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Lecture VIII, Exercise 1.
The vorticity tensor is defined as
Q/w = 2V[Mw,,]

Vu(hu,) =V, (hu,)
hVouy, +u,Vyh — hV u, —u, Vb

= h(Vou, —Vyu,) +u,Voh —u,V,h.

The kinematic vorticity tensor is defined as
Wuy = hﬁhgv[ﬁua]
= Vi) +apu

1
— i(v,u“ —V,u,) + Ay

Thus,
Vo, — Vuuy, = 2(wu — ap,uy).

Substituting Eq (8) into Eq (4) we obtain

Q= 2h(wu —apuy)) +u,Voh —u,Vyh
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= 2h|wu — ag,uy) + 5 <u#hvyh — uyvﬂh)}
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= 2h[wu — apuy) +upVyInhl.

ey
@)
3)
“

&)
(6)

@)

®)

®
(10)

an

From the equation above it is clear that only for a test fluid (i.e., e = 0 = p
and h = 1) in geodetic motion (i.e., a, = 0) two tensors are directly proportional,

Quw = 2wy

Lecture VIII, Exercise 2.

The Carter-Lichnerowicz equation is given by

Quut =TV,s.
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Here we consider Newtonian limit of the Carter-Lichnerowicz equation. First we
rewrite Eq. (12) as

P =y (13)
ut IV, (huy) =V (huy)] (14)

= 2 2] 5 [ L L,
= u {Cat(huz) Oz (huo):| + u? L?l’j (huy;) i (hu])} . (15)

As already discussed in the exercise of Lecture VII, the covariant components of
the four-velocity vector in the Newtonian limit are given by

o 0 V' ¢ Lol ot
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while the corresponding covariant components are given by
v; 10} Lo v,
o~ (up—)=(-1-5—--"+L-,—=]. 17
b (uo c ) ( 2 2 ¢ ) a7

Similarly the expression for the relativistic specific enthalpy is
h
h=c? <1+g), (18)
C

where hy, is the specific enthalpy in the Newtonian limit, 2, = € + p/p. We substitute
these relations into Eq (15) to obtain

Q= uo{at[(u’;g) vi]—ai[(c%hN)uo]}
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In tthe Newtonian limit, the terms «° and hy/ ¢ canbe setto 1 and 0 respectively, so
that the second term in the RHS of Eq (19) can be changed as

22

B2+ h)ug) = —; [(c‘l T hy) (1 + ;% LY )} (20)
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Finally we get

1 . .
8tvi + ai (hN + §Uj’l)j + ¢> + v’(ﬁjvi — 8¢Uj) = T@is (22)
S g (L + P21 8) —Fx (Vxd) =TVs (23)
ot 2 € P o ’

This equation is known as the Crocco equation of motion.



Lecture VIII, Exercise 3.

The vorticity four-vector is written as
Iz KO UV 1 uraf
QF = "Q¥qy,, = 56 Qapty. 24)
The kinetic vorticity four-vector is given by
Iz * PV 1 uraf
wt = "Wy, = 56 Wa Uy 25)

Writing out Eq (24) explicitly we obtain

Qupuy, = [Va(hug)u, — Vo (hug)u,) (26)
= [AV3(ua)uy + uau, Vgh — hVo(ug)u, —ugu, Voh]  (27)
= hu,(Vaue — Vaug) + uqu, Vgh —ugu, Vo h (28)
= huVQV[ﬁua] 5 (29)

where the terms including u,u, and ugu, vanish because of the symmetry in the
indices and the antisymmetry of the Levi-Civita tensor.
From the definition of the kinetic vorticity tensor, we instead obtain

Wy = Vi) + a iy (30)
= V[Muy] = Wpr — G Uy (€2))

Therefore connecting these two results, the vorticity four-vector can be given by
1 vaf vaf
Qr = 56“ hu,wpa — €7 huy,ajguq (32)
= 2hw*, (33)

where the second term of the RHS in Eq. (32) vanishes because of the symmetries in
the four-velocity.



