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Lecture XI, Exercise 1.
Recall the definition: [X] := X, — Xj.
(1) afA] = a(As — Ap) = cA, — aAy.

[[OtAH = OzaAa — OébAb.
Therefore, if o, = oy (< [a] = 0), o[ 4] = [aA].

(i) [A+ B] = (As + Ba) — (A + By)
=A,—Ay+B,— B, = [[A]]+[[B]]

(111) [[ABH = (AaBa) - (AbBb)
[A][B] = (Aq — Ap)(Ba — By) = AaBa — AaBy — ApBa + Ay By,
Therefore [AB] # [A][B].

(iv) [[A]] [[B]] = (Aa - Ab)(Ba - Bb) = (Ba - Bb)(Aa - Ab) = [[BH [[A]]
W) [[A]]2 = (Aa - Ab)2 = Ag —2A,A, + AIQ)

[4%] = (A7 — A).
Therefore [A]? # [A2].

Lecture XI, Exercise 2.

From the junction conditions, the velocities on either side of the shock front in terms
of the physical state can be written as

Ui _ (Pa — pv) (€6 + Pa) )
(eqa —ep)(ea + pp)
Pa — Pb)(€a + Db
2 — p)eatm) -
(ea —ep)(ey + Pa)
From these two equations, we can derive following relations
Va €p + Pa
— = 3
Vp €a T Db
Valy = Pa — Db )

€a — €p



Now we consider the case of an ultrarelativistic fluid with p = ¢/3 and ¢, = 1/+/3.

Then the eq (3) can be written as

&7eb+ea/3 ey teq
vy eqatep/3  3eqtep

Therefore the velocity ahead the shock can be written as

<3eb + ea>
Vg = | —— | vp.
3eq, + ep

From the assumption of an ultrarelativistic fluid, eq (4) can be expressed as

€a — €p 1
VaVp = -7~ —

3(eq —ep) 3

Therefore the velocity behind the shock can be obtained as

1
vy = .
b 3V
We put eq (8) into eq (6) and obtain

3ep + eq 1

Vg = ch e} _—
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Therefore the square of the Lorentz factor relative to the velocity ahead the shock is

1 3 (e, + ey
W2=_—_=Z(=2"_2),
¢ 1= w2 8( €q )

Similarly using eqs (6) and (8), we can get
i _ 3ep + eq y
v, 3eq + ey b
02— 3eq, + ey
b 3(3ep +€4)
And

102 = 3(3ep +eq) +3eq + e 8eyp
b 3(3ep + €q) - 3(3ep +ea)
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As a result, the square of the Lorentz factor relative to the velocity behind the shock is

1 3 (3eq + €p)

w2 = =
P18 e

The relative velocity of the fluid ahead and behind the shock is given by

_ Ya=v _ [(Pa—pb)(ea—ep)
1 —vavp (eq +pv)(es +pa)

Vab

From the assumption of an ultrarelativistic fluid, the eq (18) can be written as

s

12 = (3ea + en)(3ep + ea) — (ea — €p)(3ea — 3ep)
ab (3eq +€p)(3ep + €4)

€a/3 —ep/3)(eq — €p)
ea+en/3)(ep +eq/3)

ea — €p)(3eq — 3ep)
3eq +ep)(3ep +eq)

(
(
(
(

And

9eqep + 3€2 + 3e? + eqep — (32 — 3eqep — eqep + 3e)

(3eq +ep)(3ep + e4)
16e,ep
(3eq +ep)(3ep +€4)

Therefore the Lorentz factor square of the relative velocity is

1 (Beq +ep)(Bep +eq) 4. o o
W2 = = = —W2W,
ab ™1 vgb 16e4ep g @by
where 93 )3 )
e, + € ep + €4
W2W2 = — AN .
64 €aCh

Lecture XI, Exercise 3.
From eqs (13) and (17),

3 (3eq +ep)er + (3ep + €a)eq
g €q€p
3(3eqep + €2 + 3eqep + €2)
8eqep
3eg + 18eq6p + 36%
8eqep '

We+Wwy =

a7

(18)

19)

(20)

ey

(22)

(23)

(24)

(25)

(26)

27

(28)



From eq (24), the square of the Lorentz factor of the relative velocity can be written as

9e,ep + 36(21 + 365 + eqep

= 2

Wap T6e,c (29)
_ 363 + 10eqep + Seg 30)
B 16eqep ’

Finally, from eqs (28) and (30) we deduce that

3eZ + 18eqep + 3e7 — (3€2 + 10eq¢p + 3€3)

W2 —oW?2 + W2 = 31
a ab+ b 8€a€b ( )
8eq
— S (32)
8eqep
= 1. (33)



