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Transmission resonances and supercritical states in a one-dimensional cusp potential
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We solve the two-component Dirac equation in the presence of a spatially one-dimensional symmetric cusp
potential. We compute the scattering and bound state solutions and we derive the conditions for transmission
resonances as well as for supercriticality.
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[. INTRODUCTION potential was studied by Dosat al. [11], showing that in
this case transmission resonances exist. Keni&dy dis-

The study of scattering and bound states of nonrelativisticussed supercriticality in this potential, demonstrating that,
particles in the Schitinger equation framework is a well as in the square potential case, the one-dimensional Woods-
known and understood problefd]. The scattering of low Saxon potential has transmission resonances of zero momen-
momentum particles by one-dimensional potentials that aréum when it supports a half bound stateEat —m.
well behaved at infinity has zero transmission coefficient at The Saxon-Woods potential presents the particularity of
zero energy, and the reflection coefficient is unity unless théeing a smoothed form of a square well; the Dirac equation
potential supports a half bound stérero energy resonance presents half bound states with the same asymptotic behavior
In that case there is no reflection and the transmission coefs those obtained with a potential barfi&g].
ficient is unity provided that the potential is symmetric. The In the present article we discuss the problem of comput-
pioneering works on the computation of transmission andng transmission resonances and supercriticality of the one-
reflection coefficients in one-dimensional potentials go backlimensional symmetric screened potentrl. 1)
to Bohm[2], who coined the definition of transmission reso-
nance to scatter_ing_ states with transmission coefficient equal U(x)=Voexp — |x|/a). 1)
to unity and vanishing reflection. RecenfB;4], these results
have been generalized to asymmetric potentials.

The generalization of the concept of transition resonance$he potential1) is an asymptotically vanishing potential for
to relativistic quantum mechanics presents some subtletidarge values of the space variableéThe parametey, shows
related to the Dirac equatidid,6]. For a free Dirac particle the height of the barrier or the depth of the well, depending
there are positive energy statdgs>m) as well as negative 0n its sign. The positive constaatdetermines the shape of
energy statesg<—m). In the presence of an external po- the potential. A noticeable difference between the Woods-
tential, half bound states occur f&f=—m andE=m, in  Saxon potential and Eql) is that this one does not exhibit a
contrast to the nonrelativistic case where these only exist at
E=0. In the Dirac equation framework one should talk 1
about zero momentum resonances rather than zero energ
resonances.

The study of scattering and bound states in the presenc 98
of strong electromagnetic fields in relativistic quantum me-
chanics is also a rather old problem. Soon after the formula-
tion of the Dirac equatiof7], Klein [8] found that for very .
high potential barriers an unusually large number of elec-3
trons penetrate into the wall. Moreover, those electrons havé®
negative energy. Sauté®] found the same results in the
more general case where the barrier smoothly grows. Pai
creation for the Klein paradox is stimulated by the incoming
electron beam. When the depth of a square well exceed:
2m¢?, the energy of the lowest bound state becomes equal tc
—mc?, and the bound level joins the states of the Dirac sea.
The bound states dive into the energy continyu@i.

The Klein paradox in a one-dimensional Saxon-Woods

0,6

FIG. 1. The screened potential for different values of the shape
parametera(X.). The solid line corresponds t@=2, the dotted
*Electronic address: villalba@ivic.ve line toa=1, and the dashed line @=0.5.
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square barrier limit. The potentidll), for Vy<0, can be Introducing the new variable

regarded as a screened one-dimensional Coulomb potential _

[14]. y=2iaeVyexp —x/a)x>0, 9)
It is the purpose of the present article to show that the

potential (1), for V>0, supports transmission resonances.V® reduce the systeft) and(8) to

We solve the 1 Dirac equation explicitly and compute the d vy
bound energy states fat(x), for V<0, and show that this (y—— =+iEa|¥,=ma¥,, (10
potential supports supercritical states which correspond to dy 2
transmission resonances for the potenfia) for V,>0. d

The article is structured as follows. In Sec. Il we solve the (y—+ y —iEa|V,=maV,. (11)
1+1 Dirac equation in the potentigl). In Sec. Il we com- dy 2

pute the bound states and the condition that the potential . )
should satisfy in order to support supercritical stat&s ( The regular solutions of the system of equati¢h6) and
=-—m). In Sec. IV we compute the scattering states an

show that fork=0 the condition for transmission resonancesMk.«(¥) [13] as follows:

o <0. B
corresponds to that of supercriticality folg<<O W,=by~ Y2\ V), (12)
Il. THE DIRAC EQUATION 1/2+ u+k
. o Wi=————byy Mg ,(y), 13
The Dirac equation in the presence of an external electro- ma ’

magnetic fieldA,, has the form ) L
whereb; is a normalization constant, and

“(g,—ieA,)+miv=0, 2 . :
A w) M @ k=iEa—1/2, u=iVE’—m?a. (14)
where the four-vector potentigl) can be written in a cova- . . . .
fiant way as For negative values of, we introduce the auxiliary variable
y:
A*=Vexp —|x|/a) 8. (3 _
y=2aieVyexp(x/a) x<0. (15

In two dimensions, the Dirac equatid®) in the presence of _

the spatially dependent electric fiel8) reads In terms of the new variablg, the system of equations)
and (8) takes the form

[y g, +ieVoexp —|x|/a)]+ ylo,+ miw=0, (4)

—d vy .
where the y* matrices satisfy the commutation relation yd——+§—lEa Vo+tmav,;=0, (16)
{y*,y"}=279*" and the metric »*” has the signature y
(—,+). Here and throughout the present article we adopt —
units wherehi=c=1. — y .
. . . . . .. . —— =+ E \I’ + \I’ =V, 1
Since we are working in-t1 dimensions, it is possible to (y 2 IBa | Wytmal,=0 (a7

choose the following representation of the Dirac matrices:
and its solution can be written as

0_; 2 0 1 1_ 1 01 — —
’y _IO- - _1 O 1 y =0 = 1 O : (5) \II1=C1y71/2Mk”u(y)v (18)
Taking into account that the vector potenti@) does not o 172+ p+k V12 — 19
depend explicitly on time, we can separate the time depen- 2 ma 1y 1Y), 19

dence of the spinoW as follows:

wherec, is a normalization constant.
W(x)

W5(X)

)exp(— iEt). (6) IIl. BOUND STATES

The potential(3) supports bound states provided tinatt
—E2>0. In this case one has thatcan be written as

w=aym’—E?, (20)

Substituting they matrices(5) into the Dirac equatior4),
we obtain the following system of coupled equations:

%—i[evoexp(— |x|/a)— E])‘Ifﬁ m¥,=0, (7)

411 can be expressed in terms of the Whittaker function

and the condition for existence of bound energy states can be

obtained after imposing the normalizability of the wave

d function as well as the continuity &F atx=0. Noticing the
(d—x+|[evoexp(— Ixl/a)= E])\If2+m\lfl—0. ® normalizability of the spino®’ upon the scalar product
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40 T T T T T
<qf,q>>=J V0D dx 21) | | | |

imposes that the spinor componetts and¥, should van- 30
ish as|x|—c. This condition is equivalent to imposing the

regularity of the spinor ay=0 andyzo. The solutions
(12),(13) and (18),(19) satisfy this boundary condition. The ¢
energy levels can be computed by imposing the continuity of>> 20

the spinor¥ atx=0:

. 172+ p+k ] 10 i
ciM k’M(ZleaVO):blTMkH#(zeaVo),
(22) |
0 . L . L . L . L .
. 172+ u+k ) 0 1 2 3 4 5
biMy u(2i€aVy) = —c;————My;1,(2ieaVy). afr)
(23 FIG. 2. Dependence of the supercritical potential amplituge

on the potential shapa(x.).
The existence of nontriviat; and b, satisfying the above

system(22) and(23) is equivalent to imposing the condition y— 12 M(y)
1 2 \Pinc(—) = 1/2+—,u+k—7 11204 (_) . (27
5t utk| Mi,,(2ieave) +m?a’My ,(2ieaVe) =0. ma k1Y
(24)

With the help of the relation(26), we obtain that, as

The expressiori24) shows that the screened potentidl is x— =, the spinor¥’in; takes the form

able to bind particles, a property that is absent in the purely

one-dimensional Coulomb potential. The res(i4) is 1

equivalent to that obtained in Réfl4]. Vine— 172+ p+k (2ieavo)“exp(ix\/Ez— m?),
As the potential depth increases for large value¥ nfthe " ma

energy eigenvalue of any bound state also decreases. When (28)

this energy reachds= —m, the bound states merge with the

negative energy continuum and the potential becomes supedind consequently the spind27) satisfies the required
critical. WhenE=—m, ©=0, and we obtain from E¢24)  asymptotic behavior. Analogously, we have that the reflected
the condition for supercriticality: wave can be written as

My o(2ieaVo) My o 2ieaVy) y My u(y)
— My 1d2ieaVy)M ;1 d2ieaVp)=0. (25 Veen(y)=| 12-pu+k—, — |- @9
T ma Y Mirr-u(y)

The condition(25) permits one to compute the value 8§
for a given shape parametar Figure 2 shows how the po- As x— —o, we have that the reflected wa¥e,.; has the
tential depth depends on the shape paraneeter asymptotic form

1
Voon—| 12—p+k|(2ieaVy) “exp—ixyE*—m?).

In order to discuss the transmission and reflection across
the barrier given by the potentiéd), for V>0, we identify ma

IV. SCATTERING STATES

the incoming traveling wave. Since the vector potential (30

vanishes ax— —o, we have the result that the incoming :

wave should resemble a plane wave for large negative vaIueTshe transmitted wav&yrans has the form

of x. Looking at the asymptotic behavior of the Whittaker

; 1/2— u+k
functionM, ,(2) asz—0, —1/2
" Y T M- ()

Wirans(Y) = ma , (3D

M\ .(2)—exp( —2/2) 2%~ (26) y UMy ()
it is not difficult to obtain that the incoming wave reads whose asymptotic behavior for large valuesxaé

052707-3



V. M. VILLALBA AND W. GREINER PHYSICAL REVIEW A 67, 052707 (2003

1/2— p+k cients can be achieved with the help of the continuity of the

S “Tma (2ieaVo)"exp(ixm). spinor wave function at the boundaxy=0:

! @2 AW no(X=0)+ BW 71(x=0) = CWans(x=0). (33)

The computation of the reflection and transmission coeffi-Substituting Eqs(27), (29), and(31) into Eq.(33), we obtain

B My .(2ieaVo)M, _ ,(2ieaVy) — My, ,(2ieaVo)My 1 ,(2ieaVy)
A —[(12— p+k)Hm?a?IME,, _ (2ieaVp)—M{ _ (2ieaVy)

(34)

The conditionB/A=0 is equivalent to considering that there V. CONCLUDING REMARKS
is no reflected wave, i.e., a transmission resonance condition.
From Eqg. (34) we obtain that a half bound state or zero  The relationg25) and(35) show that the one-dimensional
momentum resonance conditipn=0 satisfies the equation screened potentidll) supports supercritical states and con-
. . sequently half bound states. This result is not trivial in view
Mio(2ieaVo)Myo(2ieaVo) of the fact that the one-dimensional Coulomb potential pre-
—My:1d2ieaVy)M, 1 o2ieaVy)=0. (35  sents only scattering statg$6]. The potential(1) does not
exhibit a square barrier limit, and for very small valuesaof
Equation(35) gives the values o¥/, anda for which zero  and a constant value &f,a it can be regarded as&poten-
momentum resonances exist. This condition, viithm and  tjal [14]; therefore the relation&5) and(35) also hold for a
V>0, is equivalent to Eq(25) for E= —m andV<O0. In s potential. The results obtained in this paper show that cusp

fact, after taking the complex conjugate of H§5), using  symmetric potentials also support half bound states.
the the relatiorf15]

—-1/2 — —1/2
Z Y M o(2)=(—2z M _o(—2 36
ko(2)=(—2) kol —2) (36) ACKNOWLEDGMENT
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