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1. Newtonian limit
The 10 components of the metric gµν appear to play the role of potentials for the gravitatio-
nal force. Find the relation between the geodesic equation and the Newtonian equation of
motion for a particle moving in a gravitational field, i.e. show that Newtonian gravity can
be described by a metric of the form

ds2 = [1 + φ(~x)]dt2 − d~x2 (I)

where φ(~x) = −GM
r

is the gravitational potential.

2. Schwarzschild solution with cosmological term
The cosmological constant was added by Einstein as a fudge-factor. At the time it was belie-
ved that the universe was static. The Einstein equations however predict a dynamic universe.
When the observations of Hubble proved beyond reasonable doubt that the universe was
expanding, Einstein threw out the cosmological constant and claimed it to be

“Die grösste Eselei meines Lebens”.

Recent observations seem to indicate that some sort of vacuum energy is at work, so that
the cosmological constant is coming back to style. The vacuum Einstein equations with a
cosmological constant read

Rµν −
1

2
Rgµν + Λgµν = 0 (II)

What is the influence (consequence) of Λ on the Schwarzschild solution outside a star? To
this purpose calculate the modified line element using the Schwarzschild metric given as

ds2 =

(
1 − 2m

r

)
dt2 − dr2(

1 − 2m
r

) − r2(dθ2 + sin2θdφ2) (III)

Examine the modified line element for other possible singularities and discuss these.

3. Radial free fall towards the Schwarzschild radius rs
Consider an object with r0 > rs and an observer who is freely falling vertically (radially)
towards such an object (”Vertical” means that φ̇ = θ̇ = 0). At the time t = 0 the observer
is located at r = r0 with ṙ(r = 0) = 0. Can the free falling observer reach the Schwarzschild
radius in finite proper time?
How does the above situation presents itself to a distant observer hovering at a fixed radial
distance?


