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Microscopic foundations of ideal fluid dynamics

Boltzmann equation: kµ∂µfk = C[f ]

=⇒ 0th and 1st moment of the Boltzmann equation: ∂µN
µ = C

∂µT
µν = Cν

where: Nµ ≡
∫

k
kµfk particle no. 4-current,

T µν ≡
∫

k
kµkνfk energy-momentum tensor,

∫

k
≡ g

∫

d3k
(2π)3k0

, g: internal quantum no. degeneracy of momentum state

Note: C ≡
∫

k
C[f ] = 0 and Cν ≡

∫

k
kνC[f ] ≡ 0 for binary elastic collisions

(particle no. and 4-momenta are microscopic collisional invariants)

=⇒ macroscopic conservation of particle no., energy, and momentum!

Ideal fluid dynamics: fluid is in local thermodynamical equilibrium

=⇒ single-particle distribution function: f0k = [exp (−α + βEku) + a]−1

where: β = 1/T , T temperature, α = βµ , µ chemical potential,

Eku = kµuµ , with kµ particle 4-momentum, uµ = γ(1, ~v) fluid 4-velocity, uµuµ = 1

a = ±1, 0 for fermions/bosons, Boltzmann particles

=⇒ set fk ≡ f0k (Note: f0k is not a solution of the Boltzmann equation!)

=⇒ equations of motion closed – 5 eqs., 5 unknowns: α, β, uµ (3)
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Microscopic foundations of dissipative fluid dynamics (I)

general tensor decomposition with respect to uµ in Landau frame:

(where uµ is 4-velocity of energy flow) Nµ = nuµ + nµ

T µν = ǫ uµuν − (p + Π)∆µν + πµν

where: n ≡ Nµuµ particle density (1)

ǫ ≡ T µνuµuν energy density (1)

p(ǫ, n) pressure in a fictitious local-equilibrium state with given ǫ, n

Π ≡ −1
3
T µν∆µν − p bulk viscous pressure (1)

nµ ≡ ∆µνNν particle diffusion current (3)

πµν ≡ ∆µν
αβ T

αβ shear-stress tensor (5)

with: ∆µν ≡ gµν − uµuν 3-space projector onto direction orthogonal to uµ

∆µν
αβ ≡ 1

2

(

∆µ
α∆

ν
β + ∆µ

β∆
ν
α

)

− 1
3
∆µν∆αβ

=⇒ equations of motion no longer closed:

∂µN
µ = 0

∂µT
µν = 0

⇐⇒

ṅ + n θ + ∂ · n = 0

ǫ̇ + (ǫ + p + Π) θ − πµν ∂µuν = 0

(ǫ + p)u̇µ = ∇µ(p + Π) − Πu̇µ − ∆µν ∂λπνλ

where: Ȧ ≡ uµ∂µA comoving derivative

θ ≡ ∂µu
µ expansion scalar

∇µ ≡ ∆µν∂ν 3-space gradient orthogonal to uµ

=⇒ need 9 additional equations of motion for Π, nµ, πµν!
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Microscopic foundations of dissipative fluid dynamics (II)

Consider small deviations from local thermodynamical equilibrium:

fk = f0k + δfk |δfk| ≪ |f0k|

=⇒ irreducible moments of δfk: ρµ1···µℓ
r ≡

∫

k
Er

ku k〈µ1 · · · kµℓ〉 δfk

where: A〈µ1···µℓ〉 ≡ ∆µ1···µℓ

ν1···νℓ
Aν1···νℓ ,

∆µ1···µℓ

ν1···νℓ
projectors onto subspaces orthogonal to uµ , formed from ∆µν ,

symmetric in µi, νj , traceless,

Note: −m2

3
ρ0 ≡ Π , ρµ

0 ≡ nµ , ρµν
0 ≡ πµν ,

matching conditions in Landau frame: ρ1 = ρ2 = ρµ
1 = 0

=⇒ derive equations of motion for irreducible moments:

ρ̇〈µ1···µℓ〉
r ≡ ∆µ1···µℓ

ν1···νℓ
uα∂α

∫

k
Er

ku k〈ν1 · · · kνℓ〉δfk

=⇒ use Boltzmann equation: δḟk = −ḟ0k −
1

Eku

{kµ∇µ (f0k + δfk) − C[f ]}

=⇒ system of infinitely many coupled equations for irreducible moments ρµ1···µℓ
r ,

completely equivalent to Boltzmann equation =⇒ truncation required!
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Microscopic foundations of dissipative fluid dynamics (III)

systematic power counting: Kn ≡
ℓmfp

Lfluid

∼ ℓmfp ∂µ Knudsen number

Re−1 ≡
Π

p
∼

nµ

n
∼

πµν

p
inverse Reynolds number

with pressure p, particle density n

=⇒ for ℓ ≥ 3 : ρµ1···µℓ
r ∼ O(Kn2,KnRe−1) =⇒ will be neglected (work to O2)

=⇒ linearize collision integral:
∫

k
Er−1

ku k〈µ1 · · · kµℓ〉 C[f ] = −
Nℓ
∑

n=0

A(ℓ)
rn ρµ1···µℓ

n + O(δf2
k)

=⇒ linearized equations of motion

for irreducible moments:

~̇ρ + A(0) ~ρ = ~α(0)θ + O(ρ × Kn)

~̇ρ
〈µ〉

+ A(1) ~ρ µ = ~α(1)∇µα + O(ρ × Kn)

~̇ρ
〈µν〉

+A(2) ~ρ µν = 2 ~α(2)σµν +O(ρ ×Kn)

where σµν ≡ ∇〈µuν〉

=⇒ diagonalize collision matrix: (Ω−1)(ℓ)A(ℓ)Ω(ℓ) = diag(χ
(ℓ)
0 , . . . , χ

(ℓ)
i , . . .) ≡ χ(ℓ)

=⇒ equations of motion for eigenmodes
~Xµ1···µℓ = (Ω−1)(ℓ)~ρ µ1···µℓ decouple:

~̇X + χ(0) ~X = ~β(0)θ + O(X × Kn)

~̇X
〈µ〉

+ χ(1) ~Xµ = ~β(1)∇µα + O(X × Kn)

~̇X
〈µν〉

+ χ(2) ~Xµν = ~β(2)σµν + O(X × Kn)

where ~β(ℓ) =
(

Ω−1
)(ℓ)

~α(ℓ)
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Microscopic foundations of dissipative fluid dynamics (IV)

=⇒ slowest eigenmodes (w/o r.o.g. X0, X
µ
0 , X

µν
0 ) remain dynamical,

faster ones (i 6= 0) are replaced

by their asymptotic values:
Xi ≃

β
(0)
i

χ
(0)
i

θ , Xµ
i ≃

β
(1)
i

χ
(1)
i

∇µα , Xµν
i ≃

β
(2)
i

χ
(2)
i

σµν

Note: systematic improvement possible by making faster eigenmodes dynamical

G.S. Denicol, H. Niemi, I. Bouras, E. Molnar, Z. Xu, DHR, C. Greiner, PRD 89 (2014) 7, 074005

=⇒ since ~ρ µ1···µℓ = Ω(ℓ) ~Xµ1···µℓ: ρi ≃ Ω
(0)
i0 X0 +

N0
∑

j=3

Ω
(0)
ij

β
(0)
j

χ
(0)
j

θ

ρµ
i ≃ Ω

(1)
i0 Xµ

0 +
N1
∑

j=2

Ω
(1)
ij

β
(1)
j

χ
(1)
j

∇µα

ρµν
i ≃ Ω

(2)
i0 Xµν

0 +
N2
∑

j=1

Ω
(2)
ij

β
(2)
i

χ
(2)
j

σµν

=⇒ for i = 0: express X0, X
µ
0 , X

µν
0 in terms of Π, nµ, πµν as well as θ, ∇µα, σµν

=⇒ reinsert back, express ρi, ρ
µ
i , ρ

µν
i in terms of Π, nµ, πµν as well as θ, ∇µα, σµν:

m2

3
ρi ≃ −Ω

(0)
i0 Π +

(

ζi − Ω
(0)
i0 ζ0

)

θ

ρµ
i ≃ Ω

(1)
i0 nµ +

(

κi − Ω
(1)
i0 κ0

)

∇µα

ρµν
i ≃ Ω

(2)
i0 πµν + 2

(

ηi − Ω
(2)
i0 η0

)

σµν

where ζi =
m2

3

N0
∑

r=0, 6=1,2

τ
(0)
ir α(0)

r , κi =
N1
∑

r=0, 6=1

τ
(1)
ir α(1)

r , ηi =
N2
∑

r=0
τ
(2)
ir α(2)

r , τ (ℓ) = Ω(ℓ)(χ−1)(ℓ)(Ω−1)(ℓ)
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Microscopic foundations of dissipative fluid dynamics (V)

=⇒ equations of motion for Π, nµ, πµν:

τΠ Π̇ + Π = −ζ0θ + K + J + R

τn ṅ<µ> + nµ = κ0∇
µα + Kµ + J µ + Rµ

τπ π̇<µν> + πµν = 2 η0 σ
µν + Kµν + J µν + Rµν

Kn2: K = ζ̄1 ωµν ω
µν + ζ̄2 σ

µν σµν + ζ̄3 θ
2 + ζ̄4 (∇α)2 + ζ̄5 (∇p)2 + ζ̄6 ∇µα∇µp + ζ̄7 ∇

2α + ζ̄8 ∇
2p ,

Kµ = κ̄1 σ
µν ∇να + κ̄2 σ

µν ∇νp + κ̄3 θ∇µα + κ̄4 θ∇µp + κ̄5 ω
µν ∇να + κ̄6 ∆

µλ∂νσλν + κ̄7 ∇
µθ ,

Kµν = η̄1 ω
〈µ

λ ων〉λ + η̄2 θ σµν + η̄3 σ
〈µ

λ σν〉λ + η̄4 σ
〈µ

λ ων〉λ + η̄5 ∇
〈µα∇ν〉α

+ η̄6 ∇
〈µp∇ν〉p + η̄7 ∇

〈µα∇ν〉p + η̄8 ∇
〈µ∇ν〉α + η̄9 ∇

〈µ∇ν〉p

Re−1Kn: J = −ℓΠn ∇µn
µ − τΠn nµ∇µp − δΠΠ θΠ − λΠn nµ∇µα + λΠπ πµνσµν

J µ = τn ωµν nν −δnn θ nµ− ℓnΠ ∇µΠ+ ℓnπ∆
µν ∇λπνλ+τnΠ Π∇µp−τnπ πµν ∇νp−λnn σµν nν

+ λnΠ Π∇µα − λnπ πµν ∇να

J µν = 2 τπ π
〈µ

λ ων〉λ − δππ θ πµν − τππ π
〈µ

λ σν〉λ + λπΠ Πσµν − τπn n〈µ ∇ν〉p + ℓπn ∇
〈µnν〉

+λπn n〈µ∇ν〉α where ωµν ≡ (∇µuν − ∇νuµ) /2

Re−2: R = ϕ1 Π
2 + ϕ2 nµn

µ + ϕ3 π
µνπµν

Rµ = ϕ4 π
µν nν + ϕ5 Πnµ

Rµν = ϕ6 Ππµν + ϕ7 π
〈µ

λ πν〉λ + ϕ8 n
〈µ nν〉

G.S. Denicol, H. Niemi, E. Molnar, DHR,

PRD 85 (2012) 114047,

Erratum PRD 91 (2015) 3, 039902
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Microscopic foundations of dissipative fluid dynamics (VI)

Single-particle distribution function:

fk = f0k





1 + (1 − af0k)
∞
∑

ℓ=0

Nℓ
∑

n=0
H

(ℓ)
kn ρµ1···µℓ

n k〈µ1
· · · kµℓ〉







where H
(ℓ)
kn = W (ℓ)

ℓ!

Nℓ
∑

m=n
a(ℓ)
mnP

(ℓ)
km , with P

(ℓ)
kn =

n
∑

r=0

a(ℓ)
nrE

r
ku polynomials of order n in Eku ,

with coefficients a(ℓ)
nr determined such that W (ℓ)

(2ℓ+1)!!

∫

k

(

∆αβkαkβ

)ℓ
P

(ℓ)
kn P

(ℓ)
km f0k (1 − af0k) = δmn

=⇒ explicitly for ℓ ≤ 2 :

δfk = f0k (1 − af0k)





− 3
m2











H
(0)
k0 Π +

N0
∑

n=3
H

(0)
kn

[

−Ω(0)
n0 Π +

(

ζn − Ω(0)
n0ζ0

)

θ
]











+ H
(1)
k0 nµkµ +

N1
∑

n=2
H

(1)
kn

[

Ω(1)
n0 nµ +

(

κn − Ω(1)
n0κ0

)

∇µα
]

kµ

+ H
(2)
k0 πµνkµkν +

N2
∑

n=1
H

(2)
kn

[

Ω(2)
n0 πµν + 2

(

ηn − Ω(2)
n0η0

)

σµν
]

kµkν







H
(2)
k0 =

1

2 J42



1 +
N2
∑

m=1

m
∑

r=0

a
(2)
m0a

(2)
mrE

r
ku





usually: δfk = f0k (1 − af0k)
1

2T 2(ǫ+p)
πµνkµkν with energy density ǫ
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Anisotropic fluid dynamics

Initial gradients in heavy-ion collisions are large

=⇒ deviations from local thermodynamical equilibrium are large!

=⇒ may invalidate dissipative fluid dynamics

Idea: “resum” dissipative corrections into single-particle distribution function,

e.g.: W. Florkowski, PLB 668 (2008) 32; M. Martinez, M. Strickland, PRC 81 (2010) 024906

f̂0k =
[

exp
(

−α̂ + β̂u

√

E2
ku + ξ E2

kl

)

+ a
]−1

where Ekl ≡ −lµkµ , with lµ direction of anisotropy, lµlµ = −1 , lµuµ = 0 ,

usually: lµ = γz(vz, 0, 0, 1) , γz = (1 − v2
z)

−1/2 ,

ξ anisotropy parameter

=⇒ in LR frame of fluid:

ξ > 0 ξ < 0

=⇒ 5 conservation equations determine α̂, β̂u, u
µ (3)

=⇒ need additional equation to determine ξ!



“Transport seminar”, Goethe University, Frankfurt am Main, Germany, Dec. 14, 2016 10

Microscopic foundations of anisotropic dissipative fluid dynamics (I)

fk = f0k + δfk ≡ f̂0k + δf̂k

If δfk ∼ f0k , choose f̂0k such that |δf̂k| ≪ |f̂0k|

=⇒ improved convergence properties of expansion around f̂0k!

D. Bazow, U.W. Heinz, M. Strickland, PRC 90 (2014) 5, 054910

E. Molnár, H. Niemi, DHR, PRD 93 (2016) 11, 114025

=⇒ irreducible moments of δf̂k: ρ̂µ1···µℓ
rs ≡

∫

k
Er

ku Es
kl k

{µ1 · · · kµℓ} δf̂k

where: A{µ1···µℓ} ≡ Ξµ1···µℓ

ν1···νℓ
Aν1···νℓ ,

Ξµ1···µℓ

ν1···νℓ
projectors onto subspaces orthogonal to both uµ and lµ , formed from Ξµν ,

symmetric in µi, νj , traceless,

Ξµν ≡ gµν − uµuν + lµlν 2-space projector onto direction orthogonal to both uµ and lµ

=⇒ derive equations of motion for irreducible moments:

˙̂ρ
{µ1···µℓ}

rs ≡ Ξµ1···µℓ
ν1···νℓ

uα∂α

∫

k
Er

ku Es
kl k

{ν1 · · · kνℓ}δf̂k

=⇒ use Boltzmann equation:

δ
˙̂
fk = −

˙̂
f0k−

1

Eku

{

−EklDl

(

f̂0k + δf̂k

)

+ kµ∇̃µ

(

f̂0k + δf̂k

)

− C[f ]
}

where: Dl ≡ −lµ∂µ , ∇̃µ ≡ Ξµν∂ν
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Microscopic foundations of anisotropic dissipative fluid dynamics (II)

Truncation: so far, no eigenmode analysis, only 14-moment approximation

Define Înrq(α̂, β̂u, ξ) ≡
1

(2q)!!

∫

k
En

ku Er
kl (−Ξαβkαkβ)

q f̂0k

=⇒ the 14 moments are:
particle density n ≡ n̂ = Î100 ⇐⇒ ρ̂10 = 0 (1st Landau matching cond.)

particle diffusion in lµ-direction nl ≡ n̂l + ρ̂01 = Î110 + ρ̂01

energy density e ≡ ê = Î200 ⇐⇒ ρ̂20 = 0 (2nd Landau matching cond.)

heat flow in lµ-direction M ≡ M̂ + ρ̂11 = Î210 + ρ̂11

pressure in lµ-direction Pl ≡ P̂l = Î220 ⇐⇒ ρ̂02 = 0 (3rd Landau matching cond.)

transverse pressure P⊥ ≡ P̂⊥ + 3
2
Π = Î201 −

m2
0

2
ρ̂00

particle diffusion in transverse direction V µ
⊥ ≡ ρ̂µ

00

heat flow in transverse direction W µ
⊥u ≡ ρ̂µ

10

shear-stress current in lµ-direction W µ
⊥l ≡ ρ̂µ

01

shear-stress tensor in transverse direction πµν
⊥ ≡ ρ̂µν

00

=⇒ Landau frame: M = W µ
⊥u = 0 ⇐⇒ ρ̂11 = −M̂ , ρ̂µ

10 = 0

=⇒ eliminate all other moments by linear relation:

ρ̂
µ1···µℓ
ij = (−1)ℓℓ!

Nℓ
∑

n=0

Nℓ−n
∑

m=0
ρ̂µ1···µℓ
nm γ

(ℓ)
injm where γ

(ℓ)
injm function of α̂, β̂u, ξ

Note: for f̂0k(ξ) : n̂l = M̂ ≡ 0!
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Microscopic foundations of anisotropic dissipative fluid dynamics (III)

=⇒ 5 conservation equations:

0 = ˙̂n + n̂
(

lµDlu
µ + θ̃

)

− Dlnl + nl

(

θ̃l − lµu̇
µ
)

− V µ
⊥ (u̇µ + Dllµ) + ∇̃µV

µ
⊥

0 = ˙̂e +
(

ê + P̂l

)

lµDlu
µ +

(

ê + P̂⊥ +
3

2
Π

)

θ̃ + W µ
⊥l

(

Dluµ − lν∇̃µu
ν
)

− πµν
⊥ σ̃µν

0 =
(

ê+ P̂l

)

lµu̇
µ + DlP̂l +

(

P̂⊥ − P̂l +
3

2
Π

)

θ̃l + W µ
⊥l

(

u̇µ + 2Dllµ + lν∇̃µu
ν
)

− ∇̃µW
µ
⊥l − πµν

⊥ σ̃l,µν

0 =

(

ê+ P̂⊥ +
3

2
Π

)

Ξα
ν u̇

ν − ∇̃α
(

P̂⊥ +
3

2
Π

)

+

(

P̂⊥ − P̂l +
3

2
Π

)

Ξα
νDll

ν − Ξα
νDlW

ν
⊥l + W α

⊥l

(

3

2
θ̃l − lµu̇

µ
)

+ W⊥l,ν

(

σ̃αν
l − ω̃αν

l

)

− πµα
⊥ (u̇µ + Dllµ) + Ξα

ν ∇̃µπ
µν
⊥

where θ̃ ≡ ∇̃µu
µ , θ̃l ≡ ∇̃µl

µ , σ̃µν ≡ ∂{µuν} , σ̃µν
l ≡ ∂{µlν} , ω̃µν

l ≡ 1
2
ΞµαΞνβ(∂αlβ − ∂βlα)

+ 9 relaxation equations for Π , nl , P̂l , V µ
⊥ , W µ

⊥l , π̃µν

for details, see E. Molnár, H. Niemi, DHR, PRD 93 (2016) 11, 114025
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Application to heavy-ion collisions (I)

Bjorken flow:

J.D. Bjorken, PRD 27 (1983) 140 “Pure” anisotropic fluid dynamics

(δf̂k ≡ 0 ⇐⇒ all ρ̂µ1···µℓ
rs ≡ 0)

=⇒ eqs. of motion for irreducible moments

become eqs. of motion for moments Înrq:

∂τ Îi+j,j,0 +
(j + 1)Îi+j,j,0 + (i − 1)Îi+j,j+2,0

τ
= Ĉi−1,j

=⇒ conservation equations:

i = 1, j = 0 : ∂τ n̂ +
n̂

τ
= 0

i = 2, j = 0 : ∂τ ǫ̂ +
ǫ̂ + P̂l

τ
= 0

=⇒ 2 eqs., 3 unknowns: α̂, β̂u, ξ

=⇒ need add. eq. to close eqs. of motion!

=⇒ in principle, eq. of motion for any moment Îi+j,j,0 suffices

=⇒ but which one is the best choice?

E. Molnár, H. Niemi, DHR, arXiv:1606.09019 [nucl-th]
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Application to heavy-ion collisions (II)

assume relaxation-time approximation for collision term: Ĉi−1,j ≡ −
Îi+j,j,0 − Ii+j,j,0

τeq
where Ii+j,j,0 = limξ→0 Îi+j,j,0

=⇒ study the following choices:

(1) i = 0, j = 2 : ∂τ P̂l +
3P̂l − Î240

τ
= −

P̂l − I220

τeq

(2) i = 3, j = 0 : ∂τ Î300 +
Î300 − 2Î320

τ
= −

Î300 − I300

τeq

(3) i = 1, j = 2 : ∂τ Î320 +
3Î320

τ
= −

Î320 − I320

τeq

(4) i = 0, j = 0 : ∂τ Î000 +
Î000 − Î020

τ
= −

Î000 − I000

τeq

(5) i = 0, j = 4 : ∂τ Î440 +
5Î440 − Î460

τ
= −

Î440 − I440

τeq

(6) i = 1, j = 4 : ∂τ Î540 +
5Î540

τ
= −

Î540 − I540

τeq

(7) in case particle no. is not conserved: i = 1, j = 0 : ∂τ n̂ +
n̂

τ
= −

n̂− I100

τeq

Note: different moments probe f̂0k in different regions of momentum space!
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Application to heavy-ion collisions (III)

particle no. conservation: no particle no. conservation:

=⇒ all cases (1) – (7) give different results! =⇒ which one is the best?
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Application to heavy-ion collisions (IV)

=⇒ comparison of case (1) to solution of Boltzmann equation

W. Florkowski, R. Ryblewski, M. Strickland, PRC 88 (2013) 024903
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Application to heavy-ion collisions (V)

=⇒ relaxation eq. for P̂l gives best match to solution of Boltzmann equation!

However: other moments not necessarily also agree well with Boltzmann eq.
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Conclusions and Outlook

1. Derivation of equations of motion of anisotropic dissipative fluid dynamics

from Boltzmann equation

E. Molnár, H. Niemi, DHR, PRD 93 (2016) 11, 114025

=⇒ still need to do eigenmode analysis!

2. Closure of equations of motion of “pure” anisotropic fluid dynamics

=⇒ best agreement to solution of Boltzmann equation provided by P̂l

but: not all moments agree with solution of Boltzmann equation

E. Molnár, H. Niemi, DHR, arXiv:1606.09019 [nucl-th]

=⇒ need to improve f̂0k?!


