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Lecture XV - XVI, Exercise 1.

The induction equation in the ideal-MHD limit is given by
8,B =V x (¢ x B). (1
Using vector identity
Vx(AxB)=A(V -B)-B(V-A)+(B-V)A—(A-V)B,
the induction equation (??) can be written as
OB = #V-B)-B(V-9)+(B-V)5—(¢-V)B, 2)
= —B(V-9)-(¢-V)B+ (B V)7, 3)
where in RHS of equation, the first term is related to the “expansion”, the second
term is related to the “advection” of the magnetic field, and the third term corresponds

instead to the “’stretching” of the magnetic-field lines along the direction of motion of
the plasma.

Lecture XV - XVI, Exercise 2.

The thesis of the frozen-flux theorem is that the flux of magnetic field across an open
surface S is conserved, i.e.,

—05=0, 4)

where
@E:/g§~ﬁds, 5)

is the flux of magnetic field across the open surface S of local norm 7. In order to
prove this theorem, we consider a closed loop of fluid element [ at two instants in time
t and t + At. There are two surfaces S and Sy which have a loop I(¢) and I(t + At)
respectively. The fluid motion between the two time instants of the elements making
up [ generates a cylinder with the surface S3. Let’s ® 5 be the flux enclosed by I, and
P B, 0] By and ® B, be the flux through surface S7, So, and Ss, respectively.

The time derivative of the magnetic flux ® 5 is given by

<<I>§2(t+5t)—¢>§1(t)>.

At ©

— b5 = 1i
dt BT Ao




From V - B = 0, the net flux through the surfaces at any time is zero. It means that
—Og (t+ At)+ Q5 (t+ At)+ 05 (t+ AL) = 0. )

We can eliminate ® 5 (¢ + At) and use definition of flux in expressing ® 5 and ® 5.

d®z . 1 — - . o
7 Alltrgom[‘/Sl(B(t—ﬁ— At) — B(t)) -n dS — SBB~ndS} 8)
The first term on the RHS can be written as
- ~ B
/ Bt+ Aty - By -ads— [ 2B masae ©)
5 s, Ot

The area element for S3 can be written 7 dS = (Jl X ©U) At, so that the second term
on the RHS can be expressed as

/B’-ﬁds = f{ B - (dl x ¥) At (10)
S I(t)
= ]{ (T x B) - dl At. )
1(t)
From Stokes’ theorem, the line integral can be changed to a surface integral, i.e.,
§«ﬁdS:/ V x (¥ x B) -7 dS At. (12)
Sg Sl
so that, using eqs (9) and (12), equation (8) can be written as
d® 5 1 0B - _
B —  lim — — - dS At — V x (¥ x B)-7dSAt| (13)
dt At—0 At S1 315 S1
0B - _
_ / [—Vx(ﬁ’xB)]-ﬁdS:O. (14)
s, | Ot

Thus, we reach the conclusion that ¢ 7 does not change in time.

Lecture XV - XVI, Exercise 3.

Here we derive the conserved form of total energy equation in ideal MHD limit. First,
the equation of motion can be written as

ov - 5 s =
p[a’z+(f;’~V)'B’}+Vpng = 0 (15

[0 . = . - =
pU E—F(v V3| +7-Vp—¥-(jxB) = 0 (16)

d (1 1,0 1 - - - =
at(vaQ)—2v2€£+2p6~VU2+'D’-Vp—17~(J><B) = 0 (U7

(using continuity equation)

o (1 . /1 - -
6t(2,01)2>+V-(2pv217)+17-Vp—17-(_7><B) = 0 (18)
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Second, from the energy equation (pressure equation which derived from conser-
vation of entropy), we can rewritten it as

p) . .
a]; (T V)p+ypV - = 0 (19)
(using the ideal-fluid EOS p = (v — 1)pe and the continuity eq.)
g§+( Ve+(y=1)eV-T = 0 (20)
pa+(6~§)pe+(7—l)peﬁ~fi = 0 (1)
0 ap S
8t(pe)fe§ +p(@-Ve+p(V-%) = 0 (22)

(using continuity eq.)

B .
5 —(pe) +V - (peB) +pV-T = 0 (23)

Third, the induction equation can be expressed it as

%—?—ﬁx(ﬁxé) = 024)
§~8—?—§-6x(ﬁx§) = 0(25)

(using the vector identity: V- (A x B)=B-V x A— A-V x B)
aat(B;)+€~[§x(ﬁx§)}-(ax§)-(ﬁx1§) = 0(26)

(using the vector identity A x B x C = B(A-C) — C(A - B))

0 32 = (= B = B .7
5 +V-[(B-B)o— (¢-B)B]— (¢xB)-j] = 0027
(recalling that VxB=3
0

2
at(BQ)+6.[325_(6-§)§]—6~(jx ) = 0028)

Using equations (18), (23), and (28), we can obtain the total-energy conservation equa-
tion as

0 (1 B? - 1 B? = =
8t< pU +pe+2)+v~{<2pv2+pe+2)17—(17-B)B}. (29)
The terms including magnetic field are the new terms arising in MHD. Clearly, when

the magnetic field is zero, equation (??) reduces to the equation of conservation of the
total energy in hydrodynamics.



Lecture XV - XVI, Exercise 4.
The set of ideal MHD equations is given by

0 & [ _
5P TV (B = 0 (30)
0T o= L. L
pa+p(v~V)v = —Vp+3xB 31
p) . .
a—f+(6-V)p - VT 32)
k
p = —2pT (33)
m
%—Jf = Vx (¥xB) (34)
V-B = 0, (35)

which, as usual, represent the continuity equation, the Euler equation, the energy con-
servation equation, an equation of state (chosen to the ideal-fluid one), the induction
equation and divergence-free constraint from the Maxwell equations.

In order to derive linerarized MHD equations, we need to make several simplifying
assumptions: in particular, we consider the initial state (which we indicate as X o to
be uniform and time independent, i.e., X /0t = 00X o/dx. We also take the initial
velocity to be zero, ¥y = 0. From Euler equation, the static equilibrium implies

0=~Vpo+37y x Bo (36)

Similarly, from eq (35) we have Lo
V-By=0 37

Here we introduce the perturbed state vector X1, such that all quantities can be
expanded as

p=po+p1, P =po +p1, T ="1Ty+ T, (38)
U = Uy + U, B = B + By, J=Jo+7J1 (39)

Introducing these perturbations in the set of equations (??)—(??) and neglecting second
order terms we obtain, for instance, that the perturbed continuity equation becomes

po O S e
—;to—l——aptl+V~(p0'ul)—|—v-(p1’v1) =0 (40)
0 - N
(9;251+v'(00v1) = 0. S



Similarly, the linearized Euler equation is expressed as

o7 o ; ;
Po% + 01% + po (1 - V)U1 + p1 (U1 - V)T
—Vpo—Vp1+Jg x Bo+39xB1+3j; xBo+j,; x By

0T - L. . - - . .
poa—;:—Vpl—&-(VxBo)><B1+(V><Bl)xB0+(—Vpo+JoxB0)

[using eq. (36)]
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Similarly, the linearized energy-conservation equation is

z—ﬁpl—i—(ﬁxgo)x§1+(§x§1)x§0

0 0 L= R = N
% + % + (U1 - V)po + (61 - V)p1 = —ypoV - U1 — yp1V - U1
0 JR— -,
%Hvl-vm:—mv@n-

Similarly, the linearized equation of state for an ideal fluid is

k k k k
po+p1 = —poTo+ —=p1To+ —=poTi + —=piTh
m m m m
(using eq (33))
k k
p1 = —p1To+ —=poTi.
m m

Similarly, the linearized induction equation is

0B, 0B, - .. = > (=« B
T;Jr atlzvX(leBo)+Vx(v1><B1)
0B .

iglzvx@uxB@

Finally, the solenoidal constraint can be expressed as

V-Bo+V-B,=0=V-B, =0.

(42)
(43)

(44)

(45)

(46)

(47)

(48)

(49)

(50)

(G

Collecting all equations, we write the set of linearized ideal-MHD equations as

op1 = —
ar g, = 0
at + (val) )
o, - © oo e oo
poﬁ = —Vp1+(VXB0)XB1+(VXB1)XBo,
0 L o= -,
% +(T1-V)po = —ypoV -1,
k k
= —piTo+ —=poTh,
m m
0B ﬂ =
B0 = Vx@xBo),
V-B, = 0.

(52)
(53)
(54)
(55)

(56)
(57)



