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We solve the Klein-Gordon equation in the presence of a spatially one-dimensional Woods-Saxon potential.
The scattering solutions are obtained in terms of hypergeometric functions and the condition for the existence
of transmission resonances is derived. It is shown how the zero-reflection condition depends on the shape of
the potential.
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Recently, the Woods-Saxon potential and its supersym-
metric extensions have been extensively discussed in the lit-
eraturef1–5g. Among the advantages of working with the
Woods-Saxon potential we have to mention that, in the one-
dimensional case, the Klein-Gordon as well as the Dirac
equations are solvable in terms of special functions and
therefore the study of bound states and scattering processes
becomes more tractable. It should be mentioned that the
Woods-Saxon potential is, for some values of the shape pa-
rameters, a smoothed-out form of the potential barrier.

The study of low-momentum scattering in the
Schrödinger equation in one-dimensional even potentials
shows that, as momentum goes to zero, the reflection coeffi-
cient goes to unity unless the potentialVsxd supports a zero-
energy resonancef6g. In this case the transmission coeffi-
cient goes to unity, becoming a transmission resonancef7g.
Recently, this result has been generalized to the Dirac equa-
tion f8g, showing that transmission resonances atk=0 in the
Dirac equation take place for a potential barrierV=Vsxd
when the corresponding potential wellV=−Vsxd supports a
supercritical state. The situation for short-range potentials in
the Klein-Gordon equation is completely different; here there
are particle-antiparticle creation processes but no supercriti-
cal statesf9–14g. The absence of supercritical states in the
Klein-Gordon equation in the presence of short-range poten-
tial interactions does not prevent the existence of transmis-
sion resonances for given values of the potential.

The presence of transmission resonances in relativistic
scalar wave equations in external potentials has been exten-
sively discussed in the literaturef9,15g. As a result of this
phenomenon we have that, for given values of the energy
and of the shape of the effective barrier, the probability of the
transmission coefficient reaches a maximum such as those
obtained in the study of quasinormal modes and superradi-
ance in black-hole physics.

Despite their relative simplicity, scattering processes of
relativistic scalar particles by one-dimensional potentials ex-
hibit the same physical properties ass waves in the presence
of radial potentials; therefore the results reported in this ar-
ticle can be straightforwardly extended to the radial Woods-
Saxon potential.

It is the purpose of the present article to compute the

scattering solutions of the one-dimensional Klein-Gordon
equation in the presence of a Woods-Saxon potential and
show that one-dimensional scalar wave solutions exhibit
transmission resonances with a functional dependence on the
shape and strength of the potential similar to those obtained
for the Dirac equationf16g.

The one-dimensional Klein-Gordon equation, minimally
coupled to a vector potentialAm, can be written as

habs]a + ieAads]b + ieAbdf + f = 0 s1d

where the metrichab=diags1,−1d and here and thereafter
we choose to work in natural units"=c=m=1 f9g,

d2fsxd
dx2 + hfE − Vsxdg2 − 1jfsxd = 0. s2d

The Woods-Saxon potential is defined asf16g

Vsxd = V0F Us− xd
1 + e−asx+Ld +

Usxd
1 + easx−LdG , s3d

whereV0 is real and positive;a.0 andL.0 are also real
and positive.Qsxd is the Heaviside step function. The form
of the Woods-Saxon potential is shown in Fig. 1.
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FIG. 1. Woods-Saxon potential forL=2 with a=10 ssolid lined

and 3sdotted lined.

PHYSICAL REVIEW A 71, 052101s2005d

1050-2947/2005/71s5d/052101s4d/$23.00 ©2005 The American Physical Society052101-1



From Fig. 1 one readily notices that, for a given value of
the width parameterL, as the shape parametera increases,
the Woods-Saxon potential reduces to a square barrier with
smooth walls.

In order to consider the scattering solutions forx,0 with
E2.1, we proceed to solve the differential equation

d2fLsxd
dx2 + FSE −

V0

1 + e−asx+LdD2

− 1GfLsxd = 0. s4d

On making the substitutiony=−e−asx+Ld, Eq. s4d becomes

a2y
d

dy
Fy

dfLsyd
dy

G + FSE −
V0

1 − y
D2

− 1GfLsyd = 0. s5d

PuttingfLsyd=yms1−yd−l1hsyd, Eq. s5d reduces to the hyper-
geometric equation

ys1 − ydh9 + fs1 + 2md − s2m − 2l1 + 1dygh8

− sm − l1 + ndsm − l1 − ndh = 0, s6d

where the primes denote derivatives with respect toy and the
parametersn, k, m, l, andl1 are

n =
ik

a
, k = ÎE2 − 1, m =

Î1 − sE − V0d2

a
, s7d

l =
Îa2 − 4V0

2

2a
, l1 = −

1

2
+ l. s8d

The general solution of Eq.s6d can be expressed in terms of
Gauss hypergeometric functions2F1sm ,n ,l ;yd as f17g

hsyd = D1 2F1sm − n − l1,m + n − l1,1 + 2m;yd

+ D2y
−2m

2F1s− m − n − l1,− m + n − l1,1 − 2m;yd,

s9d

so

fLsyd = D1y
ms1 − yd−l1

2F1sm − n − l1,m + n − l1,1 + 2m;yd

+ D2y
−ms1 − yd−l1

2F1s− m − n − l1,− m + n − l1,1

− 2m;yd. s10d

As x→−`, we have thaty→−`, and the asymptotic be-
havior of the solutionss10d can be determined using the

asymptotic behavior of the Gauss hypergeometric functions
f17g

2F1sa,b,c;yd =
GscdGsb − ad
GsbdGsc − ad

s− yd−a +
GscdGsa − bd
GsadGsc − bd

s− yd−b.

s11d

Using Eq. s11d and noting that in the limitx→−`,
s−yd7n→e±iksx+Ld we have that the asymptotic behavior of
fLsxd can be written as

fLsxd → Aeiksx+Ld + Be−iksx+Ld, s12d

where the coefficientsA andB in Eq. s12d can be expressed
in terms ofD1 andD2 as

A = D1
Gs1 − 2mdGs− 2nds− 1d−m

Gs− m − n − l1dGs1 − m − n + l1d

+ D2
Gs1 + 2mdGs− 2nds− 1dm

Gsm − n − l1dGs1 + m − n + l1d
, s13d

B = D1
Gs1 − 2mdGs2nds− 1d−m

Gs− m + n − l1dGs1 − m + n + l1d

+ D2
Gs1 + 2mdGs2nds− 1dm

Gsm + n − l1dGs1 + m + n + l1d
. s14d

Now we consider the solution forx.0. In this case, the
differential equation to solve is

d2fRsxd
dx2 + FSE −

V0

1 + easx−LdD2

− 1GfRsxd = 0. s15d

The analysis of the solution can be simplified making the
substitutionz−1=1+easx−Ld. Eq. s15d can be written as

a2zs1 − zd
d

dz
Fzs1 − zd

dfRszd
dz

G + fsE − V0zd2 − 1gfRszd = 0.

s16d

Putting fRszd=z−ns1−zd−mgszd, Eq. s16d reduces to the
hypergeometric equation

FIG. 2. The transmission coefficient for the relativistic Woods-
Saxon potential barrier. The plot illustratesT for varying energy,E
with a=2, L=2, m=1, andV0=4.

FIG. 3. The transmission coefficient for the relativistic Woods-
Saxon potential barrier. The plot illustratesT for varying barrier
heightV0 with a=2, L=2, m=1, andE=2m.
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zs1 − zdg9 + fs1 − 2nd − 2s1 − n − mdzgg8 − s1/2 −n − m − ld

3s1/2 −n − m + ldg = 0, s17d

where the primes denote derivatives with respect toz. The
general solution of Eq.s17d is f17g

gszd = d1 2F1s1/2 −n − m − l,1/2 −n − m + l,1 − 2n;zd

+ d2z
2n

2F1s1/2 +n − m − l,1/2 +n − m + l,1 + 2n;zd,

s18d

so the solution of Eq.s15d can be written as

fRszd = d1z
−ns1 − zd−m

2F1s1/2 −n − m − l,1/2 −n − m + l,1

− 2n;zd + d2z
ns1 − zd−m

2F1s1/2 +n − m − l,1/2 +n

− m + l,1 + 2n;zd. s19d

Keeping only the solution for the transmitted wave,d2=0 in
Eq. s19d, we have that in the limitx→`, z goes to zero and
z−1→easx−Ld. fRsxd can be written as

fRsxd → d1e
iksx−Ld. s20d

The electrical current density for the one-dimensional Klein-
Gordon equations1d is given by the expression

jW =
i

2
sf*¹W f − f¹W f*d. s21d

The current asx→−` can be decomposed asjL= j in− j refl
where j in is the incident current andj refl is the reflected one.
Analogously we have that, on the right side, asx→` the
current isjR= j trans, where j trans is the transmitted current.

Using the reflectedj refl and transmittedj trans currents, we
have that the reflection coefficientR, and the transmission
coefficientT can be expressed in terms of the coefficientsA,
B, andd1 as

R=
j refl

j inc
=

uBu2

uAu2
, s22d

T =
j trans

j inc
=

ud1u2

uAu2
. s23d

Obviously,R andT are not independent; they are related
via the unitarity condition

R+ T = 1. s24d

In order to obtainR andT we proceed to equate atx=0
the rightfR and leftfL wave functions and their first deriva-
tives. From the matching condition we derive a system of
equations governing the dependence of coefficientsA andB
on d1 that can be solved numerically. Figures 2 and 3 show
the transmission coefficientsT for a=2, L=2; Figs. 4 and 5
show the transmission coefficientsT for a=10 andL=2.

From Figs. 2 and 4 we can see that, analogous to the
Dirac particle, the Klein-Gordon particle exhibits transmis-
sion resonances in the presence of the one-dimensional
Woods-Saxon potential. Figures 2 and 4 also show that the
widths of the transmission resonances depend on the shape
parametera becoming wider as the Woods-Saxon potential
approaches a square barrier.

Figures 3 and 5 show that, as in the Dirac case, the trans-
mission coefficient vanishes for values of the potential
strengthE−m,V0,E+m and transmission resonances ap-
pear forV0.E+m. Figures 3 and 5 also show that the widths
of the transition resonances decrease as the parametera de-
creases. We also conclude that, despite the fact that the be-
havior of supercritical states for the Klein-Gordon equation
in the presence of short-range potentials is qualitatively dif-
ferent from the one observed for Dirac particlesf11g, trans-
mission resonances for the one-dimensional Klein-Gordon
equation possess the same rich structure that we observe for
the Dirac equation.

This work was supported by FONACIT under Project No.
G-2001000712.

FIG. 4. The transmission coefficient for the relativistic Woods-
Saxon potential barrier. The plot illustratesT for varying energyE
with a=10, L=2, m=1, andV0=4.

FIG. 5. The transmission coefficient for the relativistic Woods-
Saxon potential barrier. The plot illustratesT for varying barrier
heightV0 with a=10, L=2, m=1, andE=2m.
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