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A Mille-feuille Universe
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Motivated by seeking kinetic origins for seeds of the large-scale structure
formation in the universe, we investigate the properties of a generalized
axisymmetric BianchiIX type model. Such a model, which is supposed to
describe non-interacting radiation of dust-like matter posterior to decou-
pling, has the advantage of behaving asymptotically as a close FRw model
with a cosmological constant. It shows a vanishing vorticity, a decreasing
shear of matter with time and a FRw chronology, which are properties
that make it likely when compared to observational constraints. The
formula which provides us with the redshifts of sources is derived.
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1. INTRODUCTION

The standard world model of the Universe assumes a Robertson-W alker
(rw) metric and a Friedmann chronology for the matter-dominated era,
dust matter being the only source of the gravitational field [22,32]. Al-
though such a simple picture could be questioned because large-scale struc-
tures (Lss) are observed in the distribution galaxies in space (see e.g.,
Refs. 19,13,27), a rigorous proof shows that this approach is however still
valid [31]. The main reason is that the derivation of the Rw metric can be
obtained simply from a geometric interpretation of the Cosmic Microwave
Background (cmB ) isotropy, regardless of Einstein equations [25]. There-
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fore, one can safely ascertain that there is necessarily a scale up to which
the isotropy and the homogeneity of the space are ensured despite the pres-
ence of Lss. On the other hand, in order to interpret the cMmB isotropy and
the smallness of the spatial curvature, this standard picture was improved
by assuming an inflation era at a primordial epoch [1]. While the initial
motivation [2] for such a scenario was different from today’s, inflation is
now understood as a necessary ingredient to overcome inherent problems
with the FRw model and the origin of the Lss formation from quantum
fluctuations. However, such an approach can be questioned [31], when it
turns out that a spatially closed geometry provides us with another issue
[26,29,30]. There is indeed observational evidence from supernovae for an
accelerating universe and a cosmological constant [24,10], and for a short
extragalactic distance scale [18,23,12,15,21 ], which makes such an alterna-
tive highly likely, although the origin of Lss remains an open problem. We
may envisage kinematic origins for seeds responsible for the Lss formation
during primordial era, such as local instabilities producing swirl (which
may explain the rotation of spiral galaxies). It is clear however that the
more vanishing the anisotropy the more reliable the model, in particular at
decoupling. Analysis of isotropization effects has already been performed
[16,5,3] but with different motivations, and more recently with the aim
of investigating the initial conditions allowing an inflationary epoch that
make the anisotropy negligible [4]. In this paper we investigate the con-
sequence of such a scenario in the observable large-scale velocity flows of
galaxies. A natural question to ask is how to interpret observed deviation
from the Hubble flow such as bulk flows or coherent large-scale streaming
motions [20,14,6,17,33]. For the reasons given above, the candidate model
is a Bianchi IX type model, since it is well known to behave asymptoti-
cally as a closed FRw model, and we investigate its residual kinematic from
decoupling. To be compatible with previous investigations [9,7,28,11], we
assume an axisymmetrical model. Units are chosen so that the speed of
the light ¢ = 1 and Planck’s constant 22 = 1.

2. THE WORLD MODEL

For theoretical reasons [9,28,11], we assume an axisymmetric spatially
closed world model which accounts for a non-interacting homogeneo us dis-
tribution of matter and radiation. Let a denote the scale factor and =
the angular distance from a pole, the candidate line element is given by a
Bianchi IX type metric which reads

ds? = —di* + &2 (t)(de* + sin’(r)(dY + sin*(D)(do + V(¢ 1)dD)?)), (1)
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where O accounts for the angular distance of the line element from the axis
of anisotropy, and the function Y(t, t) accounts for anisotropy properties.
To have an idea of the related geometry, let us choose a parametrization
of the hypersphere S° by means of S? concentric spheres, the riemanian
angular radius of spheres 7 varies continuously from z = 0 (the pole)
to the antipode v = n. Hence, we understand that the only source of
anisotropy corresponds to axisymmetric kinematic properties of the cos-
mological fluid. Note that a more general solution allows an additional
degree of freedom, since we limit the S? spheres to rotate (by varying the
angle ¢) about the same axis (the axis orthogonal to the equator).

In order to analyze the physical properties, we proceed to separate
any tensor into space and time parts corresponding to the way an observer
moving with 4-velocity " would measure these fields. In order to achieve
it, we use the projection tensor

huv = guv + upuy, ()
which satisfies the following relations:

Rt =3, RERY, = R, hyvu' = 0. 3)
If " denotes the average velocity of the matter then the decomposition
acquires an invariant significance. Indeed, the covariant derivative of the
velocity can be broken down so that

Up,v = Ehuv"" Gyv""wuv_uuuv’ (4)
where
Opv = Uppzv] ~ Upply (5)
is the vorticity tensor,
= Uy — Uty — SOR (6)
Ouv (u:v) (utv) 39ty
is the shear,
0= u;“y (7

is the expansion rate and the absolute acceleration %" is given by the vector
field
' = uhu', u'u, = 0. (8

We have the relativistic invariants

0= (o), o= (youva')2. ©)
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The splitting of the energy-momentum tensor is given with respect to the
velocity field ¥* and the projection tensor h,, as follows:

Tuv = puuthy + phyy + Qv + @iy + 7uy , (10)

with quu' = 0, myyu” = 0, #*, = 0, where p is the total energy den-
sity measured by an observer moving with 4-velocity u", q, is the energy
yux relative to u*, p is the isotropic pressure, and m,, is the traceless
anisotr opic pressure due to a process such as viscosity.
In order to carry out the decomposition we choose a timelike vector
defined by
u' = (1,0,0,— V), u, = (—1,0,0,0), (11)

which is geodesic, and thus the absolute acceleration vanishes u* = 0. The
field equations of general relativity read

Ruv— L9 R — Aguv = 872G Ty, (12)
where G is the Newton’s constant of gravitation, R, is the Ricci tensor,
and R is the scalar curvature. By contracting the conservation equation
THY = 0 with u,, we obtain

p+(P+p)9+”quuv+Qﬁt+uuqH= . (13)
Let us assume the following (phenomenological) state equation:
Tuv = = HOuv , (14)

where the coefficient of viscosity u > 0. Hence, since the velocity vector is
geodesic and the heat flux ¢* reads

=49 =¢=0, ¢ =TV (15)
with ¢/, = 0, eq. (13) transforms into
p+ (p+P)o— 2uc’ = 0. (16)

The kinematic quantities oy, 60 and o,, are calculated according to
eq. (11). Hence, the shear tensor is given by

Ouv = %azl//sinz(r) sin? () , (17)

c oo
- o o<
coc oo
oo~ o
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the vorticity tensor @, is zero and the expansion factor is given by

0=13%. (18)
a

Therefore, according to eq. (17) and the simple form of o, the invariant
quantities given in eq. (9) transform into

o =0, o= L ¥'sin( ) sin(D). (19)

V2

We easily check that the Raychaudhuri’s equation
Ruufu’ =0+ 50— i, + 2(6* — 0?) — A (20)

is fulfilled.

In order to solve eq. (16), we need to specify an equation of state
determining p from the thermodynamic variables. Hence, we assume that
the source of gravity is a non-interacting mixture of radiation and dust
matter with specific density

p=pr+t pm. 21

By assuming a vanishing contribution of the dust to the pressure, the
pressure of the fluid is only due to the radiation p = p,, which satisfies the
equation of state

pr = 3pr. (22)

In order to calculate py, it is convenient to compute the scalar curvature
R associated with the line element given in eq. (1), and we obtain

6
R=—0'2—;(1+d2+dd)=—0'2+RRW, (23)

where Rrw is the spatial curvature of the Robertson-W alker metric. From
eqs. (10),(12),(22), we easily obtain

6
87G pm = o + a—2(1+a2+aa)—41\: o> — Rrw — A (24)

and the pressure of radiation can be computed from the relation

G = 8nG Ty + Ag . (25)
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Since 5
Gy = ["? a1+ a+ 2aa] sin?(7) (26)
and T22 = pgn2, we have
1 (o 1+ &+ 2ai
= ——— —+ ————— - A]. 27
b 8nG( 2 a? ) 27

Then, from eqs. (22),(24),(27), we have explicit expressions of the pressure
and densities in terms of the scale factor @ and the scalar o. The next step
is to establish the dependence of o on R as well as to obtain an explicit
expression for the evolution of a. By using eq. (22) we find that eq. (16)
reduces to

pm + 3Pr + (pm + 4pr)0 = 2uc” = 0. (28)

The scalar coefficient of viscosity u can be computed from the equation
G13 = 8@ T13 = —-8nG HO13 . (29)

Then we obtain )
38, Y sy (30)
a vy

which is a relation that u must satisfy. Then, by substituting eqs. (24),(27)
into eq. (28), and by taking into account eq. (30), we find

1 do* 7 '
— ==+ —p+2t=0. 31
ot dt 2 v GD

The solution of eq. (31) reads
o (t, 7,9 = Ta=?" ¥ sin’(2) sin® (F (7). (32)

Notice that the shear vanishes at the poles (¢r = 0, x) and when the line
element follows the axis of anisotropy (O = 0).
Hence, the total density p can be written as a sum of three terms:
_pu(te) | pr(te) | o
= + + ,
a’ at 167G

(33)

where pp, (to) and pr(t.) correspond respectively to specific densities today
t = to.
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To derive an equation governing the dependence of a(f) with time,
from eqs. (24),(27),(21) we obtain

= /P, (34)
a
where A 1 8G 872G
T Pm T Pr
P(a)= 2- = &L pm , 07T pr 35
(@) 3 a? 3 o 3 at (35)

It is worth noticing that the expansion parameter is given by a Friedmann-
Lemaftre model-Gamov filled out with non-interacting dust and radiation.

3. REDSHIFT OF SOURCES

In order to interpret the redshift of sources we use the geometric
optics approximation which says that light travels on null geodesic. The
frequency of a light signal of wave vector k* measured by an observer with
4-velocity u® reads

v=—kqou* (36)
where kok® = 0 and u,u® = — 1. Hence, since the vector k% is geodesic,
we have

dv anp 1 . a.fB
E = ~Uqpk“k" = — | ogp + Eehaﬂ ~ Uoup | k7K, (37)

where s is an affine parameter along the geodesic. Since #, = 0, and
Rap = gap + Ugupg, we readily obtain

dv a

— = —g,pk®kP - =V, 38
ds oap a (38)
and the integration turns out to be quite cumbersome. For small deviations
from FrRw geodesic, so that ds = adt = da/ \/P(a), the wavelength A = 1/ v
of the photon changes according to

d k* kP d
dr =~ = gp— " ——— + da. (39)
v v v /P(a)
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