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Deviations from the exponential Deviations from the exponential 
decay law in QMdecay law in QM

Let        be  the state of the system with Hamiltonian H at t=0 (not energy eigenstate)Let        be  the state of the system with Hamiltonian H at t=0 (not energy eigenstate)  

The survival amplitude and probability read:The survival amplitude and probability read:  

By expanding around t =0: By expanding around t =0: 

For a short time interval after the “preparation” of the system the survival probability is not For a short time interval after the “preparation” of the system the survival probability is not 
exponential (also at “late” times the survival probability falls off with a power law)exponential (also at “late” times the survival probability falls off with a power law)

By performing pulsed measurements with period By performing pulsed measurements with period ττ  

The decay process is slowed down (and eventually hindered) by measurements!!The decay process is slowed down (and eventually hindered) by measurements!!



  

See Facchi & Pascazio quant-ph/0202127 See Facchi & Pascazio quant-ph/0202127 

Quantum Zeno effect (Misra & Sudarshan 1977)Quantum Zeno effect (Misra & Sudarshan 1977)
ττZ Z quantifies the non-exponential regimequantifies the non-exponential regime

The decay rate is not constant, The decay rate is not constant, 
memory effectmemory effect



  

Probability that the state collapses into Probability that the state collapses into 
a H eigenstate, the survival amplitude a H eigenstate, the survival amplitude 
is the Fourier transform of is the Fourier transform of ρρ

A text-book argument:A text-book argument:

By considering a Breit-Wigner distribution By considering a Breit-Wigner distribution 
the standard exponential law is recovered. the standard exponential law is recovered. 
The energy of the particle takes an The energy of the particle takes an 
imaginary part.imaginary part.
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In general, under the hyp. that:In general, under the hyp. that:

for t=0for t=0

The survival probability cannot be The survival probability cannot be 
exponential at small times !!exponential at small times !!



  

A more intuitive argument (Ersak 1969):A more intuitive argument (Ersak 1969):
Suppose we can define the unstable-state Suppose we can define the unstable-state 
wave functionwave function

Unstable-state wave functionUnstable-state wave function Decay products wave functionDecay products wave function

Let the system evolve to t':Let the system evolve to t':

Without rescattering Without rescattering 
processesprocesses

The possibility of re-forming the unstable The possibility of re-forming the unstable 
state via rescattering of the decay products is state via rescattering of the decay products is 

responsible for the deviations from the responsible for the deviations from the 
exponential law!!!exponential law!!!



  

ExperimentsExperiments

Nature 1997Nature 1997



  



  

……and in Quantum field theory?and in Quantum field theory?

Let us consider the super-Let us consider the super-
renormalizable Lagrangianrenormalizable Lagrangian

S is an unstable particle which decays into S is an unstable particle which decays into 
2 2 φφ with on-mass shell (tree-level) decay  with on-mass shell (tree-level) decay 
rate:rate:



  

From the propagator (with resummed self-From the propagator (with resummed self-
energy) it is possible to define the spectral energy) it is possible to define the spectral 
function which expresses the probability function which expresses the probability 
that S has a certain value of energythat S has a certain value of energy

The normalization is fulfilledThe normalization is fulfilled
(Kaellen-Lehman representation)(Kaellen-Lehman representation)

Correct limit for g->0Correct limit for g->0



  

The survival probability reads:The survival probability reads:

If the average mass of the particle is finite:If the average mass of the particle is finite:

The effective decay rate vanishes for The effective decay rate vanishes for 
t->0 , Quantum Zeno effect is possible t->0 , Quantum Zeno effect is possible 

also in QFT!also in QFT!



  

(1) Regard the model as a “fundamental (1) Regard the model as a “fundamental 
theory” ,  theory” ,  

(2) Regard the model as an effective hadronic (2) Regard the model as an effective hadronic 
theory with a cutoff in the energy range of the theory with a cutoff in the energy range of the 
masses of the particles, 1 GeVmasses of the particles, 1 GeV

Giacosa & Pagliara, PRC 2007Giacosa & Pagliara, PRC 2007

(1)

(2)



  

(1) d(1) dss(x) scales as 1/x^3 and only (x) scales as 1/x^3 and only 
the average energy is finite. The the average energy is finite. The 
variance, which is proportional to variance, which is proportional to 
the second derivative of p(t) the second derivative of p(t) 
diverges → Zeno time vanishes diverges → Zeno time vanishes 
but the QZE is still possible but the QZE is still possible 
(p'(t)=0 at t=0).(p'(t)=0 at t=0).

(2) all the divergences are (2) all the divergences are 
removed and also the Zeno time removed and also the Zeno time 
can be defined, p(t) is quadratic can be defined, p(t) is quadratic 
at small times.at small times.



  

A more general quantity which characterizes the deviations from the A more general quantity which characterizes the deviations from the 
exponential lawexponential law



  

An example: the An example: the ρρ meson meson

Possible effects in heavy ions physics ?? In microscopic transport Possible effects in heavy ions physics ?? In microscopic transport 
calculations (URQMD) the exponential law is usually adopted.calculations (URQMD) the exponential law is usually adopted.



  

ConclusionsConclusions

● Deviations from the exponential decay law are Deviations from the exponential decay law are 
necessary in QM. Such deviations have been observed necessary in QM. Such deviations have been observed 
for unstable states.for unstable states.

● Similar results hold also in QFT, with finite & infinite cut-Similar results hold also in QFT, with finite & infinite cut-
off. The non-exponential regime lasts for a time interval off. The non-exponential regime lasts for a time interval 
comparable with the mean life-time for some hadronic comparable with the mean life-time for some hadronic 
resonances.resonances.

● Further studies: renormalizable and non-renormalizable Further studies: renormalizable and non-renormalizable 
theories, resonances with more decay channels, theories, resonances with more decay channels, 
applications in heavy ions transport  simulations.applications in heavy ions transport  simulations.



  

AppendixAppendix

Considering also the process of Considering also the process of 
formation of the resonance:formation of the resonance:

Ф

A

S φ

φ

The survival aplitude appears in a more general and The survival aplitude appears in a more general and 
complicated expressioncomplicated expression



  

Radiative Radiative ΦΦ decay decay

Spectral functionSpectral function

Giacosa & Pagliara Giacosa & Pagliara 
20082008
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