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Creation of scalar and Dirac particles in the presence of a time varying electric field
in an anisotropic Bianchi type | universe
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In this article we compute the density of scalar and Dirac particles created by a cosmological anisotropic
Bianchi type | universe in the presence of a time varying electric field. We show that the particle distribution
becomes thermal when one neglects the electric interaction.
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[. INTRODUCTION density of particles created by the background associated
with the metric(1), and in Ref[12] this result was extended
During the last decades a great deal of effort has beeto include a time dependent electric field.
made in understanding quantum processes in strong fields. The purpose of the present article is to discuss the pro-
Quantum field theory in the presence of strong fields is induction of scalar and Dirac particles in the anisotropic cos-
general a theory associated with unstable vacua. The vacuumological background associated with the line elenfg&hin
instability leads to many interesting features; among thenthe presence of a time dependent homogeneous electric field.
particle creation is perhaps the most interesting nonperturbdn order to compute the rate of particle creation we apply a
tive phenomenon. guasiclassical approach that has been used successfully in
In order to analyze the mechanism of particle creation indifferent scenario§13—16. The idea behind the method is
cosmological backgrounds we have at our disposal differerthe following. First, we solve the relativistic Hamilton-Jacobi
techniques such as the adiabatic apprqag?|, the Feynman equation and, looking at its solutions, we identify positive
path integral method3], the Hamiltonian diagonalizati on and negative frequency modes. Second, we solve the Klein-
technique(4,5], as well as the Green function approdéh Gordon and Dirac equations and, after comparing with the
The study of quantum processes in the presence of elecesults obtained for the quasiclassical limit, we identify the
tromagnetic fields in curved backgrounds has been restrictgabsitive and negative frequency states. The paper is struc-
almost entirely to constant electric fields. The density of partured as follows. In Sec. Il we solve the relativistic
ticles created by an intense electric field was first calculatetamilton-Jacobi equation and compute the quasiclassical en-
by Schwinger{7] and different authors have discussed thisergy modes. In Sec. Il we solve the Klein-Gordon and Dirac
phenomenon in curved spaces. The technical difficulties asquations and obtain the density of scalar and Dirac particles
sociated with solving the Klein-Gordon or Dirac equations increated. The discussion of the results and final remarks are
time dependent electromagnetic fields have reduced the num¥esented in Sec. IV.
ber of configurations studied to a few simple solvable models
[4]._ A further difficulty_aris_es whgn one deals with cosmo- Il. COMPUTATION OF THE QUASICLASSICAL
logical backgrounds with singulariti¢8,9]. Here one cannot SOLUTIONS
apply the standard adiabatic approach and other equivalent
methods developed in the literature. It is worth mentioning The relativistic Hamilton-Jacobi equation can be written
that the presence of primordial electric fields could enhancé@s
the particle creation mechanism and also produce deviations
from the thermal spectrum. IS J
In order to discuss particle creation in an anisotropic uni- g*’
verse, we consider the cosmological scenario associated with
the metric

+m?=0 2

oxX“

where here and elsewhere we adopt the convemtioh and

ds?= — dt2+t2(dx2+ dy?) + d 2. 1 h=L
The vector potentiah*
The line elementl) presents a singularity && 0, The scalar
curvature isR=2/t2, and consequently the adiabatic ap- A“—Eéﬂ 3)
proach[1] cannot be applied in order to identify particle St
states. Using the Hamiltonian diagonalization method, Bukh-
binder and co-worker$5,10,11 were able to compute the corresponds to a time dependent homogeneous electric field

Ck/t2. The invariants
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indicate that there is no magnetic field. Since the line ele- O =t 1A (t)el ke thytie), (13)
ment (1) and the vector potentidB) do not depend on the
space variables we can write the functi®mas follows: Substituting Eq(13) into Eq.(11) we reduce the problem of
. solving Eq.(11) to that of finding a solution of the following
S=k-r+F(t). (50  second order differential equation:
Subgtltutmg Eq.(5) into the Hamilton-Jacobi equation one d2 k§+k§+e2C2+2§ , 2keC
obtains — ks— +m-|A(t)=0.
dt? t2 2ot
K2+ K2 eC|? (dF)|? 19
—— =+ ke~ —| —| 57| tm*=0. (6)
t t dt The solution can be expressed in terms of Whittaker func-
) ) . tions[18,19
The solution of Eq(6) has the following asymptotic behav-
lor: A= My . (p)+ Wy L (p) (15)
H — 22 —
limF (1) = = vk + kj+e°Clogt, () where¢; and ¢, are arbitrary constants, apgk and u are

‘ given by the expressions

q):eisﬂcotti\/k§+k§+ezcz ®) T eC
p=—2iJIkKZ+m’, k=-—

ast—0, and i+ m?’

im F(t)== T mtE 2 jogt 9 -\/1 2+ Kk2+e%C?
im F(t)==yk;+m +Wog, 9 pn=i —Z+kx+ky+eC+2§, (16)

t—+o

P=eSC e \/k§+m2tt1ikzecl\/k§+M2 (10) Looking at the asymptotic behavior 8, ,(z) asz—0,
~212,1/2+
ast—oo, The positive or negative frequency mode is selected My u(2)~e =277, (17)

depending on the sign of the operaitér. Positive and nega- i ) )
tive frequency modes will have, respectively, positive andVe find that, according to Eq8), and using the fact that all

negative eigenvalues: thus in Edg)—(10) the upper signs the coefficients in Eq(14) are real, the positive and negative

are associated with negative frequency modes and the low&equency solutionglS) att=0 are
signs correspond to positive frequency states. After making

+_ gt _
this identification we proceed to analyze the solutions of the Ag =Co My u(p),
Klein-Gordon and Dirac equations in the cosmological back- - .
ground(2). Ag =[€o My u(p)]*
o1\t
lll. PARTICLE PRODUCTION = (—1) T My _u(p) (18
A. Scalar particles where¢; is a normalization constant. Analogously, looking
The covariant Klein-Gordon equation has the form at the behavior oWV, ,(2) as|z|—,
g*A(V,—ieA,)(Vz—ieAn)®—(m?+EiR)®=0 (11) Wy ,(2)~e~ 7%, (19

whereV,, is the covariant derivativeR is the scalar curvature we see that the corresponding positive and negative fre-
and ¢ is a dimensionless coupling constant which takes thejuency modes dp|—oe are

value ¢=0 in the minimal coupling case ari=1/6 when a

conformal coupling is considered. The scalar wave function AT=CI Wy i(p), AL=C W_y(—p) (20)

@ is normalized according to the inner prod{it¥]

where? and¢. are normalization constants. The positive
<¢,1'¢2>:J (9,9,0% —DF9,D,) [—gds (12 freq_u_ency+mode d’rpboo can be expressed in terms of the
o positive A; and negatived, frequency modes via the Bo-

. ) ] ) goliubov transformation
where o is an arbitrary spacelike hypersurface. Since the

metric (1) is stationary we choose a hypersurface orthogonal Al =aAJ+ A, . (21)
to the timelike vectot*= &5 . Since Eq(11) commutes with

each of the components of the linear momentom—iV, Since the Whittaker functiow, ,(z) can be expressed in
the wave functiond can be written as terms ofM, ,(2) as follows:
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re=2 I

Wi (2= — 2w, 2+ ﬁw,#(z),
F(E_:U“_k> 2T M

(22

we obtain thatx and 8 are given by the expressions

¢l T(-2p)
as L
¢ M(3—u—k)

¢t T(2w) _
B 'cg F(%w_k)exp( iy (23
then
B2 [TE-u—kl|° _
— = -2 . 24
o ~|tarnn exp( — 27| u) (24)
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{v"(9,—T,—ieA,)+mi¥=0 (29

where the curved gammg* matrices satisfy the anticommu-
tation relation{y*,y"} , =2g*" and the spinor connections
r, are

1 by .
Fﬂzzgm _(?xf‘ ag—I'y, Is (30
where
Av 1 N v v\
st'=5(y Y=y, (31

The matricesbf,ag establish the connection between the
curved y* and Minkowski}” Dirac matrices as follows:

Y=y, yr=ahyf (32

and

The computation of the density of particles created is

straightforward from Eq(24) and the normalization condi-

Py YV =29 (33

tion of the wave function which, for scalar particles, means

that the Bogoliubov coefficients satisfy the relation
|o?—]B?=1. (25

Taking into account thdt1 8]

2 T

- coshmy’ (26)

L
2y

r
we find that the density of particles created is

n=|8/?

_expf ((| |+ |KI) Joosh m(|ul + [k Jexp( — 2| u])
sinh(27| u|) '

27
It is worth mentioning that, thanks to the relatiof®5) and

Since the line elemerttl) is diagonal, we choose to work in
the diagonal tetrad

y*=1|g**|y*, no sum. (34)

Substituting Eq(34) into Eq. (30) we obtain

1. . 1. -
[1=59"yh To=59%y% T3=0, To=0, (39

and the Dirac equatiofR9) takes the form

~.d 1

+m
Jz t

\POZ 0
(36)

Yoty oo Ty

gt t\ T ax oy

~ 0 ~2&> ~3(<9 ieC

whereW,=tW. The factort was introduced in order to can-
cel the contribution due to the spinor connecti¢d®). Equa-

(24), we did not have to compute the normalization constantdion (36) can be written as a sum of two first order commut-
¢} ,¢., and¢] . When the electric field is switched off, the "9 differential operators as follow20,21]:

parametek is zero and the density of particles creatéd)
reduces to a thermal distributigB]:

1
n= . (28

/ 1
exp2r \/ k? +2&— . 1

B. Dirac particles

In order to compute the density of spin 1/2 particles cre-
ated, we proceed to solve the Dirac equation in the cosmo-
logical background) in the presence of the electric field

(3.

The covariant Dirac equation in curved space in the pres-

ence of electromagnetic fields can be written as

(Ki+Ky)®=0, (37)
K, =kd=—K,d, (38)

where the spinof is related to¥, via the expression
YV V=, (39

andk is a separation constant. The operatéjsandK , read

A J Jd eC
—+ 3% o Z 3.0
Ky t['y at+7<az i n +m'y'y}, (40
“ - 0 o~ 0 \m o~
B s Ny 330
K, (7 x 7 ay)" Y (41
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Since EQ.(36) commutes with—iV, the spinor® can be

written as® = @, exf{i(kx+ky+k;z)]. Choosing to work in
the following representation of the Dirac matrices:

~o —igt 0 ~ 0 i
Yo oot Y- oo

~, a? 0 ~s o 0
A 0 —-o?’ L4 0 -3

(42

we see that the equatidt,® =k® helps us to determine the

relation between the components of the bispidor

®
@ —(q)l)— k 021 (43)
0— - X
) _x
2\ ok
where
k=iVkZ+k;. (44)

Using the representatiqd?2) we find that Eq(40) reduces to
the system of equations

eC k
o=+t k,— +mo? +1[®1=0, (45)
dt t
d 1 eC ) k
-0 a'f’ ol k, T + Mmoo + $,=0. (46)

Taking into account the structure of the bispindB), it is
not difficult to see that Eq46) is equivalent to Eq(45) and

PHYSICAL REVIEW D 65 025007

In order to solve Eq(45) we proceed as follows. Since
the structure of Eq(45) resembles the one obtained after
solving the hydrogen atom in spherical coordindi23,23
and we are interested in identifying positive and negative
frequency modes, it would be desirable to have solutions of
Eqg. (45), as in the scalar case, in terms of single Whittaker
functions. For this purpose, we apply to the spidoy the
linear transformatior:

f1
T<D1=F=(f2) (47)
with
_(\/im+kz —\/im—kz)
L im¥k, V=im—k,)° 48

The components of the spinér (47) satisfy the system of
equations

df —Cek, leCm
P_l_ 1 —"‘E —f| —=——=—k|=0,
dp —kK:-m? 2 V—ki—m? o
df, —Cek, p leCm

— ——t |+ )| ——=+k| =0,
Pdp T miemme 2) N mkeem? .

whose solutions can be expressed in terms of the Whittaker
functionsW, ,(z) andM, ,(z) [18,19.

In order to construct the positive and negative energy fre-
quency modes, we use the asymptotic behavior of the hyper-
geometric function§17) and(19) and compare the solutions
of Eq. (49) and (50) with Egs.(8) and (10), obtained after

consequently we have reduced the problem of solving Egsolving the Hamilton-Jacobi equation. Using this procedure,

(36) to that of finding the solution of Eq45).

we identify the positive frequency mode &s +«~ as

+ =1/
<.p 2W—1/2+ec1<z/,/—|<§—m2,vm(11)

Fl.= 1 ot oy ) (51
i —k2—m2,\k2—e2C2
k—ICem/\/— kf—mz p U2+eCk /| -k —m2 k2—-e2c2\ P
with
p=k*—e?C?=i kI +e’C2=ip, (52)
¢! is a normalization constant according to the inner product
(@1,02)= [ By, gdo, 53
whereo is an arbitrary spacelike hypersurface. Analogously, we have that-@sthe positive mode is
QSP’”ZM-1/2+e¢kz/\/_kg_mz,,t(p)
Fo=| eCk/V-K-m>tu  _ (54)

k_ICemy—kZ_m? °”

YoM 12+ eCly I\~ kZ-m2,u(P)
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where¢, is also a normalization constant. Using the asymptotic behavior of the Whittaker fuldtioz) (17) and the
normalization condition(53), we obtain the result for that the negative frequency miegleast—0:

CH ~172+eCly I\~ kZ-m2,— u(P)

Fo=| eCk/y-K-m-p - : (55
_k—ICen‘/\/—kz—mzeM%p M1/2+e(:l&/\/—k§—m2,—#(9)
z

The density of particles created can be calculated with the help of the Bogoliubov transformation

Fi=aF{+pF;, (56)

I'(—2iu I'(2iu ~
Fl.= 1( .~“) Fo+ 1( ,f) e "Fg, (57)
F(Gz—ip—t F(z+in—¥)

wheret= —1/2+ Ck,/\/— kzz— m?. Using the property of the Gamma functiph8]

TIP=3 iy (58)
we obtain
B _ZW;sinhw(ﬁwLeCkZ/\/m) (n—eCk/ K2+ m?) -
a sinhar(—eCk,/ k2 +m?2) (n+eCl/\kK2+m?)’
From Eq.(59) and taking into account the normalization condition for Dirac particles
|e®+]B=1, (60)

we find that the density of Dirac particles created is

exp( — 27 ) (m—eCk,/\k2+m?)sinhar(u+eCk,/ k3+m?)
exp( —27m) (m—eCk,/\k2+m?)sinha(u+eCk/\k2+m?) + (u+eCk/\k2+m?)sinhm(u—eCk/\k2+m?)

|82=

(61)

In the absence of an electric field, the density of particlesan analogous result can be obtained for spin 1/2 particles.

created(61) becomes thermal: Expressiorn(63) corresponds to a thermal distribution with an
effective mass and a chemical potential proportionad @
1 Equation (63) shows that the presence of strong electric

(62) fields contributes significantly to the creation of particles.

The results obtained in this article show that the quasiclassi-

cal approach permits one to compute positive and negative

frequency modes even when spacetime and electromagnetic
From the expressior{27) and(61) we observe that, in the sources are not static, and encourage us to study quantum

presence of the electric fiel@), the distribution of particles effects in more realistic anisotropic scenarios.

created is not thermal and it strongly depends on the strength

eC. For very strong electric fields we have that Eg7)

reduces to

2 os 1 27eCk,
n~exp —2m\/ ki +e°C+2{~ +—=—/, ] _
4 KS+m? One of the author$V.M.V.) acknowledges financial sup-

(63 port from the Alexander von Humboldt Stiftung.

n=————.
exp 2wk, |+1
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