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Sheet No. 4 — Solutions

will be discussed on Dec/13/16

1. Ricci Theorem
The affine connections (Christoffel symbols) are given as

1
A A A
r v — r v — 59 " (gw@\u + Gkuly — g,u,u|n) .
(a) Show through direct calculation that
Gl =0, gwjlln =0, guV“H =0.
Solution: By definition of the covariant derivative we have
Juv||x = 8Nguu - F)\#ng)\u - F)\y/{g,u)\
1 ) 1
= ang;w —3 (%gm + an'g;u/ - dug;m) ~ 35 (01/.(];“: + aﬁguu - a,ugun) (1)
because the equally colored terms cancel each other. In the 2nd step we have used
FA;mgAV = Guk|p + Y|k — Guslv- (2)
For the contravariant components we have
QWHH = Vg
— 8,{9‘“’ + Fumg)\y + FVH)\gu)\

1 1
= /-eg;w + quagu)\ (a‘iga)\ + 8)\9(1/@ - 8@9/{)\) + igyagu)\ (8Hga/\ + a)\gom - 8agnA) (3)
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= ngj + 5( Magl/)\ + gl/ocgu)\) (aﬁga/\ + 8)\.(]0,14, - aozg/\f;)
v 1 v v
= 0ug"" + 5(9"9" + 9"*9") O aur-

In the last step we have used that the red part is antisymmetric under exchange of the index
pair (A, «) and that it is contracted with the left bracket, which is symmetric in this index
pair. To further simplify the remaining expression, we note that

G"“gar = 04 =const. = gFOugar + 9ar0kg" =0 = ¢'Ongar = —9arOkg"*.  (4)

Using this identity in (3) yields

1
gul/”;{ = ng/ - 5 (guaga/\aﬁgl/)\ + gyaga)\anglM)

1
= 09" — 5(555@” + 650.g"") = 0.
To prove also the last formula, we use the fact that ¢", = 6, = const and thus

guy||;q = vﬁél/j = FNH)\(;;/\ - F)\fwég = F#nu - F”nu = 0. (6)



(b) Show the validity of product rule for the covariant derivative on the example T, = A*B,,

i.e.,

B AM I
T vl = A ||pB,, +A"B,,,.

Solution: Using the definition of the covariant derivative gives
= 0,1", + 1" ,,1°, =17, T,
= 0p(A"B,) +T" ,A°B, — 1, A" B,
= B,0,A" + A"9,B, + 1" ,,A°B, — 17, A" B, (7)
= (0,A" + 1" ,A%) B, + A" (8,B, — I ,,A"B,)

A
vlp

= A“HpB,, + A"By),,

and this what we wanted to show.
Why can one “naively” lower and raise indices in covariant derivatives, i.e., why is for, e.g., a

tensor 1},
Iz _ MO
T vip 9 TUV”P'

Solution: Using the result of part (a) and the validity of the product rule for covariant

derivatives, proven in part (b), we immediately get
(8)

®) o (@)
T, = 0" Ton)ip = 9", Tov + 8" Tosjlp = +9" T

Show that for the “covariant curl” for any vector field A, one can use the partial derivatives

@ instead of the covariant ones:
Fuv = Apj = Ay = Avjpy = Apjy = Op Ay = 0y Ay
Solution: Using the covariant derivative,
Apjp =Vl = 0,A, - 17, A, 9)
shows that
F.=V,A, -V, A, =0,A, —0,A,, (10)

because of ', = I'”,,, i.e., because the pseudo-Riemannian spacetime manifold of general

relativity is torsion free.

2. Ideal fluid
The non-relativistic hydrodynamical equations describing mass-, and- momentum energy conser-

vation, for an ideal fluid are given by
dp =
(i) =0 11
g5 TV (0) =0, (11)
ov - VP
-V + — =0 12
5+ @ )T+ =0, (12)
oe = Sa-
— + V- (e¥) + PV -7=0. (13)

ot
(a) Express the energy density e and the Pressure P of the ideal fluid as a function of the mass

density density p and temperature T
Solution: We use the equations of state of an ideal gas,
(14)

PV = kgNT, U= gNkBT,



where f = 3 for a gas of monatomic, f = 5 of diatomic molecules, and f = 6 for a gas with
molecules consisting of at least three atoms. We assume that we are at temperatures such
that vibrational degrees of freedom are not active. Dividing the equations by V and using
p =mN/V where m is the mass of one gas molecule we get
_ kppT U fkppT

P =
m’€V2m

(15)

Show via Eq. (13) that an isothermal ideal fluid, i.e., a fluid for which T'(¢,Z) = Ty, is also
incompressible, meaning V - v = 0.
Solution: Since T = const, plugging in (15) in (13)

FkpT

5O+ V(p?)] + PV -7 =0. (16)

Due to (11) the square bracket vanishes, and since P > 0 this shows that indeed V - 7 = 0.

Note: The condition divd = V - ¥ = 0 means the incompressibility of the fluid. An incom-
pressible fluid is defined by the condition that the density p = const, i.e., independent of time
and position. This implies d;p = 0 and Vp = 0. From the continuity eqution (11) this implies

0= dp + V(pt) = V(p¥) = 9;(pv;) = v;0;p + pdjv; = pdjuj = pV - T = V-5 =0. (17)




