV oM — 2836°V 4 qs + S§(NMVP (0, + () VT

~

—|—28$07T</31,>Va77'<ﬁy>]
FRTA [nqa(s'g + SIVL) + @Prrie) (S3 + SIV.LUY)
+(MPVaSE — P VeSS + 2Ny ,.83)

N7 1) (V7SS — 8387) + 75,5 (VST — S5pa”)

+S?qanaA}
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Dissipative fluxes: Third order: Shear equation

@ = 2 AT AP [ S}ty + Moy 1) + 253G

+8827(an Ty + SET(a) VAT + S3(MV (aGs) + Vi

\/
<

+31o(q sV ey + T V7 5)

2R A AP [n%ﬁ) (83 + 83V,

+q(a Gy (S5 + S3VHUY) + mwwg(sg + SEV,LL)
+70p) @ (VaSs — Sgan) + Nas(Vay S — S5aa))

+7aA @ (V3 S — Sioag))
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Conclusions

@ We can extend causal theories of relativistic dissipative
fluid dynamics to N-th order and here we have reported
the results up to 3rd order with respect to entropy 4-current

@ The equations are now highly coupled via space gradients
and time gradients of both equilibrim quantities and
dissipative fluxes

@ The equations depends also on the lower order terms

@ It is desirable to include higher order and in particular third
order corrections (where the marriage of the three
dissipative fluxes takes place)
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