HGS-HIRe or FAIF—&

LA™
- [
.
FAIR Helmhaoltz Graduate School for Hadro

Helmholtz International Center

Kinetic Derivation of Fluid
Dynamics for Mixtures

Gabriel Denicol

ITP - Frankfurt University

D. H. Rischke

T. Koide
P. Huovinen ,L
(%OF.TEIF.
G. Denicol Trento .{I::IHE}:F;R ?\!l T'f!:I



HGS-HIRe or FAIF—&

I.".Ir .;.I'.
I.}. .
> FAIR Helmholtz Graduate School for Hadro

Helmholtz International Center

Kinetic Derivation of Fluid
Dynamics for Mixtures

Gabriel Denicol

ITP - Frankfurt University

D. H. Rischke

T. Koide
P. Huovinen L
GOETHE %
. UNIVERSITA
G. Denicol Trento :i-«h‘L:'rF;:I?-\ \!l T'{TI



Contents

o Motivation/Introduction

o Approach
o Kinetic Corrections

o Conclusions/Perspectives

G. Denicol Trento



Motivation

o The significant effect of the shear viscosity
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Effects of Viscosity

- 1--"
Two different effects : | —wosrmar
0.4 ---- VisCous ]:L;,’dl'tl (flow anmisotropy only)
_ | |—-— 1deal hydro
1) Flow of the fluid .4l e
' Cu+Cu. b=7 fm ideal-~
2) Momentum T ” .(1)
distribution function | | ]
C Ef (1)+(2)
o
p(GeV) :
f(i) — fO(i) +0 f(i) ' Song&Heinz
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Several ApproaCheS De Groot's book

o BGK

Bhatnagar, Gross and Kook (1954)
Marle (1964)

o Chapman-Enskog-Hilbert

Hilbert (1912), Chapman (1916) and Enskog (1917)
Marle (1964)

o Variational Methods

Robinson, Bernstein (1952), Van Leeuwen (1971)

o Moments Method

Maxwell (1867), Grad (1949) , Mintzner(1965)
Chernikov (1963), Stewart (1969), Marle (1966/69)
Israel&Stewart(1978)
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Several Approaches

Usually applied in
HIC

o Moments Method

Maxwell (1867), Grad (1949) , Mintzner(1965)
Chernikov (1963), Stewart (1969), Marle (1966/69)
. _Israel&Stewart(1978)
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Several Approaches

However, the method was constructed
for a single component fluid

Usually applied in
HIC

o Moments Method

Maxwell (1867), Grad (1949) , Mintzner(1965)
Chernikov (1963), Stewart (1969), Marle (1966/69)
. _Israel&Stewart(1978)
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What we investigate

o Moments Method for a mixture

o What are the differences ?

G. Denicol Trento



Basics

Boltzmann Equation

K0, Ty = C[{ f }]

Conserved Currents

T = T N = Zq{i)N{i‘)

Currents for each particle specie

uv U LV
T(i) - I C Wiy <(i)K(i) f(i) d’K

B § @iy = (27)°K°
_ (i)
N —j dao, K Ty
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Basics

The separation

Mo M Ha = y*
Ki =U"Ei +ATK, ) E; =Uu"K,q

General form of the currents

ny “4 g
Tiy =g uu” —AT (R, +11

o 7
Ny = Ny u™ + v,

(44y V)
)+2qnu +ﬂm

Matching Conditions

€y = €og) Niy = Nogy

G. Denicol Trento



Basics

The separation

Ki =U"E; +A™K

General form of the currents

E

()

=U“K

(i)

() 0(i)

T2 = &) u“u” — A (P, +11

()

(1y )
)+ 2q(f)‘u" + ﬂ(,)

N(") —n()u“+v() \ \ .
| |
\\ Bulk | | Er_lerg_y | Shear
Difusion
Particle
Difusion for each specie
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Irreversible Currents

1 >
Hep =73 Y, | deoy 6 £, A =g —u"u”
uv o uvaf
iy = _[da)(i)A Ka(i)Kﬂ(i)gf(i) AHVAB — A<HV \OB>
v l
q(i) = jdw(i)E(i)Aﬂ Kv(i)5f(i) Symmetric
+
Mo N
Viy = jdw(i)A Kv(i)gf(i) Traceless
Local Eq. distribution function Deviation
_ . Sf.=f . —f
fory = (eXP(BEqy — o)) £1) 0 = T = Top

G. Denicol Trento



Total Currents

T# =gu”u” — A" (P, +11) + 2q*“u” + £

Mo H JZ
c=nut +v,

1= %:H(i) >
|
uv o )%
= Z”(i)
(1)
Ho_ 7
q" = q
(1)
pH = IRVZ Diffusion relative to the
r %:q(') W net number density
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H. GrRAD, Comm. Pure Appl. Math. 2 (1949), 331

Grad’s Method (by Grad)

Expand the distribution function in terms of a
complete set

B Ly H oo Hermite
f(i) — fO(i)Z a(n) H(ln) (n) Polynomials
n

S jdgpr(n)

Third Order Approximation — stop at n=3 aéliz a(123
’

20 momentsI
13 MOmentS ADDrOX I1?|3|3 — (8(3)5|2l3 + a.(3)5|13 4+ a.(3)5I1|2 )

(no Bu':ke)l ol Trento




H. GrRAD, Comm. Pure Appl. Math. 2 (1949), 331

Grad’s Method (by Grad)

Expand the distribution function in terms of a
complete set

H b Hermite
(”) Polynomials

Third Order Ap
P

13 Moments Apj

Not so easy In a
relativistic
regime

0 at n=3 \aélz'z) a(l 2l

20 moments!

(no Bulk).

0 5 \ W)

Trento

ol + a(3)5'13 + a(3)5'1'2 )



Grad’s Method (by 1S)

Assume

foy = (eXp(Y(i)) il)_l

The following expansion is applied

Yiy = Yoy = g(E(i)) + gﬂ(E(i))AW KV(i) +‘9yv(E(i))AWaﬂ Ka(i)K,B(i)

Expand in Taylor

2
£(Egy) = &oqy + €10y By + €20y B
£,(Ey) = €o,0) + 10y B

g,uv (E(i)) = gO,uv

G. Denicol Trento

,1_&, Moments Approx.
(finite Bulk)




W. Israel and J. M. Stewart, Ann. Phys. (N.Y.) 118, 341 (1979)

Grad’s Method (by 1S)

Assume

fiy = (eXp(Y(i)) il)_l

Expand in terms of irreducible tensors

g ( pvep
Yiy = Yorr F.)A Ko K s

_ 7 1V
Yo Yoo = & FEui Ky F €y Kin Koy
&\
£,(Epy-

g,uv (E(i)) = gO,uv

1S APProx.

e Bulk)
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Matching Cond.

uu, (T* =T,")=0
u,(N“—Ny“)=0

-

Grad’s Method (by 1S)

The expansion variables are determined using

Definition of Currents

B A MV

g/, = u“A”T

Zl = AP

1

1_I(i)

v (i)

af (i)

af (i)

== 30 (T7 =T

(1) 0(i)

)

. =2
And expanding f(i) ~

fO(i) T fO(i)(1$ fO(i))(y(i) - yO(i))

G. Denicol

Trento




Grad’s Method (by 1S)

30
€0 Joos) + €1y Sio) T €@ f200) = —
(i)
€0)J104) T €01)J204) T €2)J30) = 0,
€0)J20(i) T €(1)J303) + €2)Ja0i)y = 0,
AMeu0) Ty + A euy sy + A eu) Jne = —ng
AMey0) a1 + A ey T + A euy g = —4qG)

2087 ex (0) Ta(i) = TGy

G. Denicol Trento




Then,

But,

q, = qu(i) =0

d,q #0

Definition of L.R.F

We use the Landau picture

u (T —T,*) =0

The energy flow for each particle specie
cannot be neglected

G. Denicol

d.

Vi

Trento




Solution
Ty (P) = Tog) [l+(1$ foin) (£0) €40 Pl + a0 Py Pl )]

€y = By

7 7 7 7
&Gy = DoiyITiyu™ + Dy gy + Doyviy

Hv HY QY (# V) (uy,v) pv
Eiy = Bo(i)(A 3u“u )H(i)+281(i)u q(i)+283(i)u v(i)+Bz(i)7z(i)

G. Denicol Trento



Solution
fo (P) = o) [l+(1$ fO(i))(g(i) €4 Py &,y Py P )]

| = EO(l)l_I

7 7 7 7
&Gy = DoiyITiyu™ + Dy gy + Doyviy

gy = Bo(i)(A‘” —3u‘u )H + 2By

(1 V) (u,,v) yny
uqg + 2B, V(u)”(i)

1

BZ(i) ~Aa
2‘]42(i)

— shear viscosity

n-2 2
\an(i) (2q 1)|dew(l)E(l) QK qfO(l) (1—afo(i))

G. Denicol Trento



Solution
fo (P) = o) [l+(1$ fO(i))(g(i) €4 Py &,y Py P )]

| = EO(l)l_I

7 7 7 7
&Gy = DoiyITiyu™ + Dy gy + Doyviy

gy = Bo(i)(A‘” —3u‘u )H + 2By

(1 V) (u,,v) yny
uqg + 2B, V(u)”(i)

1 . .
quﬁf — shear viscosity
42(i)
1
Boltzmann Gas\ Bza) =
2(5(,) n P(,))T

n-2 2
\an(i) (2q 1)|dew(l)E(l) QK qfO(l) (1—afo(i))
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Comment

1
sher v i
5f(i) - fO(i) 2(g(i) n F%i))-l-z ﬂﬂV(i)Kgl) K(i) SOIUthn

. Z”ﬂv(j)
Oof. = f J K4 KY
(i) 0(i) ﬂzz(g(j)Jer)) i) ") used so far
j

| Z”w(j)
pv(i) J

i TR Z(g(j) +R;)

J

T

True ?
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Comment

1
sher v i
5f(i) - fO(i) 2(g(i) n F%i))-l-z ﬂﬂV(i)Kgl) K(i) SOIUtlon

. Z”ﬂv(j)
Oof. = f J K4 KY
(i) 0(i) ﬂzz(g(j)Jer)) i) ") used so far
j

20 JZ”W(D T - ﬂ-ﬂV(i) - 77(i)
~ rue - ~
i TRy Z(g(j) +R;) 7T |

: LV
J
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Solution
Ty (P) = Tog) [l+(1$ foin) (€00 * €40 Pl + a0 Pl Pl )]

€y = By

7 7 7 7
£y = Doy ) (i) +(i)
Hv A% Hy v (# V) (uy,v) pv
Eiy = Bom(A —3u’u )H<i)+ q(i)+ Vi) + Baiy )

_‘J31(i) ‘J41(i)
20 ) R T T T
31(i) Y31(i) 41(3i) ¥ 21(i) 31(3i) Y31(i) 41(i) ¥ 21(i)
f f
Energyldifusion Particleldifusion
81 _ ‘J21(i) % . _‘J31(i)
(i) (i)
‘]31(i ) ‘]31(i) _ ‘]41(i ) ‘]Zl(i) ‘]31(i ) ‘]31(i) - ‘]41(i ) ‘]Zl(i)
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Solution

fo (P) = Tog [l+(1$ fO(i))(g(n €, Py &) Py Py )]

7 7 7
iyU" + Diiydiy + Dogyviy

1(1)

Hv Hy Y (# V) (1y,v) yny
(A —3u“U )H(i)+28 ut“qy) + 2By, u“v) + By

J i‘J i_‘] i‘J i
[%(i) :_({;(i)%(i), EO(i) :_Kjl(i)a)(i) Cl(i) :_n.ﬁ)_4 31(i) ~'30(i) 41(3i)~ 20(i)
1 ‘]30(i)‘]10(i) o ‘J20(i)‘J20(i)

B = Jaiivdooy = Jariy Jios

' (i)~20(i) 41(i)~10(i)

L)+ gy +3Jug) +9ey | [ Coy =4 o0 o o
30(i) Y10(i) 20(i) ¥ 20(i)
\ /

bulk viscosity

G. Denicol Trento




Grad’s Method

Coefficients
E 1 I 1 I 1 I 1 I 1 E 100000 E 1 I 1 I 1 I 1 I 1 E
: —T°B, ] : T°D, 3
. -I-GB2 _ . -T4Eo //,/ 4
100 10000

10 = 1000 ¢ =
: shear _.-7"3 5 -
1 _—_I__—l——’I’— | ] | ] | ] 100 1 | 1 | 1 | 1 | 1
0 1 2 3 4 5 0 1 2 3 4 5
m/T m/T
B, Dy E, > B

G. Denicol

Trento



Bulk Viscosity

We obtain (for each specie),

0T (P) = Toy (17 0(|))H(u)(E0(u)+ 0(i) |<>(|)+BO<|>("Q2 4Er23(l)))

We assume, :
E(i) C(.)

G. Denicol Trento



0.02

Bulk Visc.

P&y fiy

0.01

-0.01

-0.02

v 1 ' 1 7
p*f,
p25f - I1=10°fm™

p28f - TI=10"fm™ =

0

G. Denicol

0.2

0.4 0.6
pP(GeV)

Trento
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Equations — What changes ?

Example - Bulk

dll) M) f d’ k‘(é) )
;) Va

d E(i) — SP(i) m%i) AH(@) N

M) Ar(i)
3

W0

V" (A iy + (i) dviy) + Tra(i) V' U

G. Denicol Trento



Equations — What changes ?

Example - Bulk

dI1 ;) méy [ kg e
T 1 Vaue + 2 [ G 72 Gl L]

= in AH i
2

m2. m2. )\
(7) (3) "\ (7) Vo«
3 ﬂ‘ya(i)v u

VY (M) Py + X)) +

Still have to simplify ...

G. Denicol Trento



Equations — What changes ?

Example - Bulk

dI1 ;) (z) dgk(z) e
dr +H(2 r_xu C 271_) (?,) [{ ]

6 ; 3P3 m‘i ATI(4) N
( n (i) v (i) + q(1) qr/{li)) + 3 Tya(i) u

1) The term A(@H(i) + Z A(@-)(j)H(j).
J

G. Denicol Trento



Equations — What changes ?

Example - Bulk

Truncated Eq.

dr

F AT + D A TTG) = —Bi)dau”

J

1) The term A(@H(i) + Z A(@-)(j)H(j).

J

G. Denicol Trento



Equations — What changes ?

Example - Bulk

dll ;) M f dgk(i) e
V0l

d 81—3Pi mQ?;/\Hi
= Byoeu + L (() ())_ O

dr 3 3
M) o M) An(i) v
V" (A iy + A dviy) + ——3——Twa@ V' u
v
Ly, Gy 72y 5 Vi

2) Eqgs. will d d
) Egs. will depen on®

G. Denicol Trento q

7, v* (possible?)



Conclusions

o Corrections to the equilibrim distribution function
will depend on the irreversible currents for each
particle species

o Same will happen for the equations of motion

al\)
T

Problem Is not as simple as it
looks

G. Denicol Trento
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