The mathematical pendulum

Based on a MAPLE worksheet by H.J. Liidde
making use of N.J. Giordano, Computational Physics, Chapter 3
Modified by J. Reinhardt, 2007, 2009

In this worksheet we study one of the simplest dynamical systems, the mathematical pendulum. A mass mis attached to a massless string (to be more
precise: to a rigid stick) of length | and is subject to the force of gravitation. The dynamical state this system is describe by two variables, the angle of
deflections 0 and the corresponding angular velocity o= df/dt.The restoring force is proportional to sin 0; and thus is nonlinear. In addition there can b
a frictional force proportional to the angular velocity.

The trajectories of the free, undisturbed pendulum are very simple. However, if the pendulum is subject to a time-varying external perturbation the

situation changes drastically. For certain parameters the driven pendulum exhibits irregular nonperiodic solutions and is an exemplary system for
studying the properties of chaos.

In this worksheet we study

1) the free mathematical pendulum,

2) the trajectories of a driven pendulum,
3) an analysis of chaotic motion.

V¥ 1) Thefree mathematical pendulum

V¥V 1.1 The mathematical pendulum in comparison with itslinear approximation (harmonic oscillator)
[> restart:
with(plots):
| We compare the exact restoring force sin 0 with the power series approximation (Taylor expansion) to various orders:
| > s:=taylor(sin(theta),theta=0, 8);
> sp:=array(1..4):
> for i fromlto 4 do
> s:=taylor(sin(theta), theta=0, 2*i):
> sp[i]:=convert (s, pol ynon):
> od:
plot([seq(sp[i](theta),i=1..4),sin(theta)],theta=0..2*Pi,y=-1..1);

For small angles 0<0.4 the linear approximation is reliable.




> We solve the two systems of ODEs numerically, takingg/1=1:
psl:=diff(theta(t),t)=onmega(t);
ps2: =di ff(onega(t),t)=-onm*sin(theta(t));

\

> ph2:=di ff(onega(t),t)=-on2*theta(t);

> onk: =1.:

> onD: =0.

> th0:=120.*(Pi/180.):

> sol s: =dsol ve({psl, ps2, t heta(0)=thO, onega(0) =onD}, {theta(t), onega(t)},type=nuneric):

> sol x: =dsol ve({psl, ph2, t het a(0) =t hO, onega(0) =onD}, {theta(t), onega(t)}, type=nuneric):

> fs:=odeplot(sols,[t,theta(t)], 0..100, nunpoi nt s=500, col or=red):

> fx:=odeplot(solx,[t,theta(t)],0..100, nunpoi nt s=500, col or=bl ue):

> display(fs,fx,views[0..20,-Pi..Pi],axes=boxed, | abel s=[t,theta],title=" Mathematical Pendul um

. (red) vs harnonic approximation (blue));
For large amplitudes a clear difference is seen. The pendulum no longer undergoes harmonic oscillation and its period grows to infinity as 6,

approaches 180 degrees.
| We also can inspect the phase space plot.

> fs:=odeplot(sols,[theta(t),onmega(t)],0..100, nunpoi nt s=500, col or=red):
f x: =odepl ot (sol x, [theta(t), omega(t)], 0..100, nunpoi nt s=500, col or=bl ue):

> display(fs,fx,views[-Pi..Pi,-Pi..Pi],axes=boxed, | abel s=[theta, onmega], title=" Mathemati cal
Pendul um (red) vs harnonic approximation (blue) );
Try out various initial conditions!

' The trajectories of a dynamical system in a two-dimensional phase space (X,y) can be understood if one plots the derivatives dy/dx = (dy/dt)/
(dx/dt) in the form of little arrows on a grid. These arrows are tangent vectors to the trajectories going through the respective grid points.
| MAPLE offers a command which generates this type of tangent field plots automatically.

> restart:

with(plots): w th(DEtools):

on2: =1.:

psl:=diff(theta(t),t)=onmega(t);

ps2: =di ff(onmega(t),t)=-onR*sin(theta(t));
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L> dfi el dpl ot ([ psl, ps2],[theta, onega],t=0..1,theta=-2*Pi..+2*Pi, onega=-6..+6, di rgri d=[ 30, 30],
col or=bl ue, arrows=Il ar ge, axes=boxed, titl e=" Mat hemati cal pendul um Tangent field plot);

\ 4 1.2 Phase space portrait of the mathematical pendulum

Let us consider which types of trajectories are possible. Starting with an initial angular velocity ®,=0 we find oscillatory motion (librations). If

the pendulum is give a sufficiently strong initial kick it will undergo rotational motion. Since the system is conservative, which of the two types
of motion is realized depends on the value of the total energy E= T + V.

The phase space portrait of the pendulum shows the possible trajectories in dependence of the total energy.
restart:
with(plots):

We first define the kinetic and potential energy of the pendulum:

> T:.=1/2*n¥| ~"2*onega™2;

| > V.=ntg*l*(1l-cos(theta));

For various values of the total energy E=T+U the contour plot shows the possible trajectories (lines of constant energy). The limiting trajectory
with E=2gl corresponds to a pendulum which starts from the vertical position, undergoes one rotation and comes to rest again in the vertical
position. For E>2gl the pendulum rotates and for E<2gl it oscillates.

0:=9.81: [:=9.81: m=1.: # thus g/l=1

contourplot(T+V, theta=-3/2*Pi .. 3/ 2*Pi, onega=-5. .5, cont our s=[ 20, 50, 100, 2*g*|, 400, 600, 800, 1000,
1200] , nunpoi nt s=1000, axes=boxed, fill ed=true, col oring=[green, black],title=" Phase space portrait
of the mat hematical pendulum);

V¥ 2) Thedriven mathematical pendulum

We study a pendulum with velocity-dependent friction and an external driving force which oscillates periodically in time with angular velocity Q.
The resulting forms of motion depend sensitively on strength of the driving force F, the period Q and the friction constant a.

We study the three values F =0, 0.5, 1.2.

> restart:
wth(plots):
pf1l:=diff(theta(t),t)=onmega(t);
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pf2:=di ff(omega(t),t)=-om*sin(theta(t))-al pha*onega(t)+Fex*si n(Orega*t);

on: =1.: al pha:=0.5: Omrega:=2./3.: # system paraneters

t hO: =Pi / 2: onD: =0. : # initial conditions
F:=array(1..3): # strength of driving force
F[ 1] : =0. :

F[ 2] : =0. 5:

F[ 3] : =1. 2:

mycolor:=['red' ,'green', 'blue']:
f:=array(1..3):

Now the differential equations are solved three times:

for i from1lto 3 do

Fex: =F[i]:

sol : =dsol ve({pf 1, pf2,theta(0)=thO, onega(0)=0onD}, {theta(t), onega(t)},type=nuneric, output=
| i stprocedure):

f[i]:=odeplot(sol,[t,theta(t)],0..60, nunpoi nts=500, col or=nycolor[i]);

od:

display(f[1],f[2],f[3],views[O0..60,-4..+4], axes=boxed, | abel s=[t,theta], title= "Driven
Pendul um for Fex=0,0.5,1.2");

fl:=array(1l..3):

for i froml to 3 do

Fex: =F[i]:

sol : =dsol ve({pf 1, pf2,theta(0)=thO, onega(0)=onD}, {theta(t), onega(t)},type=nuneric, output=
| i stprocedure):
f1[i]:=odeplot(sol,[theta(t),onega(t)],0..60, nunpoi nt s=500, col or=nycolor[i]):

od:

display(f1[1],f1[2],f1[3],views[-4..4,-Pi..Pi], axes=boxed, | abel s=[theta, onega], title=
"Driven Pendul um for Fex=0,0.5,1.2: Phase space plot for t=0..60");



Three different types of trajectories are seen.
For F_=0 the trajectory approaches a stable fixed point attractor.

The trajectory for F,=0.5 approaches a limit cycle.

For F=1.2 the trajectory shows irregular behaviour. Will it stabilize at later times? Let us follow the trajectories for a time interval ten times

longer.
7> f2:=array(1..3):

> for i froml to 3 do

> Fex:=F[i]:

> sol : =dsol ve({pf1, pf2,theta(0)=thO, onega(0)=on0},{theta(t), onmega(t)},type=nuneric, out put =

| i st procedure):

f2[1]:=odeplot(sol,[theta(t), onega(t)], 0..600, nunpoi nt s=2000, col or=nycolor[i]):

od:

> display(f2[1],f2[2],f2[3],views[-5..70,-Pi..Pi], axes=boxed, | abel s=[theta, onega], title=
"Driven Pendulum for Fex=0,0.5,1.2: Phase space plot for t=0..600");

vV V

7Obvi0usly the third trajectory remains irregular, even if we follow it for a long time. We are in the region of chaos.
| Tryout variousinitial conditions and system parameters.

V¥ 3) Chaotical dynamics of the driven pendulum

V 3.1 Sensitivity to theinitial conditions

Let us study what happens if we slightly vary the inital conditions.

For this we integrate the ODEs twice, with initial conditions which differ by a tiny amount. We plot the absolute value of the difference betweer
the values of 0(t) for the two calculations.

> restart:
> with(plots):
pfl:=diff(theta(t),t)=onmega(t);
. pf2:=diff(omega(t),t)=-onR*sin(theta(t))-al pha*onega(t)+Fex*sin(Orega*t);
> onR: =1: al pha: =0.5: Onega: =2/ 3: # system paraneters
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thO: =Pi / 2: onD: =0. : # inital conditions
F.=array(1l..3):

F[1]:=0.: # strength of driving force
F[ 2] : =0. 5:

F[ 3]:=1.2:

nycolor:=["red ,'green','blue']:

f3:=array(1l..3):

for i from1l to 3 do

Fex:=F[1]:

sol : =dsol ve({pf 1, pf 2, t heta(0)=t hO, onmega(0)=onD}, {theta(t), onega(t)},type=numneric, out put =
| i stprocedure):

th: =subs(sol ,theta(t)):

sol 1: =dsol ve({pf 1, pf 2, t het a(0) =1. 000001*t hO, onega( 0) =1. 000001*onD}, {t heta(t), onega(t)},
t ype=nuneri c, out put =l i st procedure):

thl: = subs(sol 1,theta(t)):

deltheta := thl-th
f3[i]:=logplot(abs(deltheta(t)),t=0..2100, nunpoi nts=500, col or=nycolor[i]):

od:

di splay(f3[1],f3[2],f3[3],views[O0..50, 1le-10..0. 1], axes=boxed, | abel s=[t,deltatheta], title=
"Driven Pendulum for Fex=0,0.5,1.2: Init. values differ by 1ppm);

' We note a striking difference between the cases with regular motion (red: F,=0, stable fixed point attractor, green: F,=0.5, limit cycle attractor
and the chaotic case (blue, F =1.2). In the first two cases the difference 60(t) drops to zero as the trajectories approach the attractor. In the latter

case, however, the difference on the average increases exponentially (note the logarthmic scale). This is a quantitative criterion for chaotic
motion: Neighboring trajectories with slightly different initial conditions are moving away from each other with exponentially increasing
distance. The slope of this increase is called the Lyapunov exponent. If it is positive the system is chaotic.

Try out different initial conditionsin sol1.
Study the dependence of the Lyapunov exponent on on the driving force F,,.



V 3.2 Poincar é sections

A useful tool for studying dynamical systems are stroboscopic maps. Instead of looking at the full time-dependent trajectories, only snapshots at
discrete moments in time are taken, each of them represented by a single point in phase space. For a system with a periodic external driving
force it is natural to choose equidistant sampling times corresponding to the driving time period. For the driven pendulum we will take sampling
times defined by

> Qt = nm;. The stroboscopic map is a special case of a Poincaré section used universally for studying nonlinear dynamical systems.

Below we study the driven pendulum problem by integrating three coupled first-order ODEs and plotting points in the phase space at times t,, =

n 1 Q. For practical reasons we split the whole trajectory into jj=200 blocks with npt=50 sampling points each. When plotting the phase space
diagram, the periodic angle variable 0 is projected into the interval [-m .. «]; using the function 'normangle' defined below.

> restart:

. with(plots):

> odel:=diff(theta(t),t)=onega(t);

> ode2: =diff(onega(t),t)=-onR*sin(theta(t))-al pha*onega(t) +Fex*si n(phi(t));

> ode3: =diff(phi(t),t)=0rega;

> normangl e: = x->x-2*Pi *trunc((x/Pi+sign(x))/2): # normalize angles to interval -Pi..+Pi
> onR: =1: al pha: =0.5: Fex:=1.20: Onega:=2./3.: # Paraneters for chaotic dynam cs

> thO:=Pi/2: onD:=0: phO:=0.: jj:=200: # j] blocks with 50 pts each

> jjtrans: =10: # The first 500 points are discarded
| > initcond: =theta(0)=thO, onega(0)=on0, phi(0)=pho0: # initial conditions

> The following calculation is time consuming.

for j from1l to jj do # | oop over jj

vars: =theta(t), onega(t), phi(t):

> sol : =dsol ve({odel, ode2, ode3, i nitcond}, {vars}, type=nuneri c, out put=Ili st procedure);

> assign(sol);

> theta:=theta(t); onega:=onega(t); phi:=phi(t);

> npt: =50; # nunber of stroboscopic points in one block

> pts:=seq([normangl e(theta(Pi *i/ Orega)), onega(Pi *i/Onega)],i=1..npt); # (i) only points
at 'stroboscopic tines' are taken; (ii) theta is reduced to the interval [-Pi..Pi]

> plt(j):=plot([pts],views[-Pi..Pi,-2..+2], col or=bl ue);

> thO: =theta(Pi *npt/QOrega); onD:=onega(Pi *npt/ Orega): phO0: =phi (Pi *npt/ Onega):




> unassign(t, theta, onmega, phi);

> initcond: =t heta(0)=t hO, onega( 0) =onD, phi (0) =ph0; # initial conditions for the next bl ock
> od:

> display([seq(plt(j),j=jjtrans..jj)],synbol =PO NT, styl e=point,views[-Pi..Pi,-2..2], axes=
boxed, | abel s=[theta, omega], title= "Poincare Section for Fex=1.2");

The Poincaré section shows a distorted but quite regular and localized geometrical object. Closer inspection reveals that the apparent lines
consist of bundles of lines which again consist of narrower bundles, and so on ad infinitum. This is the typical property of a fractal object. The
picture shows a strange attractor characteristic for a chaotic system.

Show that the shape of the strange attractor does not depend on the initial condition.

Have a look at the 'finestructure' of the strange attactor by 'zooming in'. This can be done by changing the viewing window interactively or in
the display command.

Study the change of the Poincaré section when going from regular to chaotic motion. Suggestion: CompareF=1.14 and F_=1.15.

3.3 The period-doubling transition to chaos

Up to now two typical properties of chaotic motion have been studied:

(1) extreme sensitivity of trajectories on the initial conditions,

(i1) characteristic geometric structure of the Poincaré sections.

Now we investigate the transition from regular to chaotic motion in dependence of control parameters.

We compare four solutions of the driven coupled pendulum for the force constants F, = 1.4, 1.45, 1.47, 1.5.
restart:
(W th(plots):

> pfl:=diff(theta(t),t)=onega(t): pf2:=diff(onmega(t),t)=-onR*sin(theta(t))-al pha*onega(t) +Fex*
si n(Onmega*t):

onR: =1.: al pha: =0.5: Orega: =2./3.:
thO: =Pi / 2: onD: =0. :

F.=array(1l..4):

F[ 1] : =1. 4:
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> F[2]:=1.45:

> F[3]:=1.47:

> F[4]:=1.5:

> mycolor:=['"red ,'green', ' blue',"'black']:

> normangl e: = x->x-2*Pi *trunc((x/Pi+sign(x))/2): # normalize angles to interval -Pi..+Pi

> for j froml to 4 do

> Fex:=F[j]:

> sol :=dsol ve({pfl, pf2, theta(0)=thO, onega(0)=onD}, {theta(t), onega(t)},type=nuneric, output=
| i stprocedure):

> assign(sol);

> theta:=theta(t);

> npt:=600; # nunber of points

> pts:=seq([i/4,normangl e(theta(i/4))-(j-1)*2*Pi],i=1..npt); # shift successive curves by
2Pi

> outplot(j):=plot([pts],color=nycolor[j]):

> unassign(t,theta, onega);

> od:

> display([seq(outplot(j),j=1..4)],views[50..150,-7*Pi..Pi], axes=boxed, | abel s=[t, theta],

title= "Driven pendulumfor Fex=1.4, 1.45, 1.47, 1.5);

' For the given parameters the pendulum undergoes a modulated rotational motion in synchrony with the driving frequency (one rotation per time
period T=2m/Q. Following a transient region, for F,=1.4 the motion is periodic. With increasing driving force the system undergoes a bifurcatio

and at F,=1.45 we find a period doubling. A second period doubling follows (to a period of 4T) as observed for F,=1.47. Such a cascade of

. | period doublings leads to nonperiodic chaotic motion.
4) Lyapunov analysis
We determine a reference trajectory Xr(t) and then solve the linearized problem 'around this trajectory’'.

(> restart:



wi th(plots):

deql: =diff(xr(t),t)=yr(t);

deg2: =di ff(yr(t),t)=-om*sin(xr(t))-al pha*yr(t)+Fex*sin(zr(t));
deg3: =diff(zr(t),t)=0mega;

on: =1.: al pha:=0.5: Omrega:=2./3.: # system paraneters

Fex: =1. 2:

t hO: =Pi / 2: onD: =0. : # initial conditions

The differential equations are solved for the reference trajectory

sol : =dsol ve({deql, deqg2, deq3, xr (0) =t h0, yr (0) =on0, zr (0)=0. }, {xr(t),yr(t),zr(t)}, type=nuneric,
out put =l i st procedure):

x1: =subs(sol,xr(t)): yl:=subs(sol,yr(t)):

ref pl ot: =odepl ot (sol,[t,xr(t)],0..600, nunpoi nt s=2000) :

di spl ay(refplot, view=[0..600, -20..+20], axes=boxed, | abel s=[t,x], title= Driven Pendul um for
Fex=1.2");

The linearized differential equations.

Since the third row of the Jacobian vanishes there are only two differential equations.

Note that the reference trajectory (x(t),y(t)) enters through the time-dependent coefficients.

| dl:=diff(etal(t),t)=eta2(t);

| d2: =di ff(eta2(t),t)=-onR*cos(x1(t))*etal(t)-al pha*eta2(t);

Solution of the linear system for an arbitrary initial condition:

sol lin:=dsol ve({ldl,1d2,etal(0)=1.,eta2(0)=1.},{etal(t),eta2(t)},type=nuneric, output=

|i stprocedure):

el: =subs(sollin,etal(t)): e2:=subs(sollin,eta2(t)):

pl oteta: =l ogplot(sqrt(el(t)*el(t)+e2(t)*e2(t)),t=0..100):

di spl ay(pl oteta, views[0..100,0.1..1078], axes=boxed, | abel s=[t, "|eta] '], title= "Linear
solution);

Approximate evaluation of the largest Lyapunov exponent ¢ = t1i_r>nm% ln[



L norneta: =1t -> sqrt(el(t)*el(t)+e2(t)*e2(t)):
| yapunov: = t-> log(norneta(t)/norneta(0))/t:

[> | yapunov(100);

[> | yapunov(200);

[> | yapunov(500);

[t is difficult to reach high numerical accuracy.



