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We solve the Klein–Gordon and Dirac equations in an open cosmological universe
with a partially horn topology in the presence of a time dependent magnetic field.
Since the exact solution cannot be obtained explicitly for arbitrary time dependence
of the field, we discuss the asymptotic behavior of the solutions with the help of the
relativistic Hamilton–Jacobi equation. ©2002 American Institute of Physics.
@DOI: 10.1063/1.1501445#

I. INTRODUCTION

During the last years a large amount of observational data has been reported showing t
universe is almost isotropic and homogeneous. The study of the structure of the cosmic micr
radiation leads us to conclude that the ratio of the total density to the critical density o
universeV0 is likely to be close to one,1–3 favoring a spatially flat Robertson–Walker metric ov
other topologies.

It is well known that general relativity is a local metrical theory and, therefore, the co
sponding Einstein field equations do not fix the global topology of space–time and, conseq
the universe may have compact spatial sections with a nontrivial topology.4,5 Then the observa-
tional data does not rule out the possibility that our universe possesses a hyperbolic topolo4,6–8

The study of cosmological models with nonstandard topologies is not new and goes b
the works by Zelmanov,9,10 showing that, upon different coordinate transformations, spati
closed or flat sections can be transformed into hyperbolic sections and vice versa.

The line element associated with a spatially open Friedman universe has the form

ds25a2~h!@2dh21dr21sinh2~du21sin2udf2!#. ~1!

Making the coordinate transformation5

e2z5coshr 2sinhr cosu, e2zx5sinu cosf sinhr , e2zy5sinu sinf sinhr , ~2!

the metric~1! becomes

a22~h!ds252dh21dz21e22z~dx21dy2!. ~3!

The topology is induced by identifying points periodically alongx and y by (x,y)5(x1b,y
1h), whereb andh are constant, to create a two dimensional torus. The torus is stretched b
factor e22z along thez axis to create a toroidal horn. The comoving proper area of the toru
e22zbh and depends on location along thez axis. The global topology induces global inhomog
neity as well as global anisotropy.4
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The study of quantum effects in cosmological universes with a nontrivial topology allow
a deeper understanding of the properties of different scenarios and which of them can descr
universe. In this direction the metric~3! represents a very interesting scenario in order to disc
particle production and propagation of perturbations in cosmology.

After the publication of the pioneering article by Schro¨dinger,11 discussing particle production
in a deSitter universe, many articles have been published on the problem of quantum eff
cosmological scenarios,12–14 most of them dealing with a Robertson–Walker line element w
spatially flat topology. This particularly simple line element, which is the most used in inflatio
models, permits one to compute the Green function as well as to solve the relativistic
equations.15–17

In order to study quantum processes in curved space–times one has to fulfill a prelim
step which consists in having a description of the single-mode solution of the relativistic par
or perturbations in those background fields, i.e., exact solution of the relativistic scalar and
wave equations. In the literature we have at our disposal different methods for solving relat
wave equations in curved spaces and in curvilinear coordinates; among them, the met
separation of variables is one of the most widely used.18–21

It is the purpose of the present article to solve the Klein–Gordon and Dirac equations
Friedman universe associated with the metric~3! in the presence of a time dependent magne
field. In order to solve the Dirac equation we apply the algebraic method of separatio
variables.20–24 We compare the solutions with those of obtained after solving the relativ
Hamilton Jacobi equation. The article is structured as follows: In Sec. II we solve the relati
Hamilton–Jacobi equation in an open cosmological universe with a horn topology. In Sec.
separate variables and solve the Klein–Gordon equation. In Sec IV, using the algebraic me
separation of variables, we reduce the Dirac equation to a system of first order coupled diffe
equations that we solve in terms of special functions. Finally, in Sec. V we briefly discus
results reported in this article.

II. SOLUTION OF THE HAMILTON–JACOBI EQUATION

The covariant generalization of the Hamilton–Jacobi equation has the form25

gabS ]S

]xa 2eAaD S ]S

]xb 2eAbD1M250, ~4!

wheregab is the contravariant metric,Aa is the vector potential andM is the mass of the particle
Here and elsewhere we adopt the conventionc5\51.

Let us introduce an electromagnetic field associated with the vector potential

Am5A1~y!d1
m , ~5!

where the indexm50 is associated with the evolution parameterh andm51,2,3 correspond to
the space coordinatesx,y,z, respectively. Looking at the relativistic invariants

1

2
FmnFmn5B22E25

e4z

a~h!4 S dA1~y!

dy D 2

, ~6!

FmnFmn* 50, ~7!

and taking into account that onlyF23 is different from zero, we notice that~5! corresponds to a
nonconstant magnetic fieldB, directed along thez axis, with strength

B5
e2z

a~h!2 UdA1~y!

dy U, ~8!
d 23 Sep 2002 to 141.2.48.63. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jmp/jmpcr.jsp
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whose value is inversely proportional to the expansion factora(h)2.
The line element~3! is a Stäckel space,26 and the Hamilton–Jacobi equation~4! is completely

separable in~3! in the presence of the vector potential~5!, therefore we can look for a solution i
the form

S5kx1Sy~y!1Sz~z!1Sh~h!. ~9!

Substituting~9! into Eq. ~4! we obtain

~kx2A1~y!!2

e22z 1
1

e22z S dSy

dy D 2

1S dSz

dz D 2

2S dSh

dh D 2

2M2a~h!250. ~10!

Equation~10! reduces to the following system of differential equations:

S dSz

dz D 2

1kxy
2 e2z5kz

2 , ~11!

S dSh

dh D 2

1M2a~h!25kz
2 , ~12!

~kx2A1~y!!21S dSy

dy D 2

5kxy
2 , ~13!

wherekxy
2 andkz

2 are separation constants.
In the absence of electromagnetic interaction, we have thatA1(y)50 and the solution of Eq.

~13! takes the form

Sy56Akxy
2 2kx

2y56kyy, ~14!

where we have introduced the constantky . Equation~14! can also be derived looking at th
symmetry between the torus coordinatesx and y in the line element~3! and Eq. ~10! when
A1(y)50.

When the vector potential has the simple formA1(y)5A1y, the magnetic field readsB
5 @e2z/a(h)2# uA1u and the functionSy(y) is

Sy~y!52
kx2A1y

2A1
Akxy

2 2~kx2A1y!21
kxy

2

2A1
arctan

Ayy2kx

Akxy
2 2~kx2A1y!2

. ~15!

The solution of Eq.~11! can be expressed in terms of elementary functions as follows:

Sz5Akz
22kxy

2 exp~2z!2kz tanh21Akz
22kxy

2 exp~2z!

kz
2 . ~16!

The solution of Eq.~12! can be written as

Sh56E Akz
22M2a~h!2dh, ~17!

whose explicit form in terms of elementary functions will depend on a particular choice o
expansion functiona(h).

Since we have been able to solve the Hamilton–Jacobi equation in the Sta¨ckel space given by
~4!, we can construct the quasiclassical modes of the relativistic wave equations throug
identification
d 23 Sep 2002 to 141.2.48.63. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jmp/jmpcr.jsp
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F→eiS5e6 i *Akz
2
2M2a(h)2dheikxxeiSyeiSz, ~18!

whereSz andSy take the following values at the asymptotes:

Sz(`)→ ikxye
z, Sz(2`)→kzz, ~19!

Sy(`)→7 i
~kx2A1y!2

2A1
. ~20!

When the electromagnetic interaction is not present we have thatSy5exp(ikyy).

III. SOLUTION OF THE KLEIN–GORDON EQUATION

The covariant generalization of the Klein–Gordon equation in curved space–time ha
form12

gab~¹a2 ieAa!~¹b2 ieAb!F2~M21jR!F50, ~21!

where¹a is the covariant derivative,R is the curvature scalar andj is a scalar dimensionles
coupling constant which takes the valuej5 1

6 in the conformal case andj50 when a minimal
coupling is considered. The value of theR for the metric~3! is

R56
2a~h!1 ~d2a~h!/dh2!

a~h!3 . ~22!

Substituting the metric associated with the line element~3! into the Klein–Gordon equation~21!
one obtains

e2z
]2F

]x2 1e2z
]2F

]y2 22
]F

]z
1

]2F

]z2 22
]F

]h

da

dh

1

a3 2e2zA1~y!2F22ie2z
]F

]x
A1~y!2M2a2F50,

~23!

where we have chosen to work with a minimal couplingj50. The Klein–Gordon equation~21! is
completely separable in~3!, therefore we look for its solution in the form

F5H~h!Z~z!Y~y!eikxx. ~24!

Substituting~24! into Eq. ~21! we reduce the problem of solving the Klein–Gordon equation
that of finding solutions of the following set of ordinary differential equations

d2Y

dy2 2~~kx2A1~y!!22k2!Y50, ~25!

d2Z

dz2 22
dZ

dz
2~l21k2e2z!Z50, ~26!

d2H

dh2 12
dH

dh

da

dh
1~a2~h!M22l2!H50, ~27!

with l2 andk2 as separation constants. ForA(y)5A1y the solution of Eq.~25! can be expressed
in terms of Whittaker functions27 as follows:

Y5C1v21/2Mk2/4A1 , 1/4~v2!1C2v21/2Wk2/4A1 , 1/4~v2!, ~28!

where
d 23 Sep 2002 to 141.2.48.63. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jmp/jmpcr.jsp
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v5
A1y2kx

AA1

, ~29!

andC1 andC2 are arbitrary constants. In the absence of electromagnetic field the solution o
~25! reduces to

Y5C1e6 iAk22kx
2y5C1e6 ikyy. ~30!

The solution of Eq.~26! is28

Z5C3ezHA11l2
(1)

~ ikez!1C4ezHA11l2
(2)

~ ikez!, ~31!

whereHn
(1)(z) andHn

(2)(z) are the Hankel functions andC3 andC4 are arbitrary constants. W
can also express the solution of~26! in terms of Bessel functionsJn(z) as

Z5D3ezJA11l2~ ikez!1D4ezJ2A11l2~ ikez!, ~32!

whereD3 andD4 are arbitrary constants.
After introducing the functionh(h),

H~h!5
h~h!

a~h!
, ~33!

Eq. ~27! reduces to

d2h

dh2 1S a2~h!M22l22
d2a~h!

dh2 Dh50. ~34!

In order to analyze the asymptotic behavior of the solutions of the Klein–Gordon equation~21! we
make use of the asymptotic behavior of the Hankel functions,27

Hn
(1)~z!→S 2

pzD
1/2

ei (z2pn/22p/4), Hn
(2)~z!→S 2

pzD
1/2

e2 i (z2pn/22p/4), ~35!

asz→`, and the behavior ofJn(z) asz→0 ~Ref. 28!,

Jn~z!→
S z

2D n

G~11n!
~36!

The asymptotic behavior of the Whittaker functionWk,m(z) for large values ofz is28

Wk,m~z!→e2z/2zk, ~37!

and the functionMk,m(z) has the following asymptotic behavior asz→0:

Mk,m~z!→e2z/2zm1 ~1/2!. ~38!

An approximate solution of Eq.~34! can be obtained provided that the expansion parametera(h)
satisfies the conditions of validity of the adiabatic approximation. In this case one has thath(h)
has the form29–31

h~h!5
1

A2W~h!
expS 6 i Eh

W~h8!dh8D , ~39!
d 23 Sep 2002 to 141.2.48.63. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jmp/jmpcr.jsp
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W~h!25v~h!2@11d2~h!v221¯#, ~40!

where the functionv(h) has the form

v~h!25a2~h!M22l22
d2a~h!

dh2 , ~41!

dn(h) is a function ofv(h) and its derivatives ath up throughv (n)(h) anddn(h) is bounded as
v→`. The solution of the Klein–Gordon equation~21! can be written as

F5
exp~6 i *Aa2~h!M22l22 ~d2a~h!/dh2! dh

&a~h!3/2
Z~z!Y~y!eikxx. ~42!

Let us analyze the asymptotic behavior of~42! as y→` and z→2`. Using ~19! and ~36! we
obtain that, when the electromagnetic interaction is switched off, the mode solutions of Eq~21!
take the asymptotic form

F→ exp~6 i *Aa2~h!M22l22 ~d2a~h!/dh2! dh

&a~h!3/2
e7 ikyyeikxxe(7A11l211)z. ~43!

Analogously, we have that in the presence of the electromagnetic potential the mode solut
Eq. ~21! take the following asymptotic form:

F→ exp~6 i *Aa2~h!M22l22 ~d2a~h!/dh2! dh

&a~h!3/2
e(6A11l211)znk2/2A1e2n2/2eikxx. ~44!

For large positive values ofz we have that the asymptotic behavior ofF is

F→ exp~6 i *Aa2~h!M22l22 ~d2a~h!/dh2! dh

&a~h!3/2
e7e2kez

ez/2nk2/2A1e2n2/2eikxx. ~45!

From Eq.~44! we can identify the quasiclassical modes asy→` andz→2` as

Fclass(z→2`)5
h~h!

a~h!
ezJ6A11l2~ ikez!v21/2Wk2/4A1 , 1/4~v2!eikxx. ~46!

Analogously, from Eq.~45! we have that the quasiclassical modes asy→` andz→` are

Fclass(z→`)5
h~h!

a~h!
ezH

6A11l2
(1,2)

~ ikez!v21/2Wk2/4A1 , 1/4~v2!eikxx. ~47!

IV. SOLUTION OF THE DIRAC EQUATION

The Dirac equation is a system of coupled partial differential equations which is separa
a very restricted set of metrics. Among the space–times where the separability of the K
Gordon and Dirac equations has been studied one can mention the Sta¨ckel spaces,26 which are
those metrics where the Hamilton–Jacobi equation is separable. Nevertheless, recently it h
shown that this condition is neither necessary nor sufficient in order to guarantee a com
separability of variables in the Dirac equation~see Ref. 32 and references therein!. A systematic
d 23 Sep 2002 to 141.2.48.63. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jmp/jmpcr.jsp
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classification of the gravitational backgrounds where the Dirac equation is separable with th
of the algebraic method is presented in Ref. 20 The line element~3! belongs to this family and,
consequently, one can apply the algebraic method of separation.

The covariant generalization of the Dirac equation in curved space–time is12,33

g̃a~]a2Ga2 ieAa!C̃1MC̃50, ~48!

where the curved Dirac matricesg̃a satisfy the commutation relation

$g̃a,g̃b%52gab, ~49!

andGa are the spin connections33

Ga5
1

4
gmlF S ]bn

b

]xa Dab
l2Gna

l Gsmn, ~50!

where

smn5 1
2 ~ g̃mg̃n2g̃ng̃m!, ~51!

and the matricesbm
a , ab

m establish the connection between the Dirac matricesg̃m on a curved
space–time and the flat Dirac matricesgm as follows:

g̃m5bm
aga , g̃m5ab

mgb. ~52!

Since the line element~3! is associated with a diagonal metric, we can work in the diagonal te
gauge forg̃m:

g̃05
g0

a~h!
, g̃15

g1

a~h!e2z , g̃25
g2

a~h!e2z , g̃35
g0

a~h!
. ~53!

Substituting~53! into ~50! we obtain that the spinor connections are

G152
1

2

e2z

a~h! H 2a~h!g1g31
da~h!

dh
g1g4J , ~54!

G252
1

2

e2z

a~h! H 2a~h!g2g31
da~h!

dh
g2g4J , ~55!

G352
1

2

da~h!

dh

1

a~h!
g3g4, G450. ~56!

Substituting~53!–~56! into ~48! we find that the Dirac equation takes the simple form

H g0
]

]h
1g1ezS ]

]x
2A1~y! D1g2ez

]

]y
1g3

]

]z
1Ma~h!J C50, ~57!

where we have introduced the spinorC,

C̃5a~h!23/2ezC. ~58!

Regarding Eq.~57!, we should mention that it does exhibit a nonfactorizable structure.22,34 In
order to solve Eq.~57! we apply the algebraic method of separation of variables.20–24The method
consists in rewriting the Dirac equation~57! as a sum of two first order differential operatorsK̂1 ,
K̂2 satisfying the relation
d 23 Sep 2002 to 141.2.48.63. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jmp/jmpcr.jsp
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@K̂1 ,K̂2#250, $K̂11K̂2%F50, ~59!

with

g3g0C5F ~60!

and

K̂1~x,y!F5H g2
]

]y
1g1S ]

]x
2 iA1~y! D J g3g0F5 ikF, ~61!

K̂2~z,h!F5ezH g0
]

]h
1g3

]

]z
1Ma~h!J g3g0F52 ikF. ~62!

It should be noticed that, using the pairwise scheme of separation, one has been able to red
problem of solving the Dirac equation to finding solutions of the decoupled system of Eqs~61!
and ~62!. A further problem arises when we try to separate variables in Eq.~62!. Here it is not
possible to reduce the problem to a set of two commuting first order differential operators. In
to separate variables in Eq.~62!, we rewrite it in the following form:22,35

~ L̂1g3g01L̂2!F50, ~63!

whereL̂1 and L̂2 are two commuting differential operators given by the expressions

L̂15g0
]

]h
1Ma~h!, ~64!

L̂25g0
]

]z
1 ikez. ~65!

In order to separate variables in Eq.~63!, we introduce the auxiliary spinorY,

~ L̂1g3g01L̃2!Y5F, ~66!

where the differential operatorL̃2 is given by the expression

L̃25g0
]

]z
2 ikez. ~67!

Substituting~66! into ~63! we obtain thatY satisfies the following equation:

$M̂11M̂2%Y50, ~68!

with @M̂1 ,M̂2#50, and

~M̂11l̃ !Y5S 2
]2

]z2 2 ig0kez1k2e2z1l̃ DY50, ~69!

~M̂22l̃ !Y5S ]2

]h2 1g0M
da~h!

dh
1M2a2~h!2l̃ DY50, ~70!

wherel̃ is a separation constant. Introducing the new variableu52kez, we have that Eq.~69! can
be written as
d 23 Sep 2002 to 141.2.48.63. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jmp/jmpcr.jsp
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S ]2

]u2 1
i

2u
g02

1

4
1S 1

4
2l D 1

u2DS50, ~71!

where

u21/2S5Y. ~72!

Choosing the following representation of the Dirac matrices,36

g05S 2 i 0

0 i D , g j5S 0 s j

s j 0 D , 1< j <3, ~73!

we readily obtain that the spinorF has the following structure:

Fs1

]

]y
2 is2~kx2A1~y!!GF15 ikF2 , ~74!

F2s1

]

]y
1 is2~kx2A1~y!!GF25 ikF1 , ~75!

F5S F1

F2
D5S f~y!

Fs3f~y! Dexp~ ikxx!, ~76!

where

f~y!5S A~y!

B~y! D . ~77!

Using the representation~73! we obtain that the solution of Eq.~71! can be written in terms of
Whittaker functions

S1,25D1W21/2,Al~u!1D2M 21/2,Al~u!, S3,45D3W1/2,Al~u!1D4M1/2,Al~u!, ~78!

whereD1 , D2 , D3 , D4 do not depend on the variableu. Looking at~70! and~71!, we have that,
for regular solutions atu50, the spinorY has the following structure:

Y5S a~y!c1~h!u21/2M 1 1/2 ,Al~u!

b~y!c1~h!u21/2M 1 1/2 ,Al~u!

c~y!c2~h!u21/2M 2 1/2 ,Al~u!

d~y!c2~h!u21/2M 2 1/2 ,Al~u!

D exp~ ikxx!. ~79!

Substituting~79! into ~66! and noticing that Eq.~70! is equivalent to the following system o
equations,

S ]

]h
2 iM a~h! D c1~h!5Al̃c2~h!, ~80!

S ]

]h
1 iM a~h! D c2~h!5Al̃c1~h!, ~81!

we obtain that the spinorF has the following structure
d 23 Sep 2002 to 141.2.48.63. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jmp/jmpcr.jsp
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Downloade
F5S A~v !c1~h!e2z/2M 2 1/2 ,Al̃~2kez!

B~v !c1~h!e2z/2M 2 1/2 ,Al̃~2kez!

iA~v !c2~h!e2z/2M1/2 ,Al̃~2kez!

2 iB~v !c2~h!e2z/2M1/2 ,Al̃~2kez!

D exp~ ikxx!, ~82!

whereA(v) andB(v) satisfy the system coupled system of equations

S d

dy
2~kx2A1~y!! DB5 ikA, ~83!

S d

dy
1~kx2A1~y!! DA5 ikB, ~84!

wherev was defined in Eq.~29!.
The corresponding solution of Eq.~59! in terms of the Whittaker functionsWk,m(z) has the

form

F5S Al̃ iA~v !c1~h!e2z/2W2 1/2 ,Al̃~2kez!

2 iAl̃B~v !c1~h!e2z/2W2 1/2 ,Al̃~2kez!

A~v !c2~h!e2z/2W1/2 ,Al̃~2kez!

B~v !c2~h!e2z/2W1/2 ,Al̃~2kez!

D exp~ ikxx!. ~85!

Let us look for solutions of the system~83! and ~84! when the electromagnetic potential has t
simple functional dependenceA1(y)5A1y. In this case one can obtain exact solutions forA(v)
and B(v) in terms of hypergeometric functions. After making the change of variable~29! and
using the recurrence relations27

~b21!M ~a,b21,z!5~b21!M ~a,b,z!1z
dM~a,b,z!

dz
, ~86!

1

a

dM~a,b,z!

dz
1M ~a,b,z!5M ~a11,b,z!, ~87!

dU~a,b,z!

dz
2U~a,b,z!52U~a,b11,z!, ~88!

we find that the general solution of the system of equations~83! and ~84! reads

A5
A2A1

ik
e2 ~1/2! v2S C1M S 2

k2

4A1
1

1

2
,
1

2
,v2D1C2US 2

k2

4A1
1

1

2
,
1

2
,v2D D , ~89!

B5e2 ~1/2! v2
vS C1M S 2

k2

4A1
1

1

2
,
3

2
,v2D2C2US 2

k2

4A1
1

1

2
,
3

2
,v2D D . ~90!

The exact solution of the system of equations~83! and ~84! in the absence of electromagnet
interaction has the form

A5C1eiAk22kx
2y1C2e2 iAk22kx

2y, ~91!

B5
Ak22kx

22 ikx

k
C1eiAk22kx

2y2
Ak22kx

21 ikx

k
C2e2 iAk22kx

2y, ~92!
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where C1 and C2 are arbitrary constants. The solutions of the Dirac equations~82! and ~85!
exhibit an asymptotic behavior which can be identified with the quasiclassical solutions o
Hamilton–Jacobi equation~4!. With the help of the asymptotic expressions~38!, we find that the
Dirac spinorF asz→2`, andy→` takes the form

Fz→2`5S A2A1

ik
c1~h!

2vc1~h!

2
A2A1

k
c2~h!

ivc2~h!

D e2kez
e
Al̃ze2 v2/2v ~k2/2A1! 21 exp~ ikxx!, ~93!

where the functionsc1(h) andc2(h) satisfy the system of equations~80! and ~81!. For asymp-
totically large values ofz we have that the spinorF takes the form

Fz→`5S Al̃
A2A1

k
c1~h!e2z

iAl̃vc1~h!e2z

2 i2A2A1c2~h!

22kvc2~h!

D e2kez
e2 v2/2vk2/2A1 exp~ ikxx!. ~94!

Looking at the solution of the Hamilton–Jacobi equation, we can identify~82! and ~85! as the
corresponding quasiclassical modes asz→2` andz→`, respectively. An approximate expre
sion for the time dependence of the spinorF can be obtained with the help of the WKB approx
mation. In this case we obtain

c2~h!;c10exp~ iv~h!!, ~95!

c1~h!;2 i
c10

v~h!1Ma~h!
exp~ iv~h!!, ~96!

wherec10 is a normalization constant andv(h)5AiM (da/dh) 1M2a22l̃. Looking at ~95!,
~96! and ~93! we readily see that, for large values ofh we obtain c1(h)→
2 i @c10/2Ma(h)# exp(iv(h)). Analytic solutions of the system of equations~95! and~96! can be
obtained for some particular expansion parametera(h).22,35

V. CONCLUDING REMARKS

In this article, we have solved the Klein–Gordon and Dirac equations in an open cosmol
universe with partially horn topology. The solutions of the relativistic wave equations are
pressed in terms of special functions. In Sec. IV we have shown that the algebraic meth
separation22–24,35permits one a complete separation of variables of the Dirac equation in the
element associated with a horn topology. The identification of the quasiclassical modes w
help of the relativistic Hamilton–Jacobi equation shows that this method is a very useful to
the study of quantum effects in curved spaces.

As a final remark, we should mention that the introduction of nonstandard topologies in
to describe the large scale structure of the space–time also opens new possibilities to
quantum effects in globally inhomogeneous and anisotropic backgrounds in the presence
trivial electromagnetic interactions.
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